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Abstract

We consider in detail the construction of a variety of topologieal
quantum field theories through BRST quantiiation. In particular,
we show that supersymmecric quantum mechanics on an arbitrary
Riemannian manifold can be obtained as the BRST quantiiation of
a purely bosonic theory. The introduction of a new local symme-
try allows for the possibility of different gauge choices, and we show
bow this freedom can simplify the evaluation of the Witten index in
certain cases. Topological sigma models are also constructed via the
same mechanism. In three dimensions, we consider a Yang-Mills-Higgs
model related to the four dimensional TQFT of Witten.
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1 Introduction

The recent interest in topological quantum field theories (TQFT's) [1,2,3,4}
steins from both mathematical as well as physical considerations. From a
purely mathematical point of view, these field theories lead to a description
of some recently discovered topological invariants associated to three and
four dimensional manifolds [5] through the use of standard techniques in
quantum field theory. For example, the four dimensional topological in-
variants constructed by Donaldson [5] have been recovered as correlation
functions of a four dimensional supersymmetric field theory [2j. It is the
hope that such field theories - marked by the absence of any dynamical
degrees of freedom; all excitations are topological - will prove relevant in
describing the confining phase of QCD, or perhaps as a. phase in string
theory where general covariance is unbroken [2,3,4].

In their original formulation [2,3,4], these topological field theories were
constructed to have a certain type of global supersyinmetry which was char-
acterized by a scalar Grassinann odd parameter. It was suggested [2,3,4]
that this supersyinmetry might arise as the BRST symmetry of an appro-
priate quantum field theory, and the four dimensional theory of Witten ]2]
was derived from the quantization of a higher gauge theory by Labastida
and Pernici [6j. Oilier TQFT's were constructed by similar techniques in
[7], The advantage of such formulations is that they allow for the possibility
of different gauge choices; the theories as originally constructed are then
seen as specific gauge fixings of a higher theory; In [7], we showed how this
freedom could be used to construct a complete Nicolai map (8] for Witten's
four dimensional theory [2].

In this paper, we consider in detail the BRST construction of a variety
of TQFT's. Since the local gauge algebras in these models have either zero
modes, or close only when the classical equations of motion are used, the
quantization of these systems is rather subtle and in all cases is carried out
within the framework of the Batalin-Vilkovisky |9] procedure.

Tliis paper is outlined as follows. In section 1, we show that supersym-
inetric quantum mechanics on an arbitrary Rieinannian manifold [10,11,12]
can be obtained as the BRST quantization of a purely bosonic field theory.



This model illustrates, in a technically simple way, the general procedure
for recasting a topological quantum Geld theory as the BRST quantization
of a higher gauge theory. We use tlie freedom of choosing different gauges
to evaluate the Witten index [10] in certain cases. Section 2 contains an
account of the BRST formulation of Witten's topological sigma models.
We also consider further a generalisation of one of these sigraa models
|7] which includes an arbitrary potential term. A three dimensional Yang-
MilU-Higgg model is described in section 3 which is related to Witten's four
dimensional theory by dimensional reduction. Section 4 contains a discus-
sion of topological invariants in quantum Geld theory, and we describe a
simple way of obtaining those operators whose vaccuum expectation values
yield topological quantities. Finally, sectiou 5 is a treatment of supersym-
inetric instantons [13] in TQFT, and we close with a discussion of open
problems.

2 Supersymmetric Quantum Mechanics

Supersyininetric quantum mechanics has been studied in a variety of phys-
ical and mathematical contexts in recent years. The dynamical breaking of
supersymmetry has been analysed in this model [10,14,15], and it has pro-
vided a framework for proving index theorems jl0,12| as well as the Morse
inequalities (11] using elementary ideas from quantum mechanics. In these
topological applications, one considers a superparticle moving on a Rie-
mannian manifold H in an arbitrary potential V and studies the quantum
mechanics of the system described by the action (11]:

s = (i)

9 t u ) du ( 3«J

Here, u' are the coordinates of the Rieinannian manifold with metric and
curvature denoted respectively by gfj and Biju, and $ are the Grassmaim

odd coordinates of the particle. The covariant derivative in equation (1):

is the usual 'pull-back' of the covariant derivative on M to the one dimen-
sional space with coordinate r. It was shown [ l l ] , for example, that the
Euler characteristic x{M) '^ related to the Hamiltonian H and fennion
number operator F of this system via:

X(X) = (3)

What b not at all apparent about the action S is that it can be obtained
from the BRST quantization of a system with local gauge iuvariauce; the
Grassinann odd coordinates i/1' and ^' being the ghosts and antighosts of
the gauge Exing procedure. The previously advertised supersymmetry of S
can then be seen as BRST symmetry. We describe now the details of this
construction.

We wish to obtain the action $ from the quantization of a classical
theory which only contains bosouk fields. With this objective, we consider
the action Se:

(4)

K' = Gi-u'-gadlV

where we have introduced a new auxiliary field G' in addition to the coordi-
nates u'. We see from (4) directly that the theory has no dynamical degrees
of freedom; a shift of the G field could eliminate all of the u dependence.
The resulting (undefined) path integral would be a Gaussian integral over
G multiplying an unweighted group volume.

The crucial feature of this action is that it realizes a new local symmetry
given by the transformation rules:

Su* = A'

s c = A' + A*a»(ff"a,v) - rimx'Kn
(5)

Here, A'(r) is a local infinitesimal parameter of the transformation. Our
conventions for the Riem&nnian connection and associated curvature are



given by:

(6)

Ijk
n pi

It is important to notice that the algebra of this symmetry which is realized
on the fields (u', C ) only closes on shell; we must use the classical equation
of motion for G*. If one computes the commutator of two infinitesimal
transformations acting on G", one finds:

The algebra closes if either Ri
lmn or Kn vanishes. With a flat metric, the

quantization of Sc is very simple, and we considered this example in [7J.
Here, we consider the general case of an open gauge algebra where the
equation of motion K* = 0 must be used to close the algebra.

The quantization of systems with open gauge algebras requires some
care. Since the usual version of the Faddeev-Popov technique only applies
to closed algebras, we will appeal to the very general quantization proce-
dure of Batalin-Vilkovisky [9j which has been engineered to deal with such
problems. In their formalism, one is given a classical action £,•($') which
depends on some fields which are generically denoted by $', together with
the local symmetry transformations of the system:

where e" denote the local infinitesimal parameters oftlie transformation. To
each of the individual gauge transformations, one assigns a ghost field C of
opposite Grassmann statistics to the parameters e". In more complicated
situations, where the gauge algebra contains sero modes (an example of this
will be considered in Section 4), one must also include extra ghost fields
to deal with the residual gauge in variances. In addition to the minimal set
of fields *„•„ = (*', C), one also introduces a set of antifields <Sf\ min =
($j,C*) whose statistics are opposite to the original fields, and looks for
solutions S to the so-called 'master equation':

(9)

which satisfy certain boundary conditions [9]. Here, d, and 3| denote right
and left derivatives respectively. The minimal solution to the master equa-
tion takes the form:

= st
(10)

where we have explicitly written only those terms which ore relevant to the
case at hand. The second term in this equation is just the familiar Faddcev-
Popov contribution, while the additional higher order terms are rigged to
deal with the extra technical difficulties present in the original gauge alge-
bra. For the supersymmetric quantum mechanics action in equation (4),
we find that only the first three terms in equation (10) are required, and
the solution takes the form:

!*„&&)+ (11)

It is conventional to introduce two additional fields to the minimal set, de-
noted Ci and I t which are respectively Grassmann odd and even, together
with their antifields, and to consider the solution S to the master equation:

J = -Simn + C lit • I 1*/

The gauge fixing choice, which in our case is taken to be G1 = 0, is specified
by the choke of the so-called 'gauge-fermion' *:

* = CiG1 . (13)

The quantum action .?, which one takes into the Feynman path integral is
given by restricting the solution 5 to the gauge surface ** = | J :

(14)

= sc

+ -
8

'+ G% .

In our case, the choice of the gauge fermiou f also leads to the conditions:

c« = G< , c; = c,, u- = o . (is)



Tlie BRST transformations of the final set of fields which appear in S, are
then given by:

and in this instance, reduce to:

£«' = -eC1 (17)

6G1 = -4C*

SC1 = 0

sCi = £n,-
6YU = 0 ,

where t is a global Grassmaun odd parameter. The Batalin-Vilkovisky
procedure then guarantees that these BRST transfonnations are nilpotent
OH shell. It is a straightforward verification of the algorithm to check this,
and one finds that Q1 = 0 when the equation of motion:

o = 2K, - c,r}ll,c- + n, (18)

of the G* field in S, is used.

At this point, the action S, which we obtained from the Batalin-Vilkovisky
procedure contains two additional auxiliary fields, G" and II,- not present in
the conventional action 5. In the functional integral; however, we must in-
tegrate over the II, field which enforces the gauge condition G* = 0. When
both G* and 11̂  are removed from S,, the resulting action then takes the
conventional form given in equation ( l ) .

In retrospect, it seems obvious that the theory described by equation
(1) must indeed be topological in the sense of Witten'a TQFT [2]. Since
both the Morse inequalities and the Euler characteristic (3) are topological
invariant?, their evaluation cannot depend on either the one dimensional
metric nor on the metric on M. In the BRST formulation of this theory,
there is also the added insight connected with the Nicolai map |8]. This
map is the change of variables in a supersyinmetric model which reduces

the action to Gaussian form, and has been discussed in the case of super-
symmetric quantum mechanics in [15], and more generally in the context
of TQFT in |7].

As mentioned above one can study the dynamical breaking of super-
symmetry in the model just described. We would now like to discuss the
dependence of this symmetry breaking on both the form of the potential V
and the gauge condition chosen for G1. For the purpose of illustration we
will deal with the simple case in which the label i takes only one value i.e.
we take the action (4) without the presence of the background metric $,,-.
We shall find that gauge choices other than G — 0 are also possible which
in some cases lead to a much simpler evaluation of the Witten index for the
model.

Our starting point is therefore the classical action

(19)

where V = dV/du. From the form of the interaction in (19) and the
symmetries (5) it would appear that one is allowed to choose the gauge
G = V and thus eliminate all dependence on the potential V. However,
since it is known that the index depends on the form of the potential it is
necessary to examine this gauge choice in a bit more detail. If we try to
evaluate the index in this gauge we find it is given by

A = (20)

All fields are taken to have periodic boundary conditions in the interval
\0,p\. Using the /) independence of the index it can be shown [10,12] that
the evaluation of (20) reduces to the iero mode integration. Since the zero
mode action b tero we then see that (20) leads to an ill-defined result
with factors of infinity and tero coming from the bosonic and fermionic
integrations, respectively.

To avoid this problem we choose the following gauge fixing condition

G = aV (21)



The gauge fixed action now becomes

5=(u (22)

Again when computing the index we need only consider the sero mode
integration and BO we have

= f (23)

where VQ = V(UQ) and so on. We see from (23) that setting a = 1 leads
to the difficulty mentioned above. If we now change coordinates by letting
u0 = V0'(i - a) the index takes the form

"« . (24)

This illustrates that the index A is indeed gauge independent and thus the
limit a —* 1 can be taken at the end of the calculation without obtaining
an ambiguous result. However, to actually calculate the index for a spe-
cific form of the potential V requires us to treat the limits of integration
carefully.

While we have discussed the problem of gauge dependence in a sim-
ple model it should be clear that similar considerations will also hold for
the more general models considered in this paper. The Batalin-Vilkovisky
method leads to gauge covariant (physical) results by design. However, as
we have seen above care must be excercized when choosing gauges which
are in a sense singular.

Because the index depends on the form of the potential we would like to
find a gauge where this dependence is made explicit. This is easily done and
leads to a simple evaluation of the index for certain forms of the potential.
Let us choose the gauge

G = u . (25)

The resulting action is

s = (26)

and the index is given by

A = (27)

We have explicitly shown the normalization A' in (27). It is chosen so
that for the simple harmonic oscillator potential A = 1. We also note
that (27) has the same form as (24) except that in (27) all the modes
must still be integrated over. Now without making use of the fact that
A is f) independent we are in a position to evaluate it directly for certain
potentials.

First consider the case when V ~ u" with n odd. Then V —̂  ± s »
as u -+ ±oo and so A = 1. It is equal to 1 for all potentials with these
boundary conditions as they give the same value in (27). Among these is
the simple harmonic oscillator potential.

Next we take V ~ u" for n even. In this case we have V" -+ +00
as u -+ ±00 and therefore A = 0. It is worth examining this result in a
little more detail as it is not completely obvious. For the case where one is
considering only the constant modes, we have

"e-W>3 = - A = 0= j (28)

since Vo" is odd in uo.

For the general case in which one is integrating over all the modes the
result can be obtained as follows. Working with the form of A given by
the first line in (27) we see that under that replacement u —• —u the u
integration is even since V is even in u. However the fennionic integration
is odd as ti - • - « . This can be seen as follows. Since we have periodic
boundary conditions on the fields the modes are given by V'o.^Bi^'-n and
similarly for ^, That is there is an odd number of modes for both ^ and
$, the non-zero modes being matched in pairs. If we now let <j>n —f - ^ B for
all n including zero and use the fact that V" is odd in u we find that the
fennionic integration is indeed odd under the above replacements since

>"<">* = [-!)*»' f WD}rX*r"l"» . (29)



Thus A = — A and hence aero.

Finally, if one takes a potential of the form V ~ e" tkeu the index
has the value A = £ as the limits of integration become V" —• (0, oo) as
u —* (—00,00). This is the situation for the super Liouville model [16].

One of the major problems of topological field theories, at least with
regard to physical applications, is how to break the symmetry. Supersym-
metric quantum mechanics, as we have shown, is an example of a topo-
logical field theory, the supersymmetry being BRST symmetry. At least
in this case, the BRST symmetry may be broken dynamically for certain
potentials [10],

3 Topological Sigma Models

hi this section we consider the two dimensional nonlinear sigma models
introduced by Witteu [3]. We will show that they arise from the BRST
quantization of the square of the Langevin equation, setting the random
field to zero. To simplify the presentation, we will deal with the almost
complex sigma models in detail and then indicate how the various gener-
alizations and specializations may be dealt with. As for supersyinmetric
quantum mechanics, we carry out the quantization with the use of the
Batalin-Vilkovisky procedure. We begin with the following classical action

Sc = jf (30)

This describes a theory of maps from a Riemann surface £ to a Rieman-
nian manifold M. The notation in (30) is the following. The coordinates on
£ are denoted by a"(a — 1, 2). h9p and £*, are the metric tensor and com-
plex structure of E, respectively. They obey the relations e^t'., = — 6% and
fat = '*crrEV The coordinates on M are denoted by u'(« = 1,..., n) where
n = dimM. $y and J'y are the metric tensor and almost complex structure
of M, respectively. They obey relations analogous to the above. We will
first examine the model in the general case when JPt J', does not vanish. It
is then easy to specialize to the case where M is a Kaliler manifold.
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The field Kai is defined by

(31)

where G" corresponds to the random Gaussian field. Both Gai and Kai

satisfy the self-duality constraint

G" = tVW (32)
Kai = ^J'jK"1 .

We find that the local symmetries of the action (30) are given by

ffu' = A'

= \(?t\
k(DtJ

i
i)G

ti-Ti
ik\

iGai

+ (*

(33)

It is worth noting that when deriving the above transformation rules it
is important that the self-duality of the fields is preserved. This amounts
to the requirement that G'"' = f"fJ

H
fG'ff and similarly for iCa*. In other

words the G-variation must satisfy

SG" = -ASfSf + J jeap)Afi + jf^A difPjG^' , (34)

where Afi is an arbitrary function. A similar relation holds for the K-
variation. Invariance of the action then fixes A"'. At this point we state
our conventions regarding the covariant derivatives in (33). We have

= dv

- ~ Tl
ki

(35)

(36)

The general structure of the Bolution to the master equation is given by

5(4, *') = "'n,„, *VJ + C"'n (37)

11



where the field content in (37) is defiued by

= ( G - V , C , Cai, *„•) (38)

The additional fields in (37) arising from the quantization are the ghost C \
the self-dual antighost Cai and the self-dual Lagrange multiplier J W The
statistics, ghost numbers and confonnal dimensions of *^ are (+ ,+ ,—,—,+} ,
(0 ,0 ,1 , -1 ,0 ) and (1,0,0,1,1), respectively. The antifield is defined by
* i = (*»inutiC'<*jC"*<,sr*0') with statistics, ghost numbers and conformal
dimensions given by ( - , - , + , + , - ) , ( - 1 , - 1 , - 2 , 0 , - 1 ) and (1,2,2,1,1).
We remark here that we have chosen the fundamental fields in the prob-
lem to be those given in (38) with the index structure as shown. The
positioning of indices on the fields is important when deriving the BRST
transformations, as we shall see later.

Using the symmetries (33) it is now straightforward to derive the form
of (37) which satisfies the master equation for the case at hand. We find

(39)

+ Gm
aiG'tiE{GN,Ga')r.C

tCr + C"°'xal .

In the notation of Bataliu-Vilkovisky the R and E coefficients would be
written as R"', iij and ££/•'*'. We find it more convenient to use the no-
tation in (39) with the fields given as arguments of the coefficients. The
Ji-coefficients in (39) ca.ii easily be read off from the transformation rules
(33). A straightforward but lenghty calculation shows that the only non-
zero ^-coefficient is given by

+ AT!.!'* (40)

In deriving (40) we make use of the Batalin-Vilkovisky equations with-
out the self-dual projectors. However self-duality takes care of itself when
E(Gei, &")„ is put back into the action (39). To complete tiie quantisation

12

procedure we must choose a. gauge fennion # . This is taken to be

* = CaiG" , (41)

which implements the gauge choice Ga> = 0. To derive (he final form for
the quantum action we take the antifields to obey the relation

&'A = 5 * / * * " . (42)

This gives

GV = C«, U(* = 0, q = 0, C™ = G-*. »•"* = 0 . (43)

The quantum action now takes the form

S, = 5(* ,* '= (44)

Cai[Da&

^Cj^iDfJli)(DrJik)C>CT} .
10

Finally we can write down the BRST transformations for the fields in
*, they are given by

5Bu' = -eCl

BgC1 = 0

(45)

13



where e is the constant Grassmaun odd BEST parameter.

A point worth noting when deriving the transformations for G, C and
JT is that one must ensure that the self-duality of the fields is maintained.
Following the discussion before equation (34) we must therefore add by
hand the second term in (34) to the result obtained from (39). For the
fields COJ and jrm the additional terms take the form j e / ( 3 » V ) ^ M C *
and — ̂ ^[dkJi^KfijC*, respectively. The relative sign being due to the
different statistics of C?m- and *•<*. The reason that the Batalin-Vilkovisky
method does not determine these extra terms is because they are not re-
quired to guarantee BRST iuvariance. Indeed anti self-dual pieces in the
transformations do not have any effect in the variation of the action, as in
(44) only self-dual projections are present.

By integrating over the Lagrange multiplier field *"„< we enforce the
gauge constraint Gai - 0 and find that S, reduces to the final form of the
Witten action with the auxiliary field H& integrated out. However, it is
also possible to use (44) and (45) to recover the form of the action including
the H field. To do this we proceed as follows.

We write the terms in (44) which are proportional to G" as

(C™-f j ' + CSr^ , (46)
where

If we now shift the G" field by
find that (46) becomes

(47)

a l l c l integrate over the shifted field we

(48)

Combining (48) with the remaining terms in (44) gives us the desired result.

Thus we see that we can identify ir^ with the auxiliary field i7al. Using
(45) and (47) we also recover the transformation of C^:

(49)
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It is also straightforward to obtain the BRST transformation of the
x'^Hei) field given the field equation 2(GOT- - ^) + x'ai = 0.

The procedure that we have outlined above of working from the quan-
tum action S, to the form involving the auxiliary field Hai can clearly be
performed in the reverse order. That is, given (48), we simply rewrite it
as a Gaussian integral over the shifted field G"" = G™ — £a i . In this way
the new field Gm enters the problem and can be interpreted as the ran-
dom Gaussian field. This allows us to realize that given a topological field
theory in the gauge-fixed form a ih Witten one can work backwards to the
Langevin form it is derived from. In this way one discovers the underlying
gauge symmetry of the model and realizes that the fermiouic symmetry
in the Witteu model is indeed a BRST symmetry. Similar considerations
also hold for the supersymmetric quantum mechanics example discussed in
the previous section and indeed this procedure can be applied to a general
topological field theory.

There are various specialisations and generalizations of the above model
which are interesting to consider. First we take the case where M is a
Kahler manifold so that £>*J'}< = 0. Using standard notation [3,17] the
non-iero components of the metric tensor are gtj = gjr The non-zero
components of the ghost and autighost are C', C1, C7+r and C_j. The
symmetries of this model were treated previously [7] and agree with those
obtained by specializing the formula (33) to the Kahler case. One sees
immediately that (44) written in Kahler form coincides with the Witten
result upon integration over x.

In [7] we presented a generalisation of the Kahler model discussed by
Witten. This consisted of the introduction of a potential terra into the
action (30) with Jf™ defined by

K" = G" - ^( (50)

Here V'(u) represents the potential. Now the restriction of this model to the
Kahler case is imposed so that the cross terms of the kinetic and potential
pieces become total divergences. The quantization of this model for the

15



case when M is 2-dimensional and both metrics are flat was treated in {Tj,
For the general case, the symmetries are given by:

* « ' = A'

SG~' = D-\'-\

(51)

and similarly for the conjugate fields u' and G*!. The quantisation in the
general case follows the methods given above, and we shall not present the
details.

It is also possible to incorporate world-sheet supersymmetry in the gen-
eral case. Instead of (31) one takes the obvious N = I super-symmetric
generalization

I" =G"- ±{DAu' (52)

where the hat indicates that one is considering the related spinor superfield
and DA is the superspace covariant derivative. The rest of the analysis
is straightforward and proceeds in analogy wilk the case above. Witten's
motivation for considering this theory is that it might represent an unbroken
phase of type II superstrings.

Finally, Witten considers the case in which one lias a family of almost
complex manifolds fibered over the Riemann surface E. It is then necessary
to regard the u'[cra] as sections of the bundle and replace the derivatives
dau' by the appropriate covariant derivatives. The correct starting point
is clearly to take the action (30) with i f* given by

where
Aa°V'

(53)

(54)

Here, AM(af) is a gauge field on £ and Vf is a vector field on M where the
index a labels the basis of the Lie algebra diffM. It is now straightforward
to write down the symmetries of this model and perform the quantization

16

as outlined above. The result takes the form of (44) with d"u' replaced by
(54) and also an appropriately modified DaCi [3j given by

DaCi = d"Ci + r%{daui)Ck (55)

4 Three Dimensional Topological Field The-
ory

We consider in this section a tliree dimensional topological field theory
which is closely connected to the four dimensional theory of Witten [2]. In
the Labastida-Pernici formulation [6] of Witten's theory, one begins by con-
sidering a classical action whose equations of motion are the self-dual Yang-
Mills equations, and then quantizes the theory via the Batalin-Vilkovisky
algorithm [9]. In a certain gauge, the resulting theory is identical to the one
formulated by Witten, but it has the advantage of allowing for other gauge
choices. The global supersyminetry of the original model is also recovered
in the form of BRST symmetry. Although one does not have the condition
of self-duality in three dimensions, it is possible to consider the following
classical action:

Sc = i j' g°>Tr[KaK,) (56)

Here, F is the curvature of a Yang-Mills connection A, u is a scalar Higgs
field in the adjoint representation of the gauge group, G is a three dimen-
sional vector auxiliary field, and our conventions for the covariant deriva-
tives are given by:

Dau = dau+\Aa,u]

Faf = [DatDf\ .

(57)

One reason for considering this model is that (56) (with G = 0) repre-
sents the tliree dimensional 0(3) Georgi-Glashow model [13[ in a particular

17



limit. As discussed by Polyakov [19j, there is the possibility of having iu-
stanton solutions, which are solutions to equation (61) below, with G set
equal to tero. Polyakov has also shown how, in the dilute gas approxi-
mation, instanton effects conspire to give confinement (linearly rising po-
tential). Tim is not the case in four dimensions, so if topological theories
represent a different phase of the original theory, perhaps this relationship
is easier to uncover in the three dimensional model.

In addition to the manifest Yang-Mills symmetry of the above action,
there are more local symmetries similar to those defined in [6|. The local
infinitesimal symmetry transformations of 5, are given by:

SAa = -

Su = [w

SGa = [v

(58)

Since the aim is to eliminate G by a suitable gauge choice, the need for
the u field is now clear; without the £ parameter in the transformation
law of G one could not impose the gauge G = 0. In contrast to the two
models which we have considered in Sections 2 and 3, the gauge algebra of
the above transformations closes off-shell; however, this symmetry algebra
possesses on-sliell zero modes:

R'a{*)Za
ai = 0 (59)

when the classical equations of motion are used. In this specific model,
there is just one sero mode given by the choice of parameters:

= Dak , £ = -[A, u] , (60)

which one can easily verify. The only equation of motion that is needed in
this case is the one for Ga:

- Dau = 0 (61)

Equation (61) represents the four dimensional magnetic mouopole equation
in the Prasad-Sommerfield limit [20|, that is, the Bogoinolny equations.
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We can now carry out the quantization of this model. The details of
the construction follow closely the four dimensional case presented in [6].
The first step is to determine the correct assortment of ghosts that the
procedure requires. To each of the local symmetry parameters we assign a
new ghost field:

ca —» V- (62)

€ —> P

A —- i ;

the first three ghost fields being Grassinann odd, while the second geuerai-
tion ghost 4> is Grassmann even. The ghost numbers of the minimal set of
fields (Aa, Ga,«, fa, c,p, <j>) are (0,0,0,1,1,1,2) , and those of the antifields
(A*a>G'a,u', ^a>c*.P*j^*) • " (—1, -1 , -1 ,— 2 , - 2 , - 2 , - 3 ) respectively, and
have opposite Grassinann character to the original fields. In the language
of [9|, the situation at hand constitutes a first order reducible theory.

The next step is to find a solution to the master equation with this
minimal set of fields and antifields. In our case, the relevant terms in this
solution will take the form:

(63)

The classical action Sc depends only on the fields $', and the first and
second generation ghosts are denoted generically by C and rf respectively.
Following the procedure outlined in ]9], one can determine the coefficents
Tgv A%a and B'J in this expansion, and we find the solution:

S^ = Se + A'a(-Dae+^a)+G"'(eJ>->Dls^ + ^a,u\+ (64)
+ Dap + [e, G.]) + u'{p + [e,«]) + c'[4> - cc)
+ f{Da+ - {c, j,a}) - „•([*,«] + {

As usual, we augment the minimal set of fields by introducing six new fields
(Xa> 6] ^i da,d, Tj) (and corresponding antifields), and consider the solution:

S = 5™B + X"da + b'd + X-r, (65)
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(66)

to the master equation. As in [6|, the gauge choice:

0 = G9 = d"Aa = D"ij>a

is implemented by choosing the gauge fermion to be:

* = x"Oa + bd"Aa + \DaTl>a . (67)

The quantum action is constructed by restricting the antifields to lie on the
surface $* = §y. In our model, this restriction leads to the conditions:

G'a = Xa , A'a^-dab-[X,rl>a\ , (68)

X'a = Ga , b' = 3A ,

X' = D • + , ft = -DaX ,

«• = e* = f = p* = 0 ,

as one can trivially verify. The final form of the quantum action which one
can take into the Feymnan path integral is:

S, = Sc + b(-d-Dc + a-<p}-\{Tl>a,-Dac + il>a}+ (69)

+ dd -A + rjD-iji .

This action is invariant under the BRST transformations (16) with global
parameter e and are given explicitly by:

SAa = e(Dac-i>a) (70)

SGa = -£(E f f ' "
T£)^1 + [Vn,«] + i J < , p + K G a ] - x ^ )

6u = -e{p+\c,u])

^ o = e(Da<l> - {c,i>a})
5p = -e(\<f>,u] + {c,p})

6b
6c
SX

Sda

= id
= c(4> — cc)

— —erj

- 6d = it) = 0 .
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Up to a BRST commutator, which represents different choices in the gauge
fixing, both the action (69) and the BRST transformation rules (70) arise
as the dimensional reduction of Witten's TQFT [2] as formulated in [6|.
Since the four dimensional TQFT has no dynamical degrees of freedom,
one does not expect this feature to be altered by imposing i* independence
in both the bosonic and Grassmann fields, and indeed this is the case.

The transformations (70) do not exhaust the invariances of this theory.
Since the three and four dimensional theories are related by dimensional
reduction, the model we are considering is essentially the energy (Hamilto-
nian) of the four dimensional theory. Monopoles are finite energy solutions
in four dimensions, or equivalently instantous (finite action) in three di-
mensions. In the Hamiltonian treatment of Floer theory, Wilt en showed
[2] that there was an additional discrete symmetry relating the BRST and
dual BRST charges. In the three dimensional theory, the symmetry rules

• - 1
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• — i

• P

which correspond to the transformations in [2], but needs to be supple-
mented with:

« — > - « . (72)
These transformations are a symmetry of the theory before a gauge is cho-
sen for the connection Aa, i.e., if we ignore the b — c ghost terms in 5,.
Since the action we are considering differs from the one given in [2] by
a topological number, the above discrete transformations actually change
the sign of this number. With these substitutions in (70), one obtains the
action of Q on the fields. We will make use of this operator in the next
section.

When the auxiliary field G ia integrated out, the transformations (70)
are untouched except for that of the x field, which is obtained using the
procedure outlined in section 3:

(73)
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Tills vanishes when the Bogomolny equation is imposed. On the other
hand, the Q variation of \j> is:

which does not vanish in that limit. Instead, $ij/ vanishes when the auti-
monopole equation is satisfied. The dual BRST operator allows us, in the
next section, to obtain the magnetic charge from one of the topological
invariants introduced by Witten [2J.

We have already indicated that the toplogical field theory in three di-
mensions may be obtained from Witten's theory by a sunple dimensional
reduction. One is of course free to reduce further to two dimensions, and
the resulting theory is that which would be obtained from the action:

f ( G - ?])* + D+4D-? . (75)

The interest in these equations is that a sector of their moduli space gives
a parametrization of the Teicliinuller space of compact Ricma.nn surfaces
(2l|, but we will not pursue this here.

5 Topological Invariants in Quantum Field
Theory

In [2] Witten considered the Donaldson invariants for the special case where
the gauge group is SU(2). To construct these invariants a basic set of op-
erators which satisfied various properties had to be denned. In this section
we shall show that one can recover these operators and their denning rela-
tions in a very simple way. The construction involves the use of a Chern
polynomial which is related to the polynomial introduced by Atiyah and
Singer [22]. We also discuss the topological invariants in the three dimen-
sional model introduced in the previous section. We will see that by using
the Q cohoinobgy we can obtain the invariant which corresponds to the
three dimensional instantou number or equivalently the four dimensional
magnetic monopole charge. First, however, it is necessary to review some
of the details of the construction presented by Witten.
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The fields in Witten's four dimensional topological field theory are
{Aa,<t>,\,ri,tlia,X«t) with ghost numbers given by ( 0 , 2 , - 2 , - 1 , 1 , - 1 ) . For
simplicity it is assumed that IJ, tf>, A and Xafi have no zero modes. Then the
\j>a field satisfies the following equations

Daijlp — Dp^a + iagliD'1^!1 — 0 (76)

As pointed out in [2j these are precisely the equations that arise when con-
sidering small fluctuations about an uistanton configuration and requiring
the variations to be orthogonal to a pure gauge variation. The number of
yji zero modes then matches the dimension of the instanton moduli space
d[M) ( if the formal dimension equals the actual dimension). See [2] for a
more thorough discussion of this point.

For the expectation value of an operator 0 to correspond to a topological
invariant certain conditions need to be fullfilled. Firstly, if d(.M) > 0 then
the ghost number of 0 must equal d[M) so as to absorb the fermiouic zero
modes; otherwise the expectation value is zero. The second requirement is
that {Q, 0} = 0 with 0 ? {Q, B] for any B.

The BRST transformations of the relevant fields are given by [C]

&Ap — «Vv (77)

S\ =
«*„ = -
Si = 0

On the moduli space we see that

= 0 , (78)

and so Q1 = 0 on this space. Futhermore Q acts like the exterior derivative
on M- Indeed on integrating out the non-zero modes an operator 0 may
be expressed as

0 = •,,..A.<aV«...#l- , (79)
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which is then considered to be an n-form on M where the a* are the

zero modes. The action of Q is then

, ~ d
,,^)'n = d^O - (80)

Tiie expectation value of such an operator 0 is given by

*(U) — / dcti...d(XT*dyli*..dw V' i ib ...vf [81)

* .= /

Thus the expectation value can be written as the integral of an n-form *
ou in3tanton moduli space. Products and integrals of such operators can
similarly be defined and evaluated.

As mentioned above, the Donaldson invariants for the case of SU(2)
can be evaluated by means of the following set of operators

\ (82)

Wi = -Tpf^V* A ifr + 0 A F)

W3 = TrtyAF)

Wt = -\TT(F AF) .

These satisfy the recursive relations

0 = i { G , ^ 0 }

dW0 = iiQ.W,}

(83)

dWt = 0 .

We will now show how (82) and (83) may be recovered in a very simple
manner. We begin by defining the following characteristic polynomial

where ? = $ — i> + iF, and is to be thought of as the curvature over the

base manifold M X ,M. We now define

d = {d + Q){-l)p , (85)

where (—1)'' = (1, —1) for (even,odd) forms on M. It is easy to see that d
has the properties

3* = 0

dTrTn = 0 .

Using standard arguments we have

dP[J) = 0

(86)

(87)

for any invariant polynomial P(X) = P[g 1Xg) where g is an element of
the Lie group. The Chern classes e/ are defined by taking

(88)

For the ca« of SU{2) the second Chern class is given by

If we now expand (89) and use the fact that dct = 0 we can see immediately
that we recover the recursive relations (83) with the identifications given
in (82).

For groups other that SU(2) we can consider different starting polyno-
mials Wo and set up equations similar to (82) and (83). The number of
such independent polynomials is equal to the rank of the gauge group G.
Clearly the method outlined above can also be applied to these cases. The
corresponding higher order Ciiern classes can then be used to recover the
recursive relations satisfied by these additional polynomials.

To obtain forms on the moduli space one needs to integrate out all non-
Bero modes. ^ and A are replaced by then" eero modes, while (j> is evaluated
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as < 4* > = D-3{ij>,il>} [2j. On the space M x X, d acts Uke the total
exterior derivative, recalling that Q1 = 0 on M-

In the work of Atiyah and Singer [22} on the obstruction to the existence
of covariant Dirac operators a certain invariant polynomial is introduced.
The polynomial used above is in fact related to that of ref. [22]. This
can be seen as follows. In [22] one considers the principle bundle ((P X
A)IS,G,M x (A/$)). P is a principle bundle over M with group G, A is
the space of connections on P and $ is the group of gauge transformations of
P. g acts on P x A by {p,A) -* (tj>(p),<^.A) for $tCj. Under the assumption
that $ leaves a fibre of P fixed, then H = (P x A)/$ is a principle bundle
with group G and base M/G = M x (A/$). There ia a natural connection
OJ on M with curvature 7a which is a horizontal 2-fonn with values in the
Lie algebra of G. In local coordinates the (2,0) component of 7a is F^, the
(1,1) component is SA^ while Hie (0,2) part is (Dt

ADA)-1[6Ali,6A'>t\.

If M is considered as a submanifold of A/$ then upon restriction to H
one sees that SAp is in direct correspondence with ^ and that 41 (thought
of as (D'D)-1 {*!>,$}) is related to (D\DA)-l{SAlt,SA"i\. Hence there is a
correspondence between 7a restricted to M x X, and what we have called
7 above.

Let us now consider the possible invariants in the 3-dimensional model
introduced in the previous section. We see from (82) that / W+ corresponds
to the winding number of the instant cm in four dimensions. What is the
windiug number of the 3-dimensional instanton (or equivalently, what plays
the role of the magnetic charge of the monopole)? 't Hooft [23] has found
that the U(l) magnetic charge is given by

g = F) . (90)

Tim can easily be obtained via the usual dimensional reduction of the four
dimensional second Cheru number; however, it is also possible to arrive at
this quantity by use of the Q operator.

We would like to find an operator whose expectation value corresponds
to (90). However none of the basic operators Wo,Wy,W% or W% are Buit-
able (we are dealing with SU(2)). The problem arises because the mag-
netic density must be a (3,0) form whereas from the i cohomology only
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(0,4), (1,3), (2,2) and (3,1) forms are available.

The trick is to make use of the Q cohomology. Its action on an (m, n)
form is to give an (m, n — 1) form. This ia precisely what is required as
Q ; (3,1) -+ (3,0). On the instanton moduli space Q has non-zero action
only on ip. Then

= Ws = -2TT(DU A F) . (91)

Hence the integral of Wj over the manifold M yields the magnetic
charge. Finally we notice that one may rewrite (91) in the form of the
recursive relations (83) as

(92)

where W, = -Tr(t lF) .

6 Topological Field Theory and Supersym-
metric Instantons

There are various reasons for extending the previous results to supersyin-
•netric models. Supersymmetric systems have many remarkable properties,
and perhaps some suitably broken supersyminetric model plays a role in
nature. Knowledge of the existence of a topological phase might then be
important. Our considerations below show that one may define topological
models based on globally supersymmetric theories even though the original
supersymmetry does not hold on manifolds of arbitrary curvature.

We begin by first reviewing the construction [13] of an action principle
for the supersymmetric self-dual Yang-Mills equations. In four dimensions,
duality constraints only make sense in Euclidean space, so we consider the
simplest Euclidean supersymmetric Yang-Mills theory with a Hcrmilia.il
action. The supersymmetry multiplet of this theory consists of a gauge
potential A,,, a complex spinor S, and two real scalar fields Bi and Bj. We
suppress the gauge group indices to simplify notation. Both S and Bt are
hi the adjoint representation of the gauge group. An invariant Lagrangian
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for this system has been constructed in (24], and is given by1:

hx equation (93), our conventions are such that:

f i a J n A i r t d

(93)

(94)

The action corresponding to £Q is invariant under the following global
uupcrsy mine try transformations with Grasamann parameter a:

SBi = ia'S-iS'a (95)

6Bt =

SS = - i f ^ ' r ' " ' a + (D(i

In this system, one can impose a. duality constraint on the Yang-Mills
curvature F, and consistency with the supersymmetry algebra implies the
constraints [24];

F = F , S = &. , B* = - H i . (96)

If one instead chooses F to be auti-self-dual, the constraints take the form
[24]:

F = -F , S = S+ , B1 = Bt. (97)

Since Witten's topological quantum field theory [2] deals exclusively with
anti-self-dual fields, the subsequent discussion will be concerned only with
equation (97). The treatment of (96) would require only obvious modifica-
tions. The super self-dual equations are the classical equations of motion
of the action (93), together with the constraints (96) or (97).

'Our conventions for t i e gamma matrices and duality constraints ar« consistent with

tnose of [8,24]. We take 7 B and -ft to be Hermitian, {it)1 = 1, {t^iu} = 2*«i-i * n ( l

the chiral components S± = \{l±^)S. The symbol S" means the complex conjugate

transpose of 5 . The duality conventions are F^ = f e ^ g - J " " , and 1% = \ { F )
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We would like to obtain the super self-dual equations from an action
principle. Simply taking the constraints (97) into the action (93) leads to
a total divergence. The trick is to first introduce a multiplet of constraint
fields (GpV, 11-,L), where GT+ is a self-dual antisymmetric tensor, £_ is a
chiral spinor, and L is a real scalar field, and add to the action to the
expression:

.(98)

The first two terms in L\ were considered in [6]. Adding L\ to £$ yields
the total action:

(F
Bt)

(99)

iSL[B1

The classical equations of motion of the fields are then given by:

0 = 5_ = Bi - Bi = F+ - G+

0 = -ii*DltS+ + £-.
0 = L-DllD"Bi-i[S^,S+].

(100)

When 0 = G+ = £_ = L, the system of equations (100) are the super-
symmetric anti-self-dual equations. The crucial point of this construction
is that the Lagrangiau £ has more local gauge invariances than the original
Lagrangian £o- I'1 fact, there is precisely enough gauge symmetry to choose
a gauge in which all of the constraint fields vanish. It is straightforward to
verify that the following transformations are local symmetries of L:

= —D^ui + e,, (101)

BG+, = KG+J

SS- = [i»,S.\

Bi = [«,*] + £
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SL =

Here, w is the infinitesimal Yang-Mills transformation parameter. The
additional local symmetries are generated by the even parameters cH and
£, and the odd Grassmann parameter f+.

In the quantised version of this theory one considers a path integral over
the original fields, the constraint fields, and the ghosts obtained from the
quantization procedure. One noteworthy property of the L&bagtida-Pernici
action - which is just the first term in equation (99) - is that one could
naively eliminate F+ by a shift in the constraint field G+. This strongly
suggests that the theory describes no dynamical degrees of freedom. This
property is also shared by the supersymmetric system we are considering.
IT one chooses the constraint fields in L\ to be:

(102)

+ —

one finds that the original Zumino action La can be recovered:

(103)

A shift in the constraint fields in L then trivializes the action.

It is new straightforward to carry out the BRST quantization of this
model. To do this, we only need to know all of the local symmetries of the
theory, together with the oil-shell zero modes of these transformations. As
in [6], the local gauge algebra in equation (101) has only one zero mode,
and this b given by the choice of parameters:

= A = - [ A , (104)
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There is no obstruction to carrying out the Batalin-Vilkovisky procedure
[9] in this model, but we will not do so here.

An important aspect of this model worth clarifying, involves the depen-
dence of the symmetries on the background metric. As emphasized in [2|,
this is crucial in topological applications.

The first point to be made is that although we have implicitly been con-
sidering the theories described by £ 0 and L to be defined on a flat R* back-
ground, there is no problem in covariantizing these theories by introducing
an arbitrary Riemannian metric and associated torsion free connection.
The above local symmetries - including the chiral supersyimnetry defined
with the infinitesimal parameter f+ - continue to be the invariauces of the
super instanton action £. The only question remaining is what happened
to the original global gupersymmetry of the Zuinino action La 7

If we consider the action £o in an arbitrary background, the concept of
a global supersymmetry parameter which satisfies d^a = 0 on R* must be
replaced by the covariant condition D^a = 0. The transformations given
in equation (95) then remain symmetries of the covariantized action. In
this situation however, a covariantly constant spinor field must satisfy the
integrability constraint:

D[ltDrla = RjfTij<* = 0 . (105)

This is not satisfied for all metrics, and so is unlikely to play a role in
topological matters. It is noteworthy that the BRST parameter, being a
scalar on a curved world sheet, continues to satisfy the condition dMe = 0,
and does not lead to an integrability constraint.

In the specific model we have been considering, all particles are in the
adjoint representation of the gauge group; however, the methods we have
described are equally applicable to models whose fields are in arbitrary
representations.
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7 Conclusion and Discussion

In this paper we have considered some specific topological quantum field
theories. We have shown how they arise as the BRST quantization of
the square of the Langerin equation, setting the random Gaussian field
to zero. The key to the construction is the introduction of an auxiliary
field G with corresponding new local gauge symmetry. As we have seen
these models typically possess open gauge algebras and zero modes and
one must therefore use the Batalin-Vilkovisky procedure to carry out the
quantization. One of the main advantages of such a construction is that it
allows for the possibility of different gauge choices which in some cases can
simplify calculations.

In [7] we established a connection between the BRST quantization of
topological quantum field theories and those field theories admitting a com-
plete Nicolai map. For Witten's four dimensional model this correspon-
dence was most easily seen in the Gaf = Ao = il>o = 0 gauge. Unfortunately
in this gauge it is not so straightforward to write down the W operators,
needed for computing the Donaldson invariants. The problem is that the
condition Dail>" = 0 corresponds exactly to the requirement that given
an instanton, nearby instantons are not considered if they arise as gauge
transformations of the first. This information is also encoded in the ifo = 0
gauge but not in a trivial way.

Considering the TQFT as a renormalizable, unitary theory, one may
wish to check if renormalization does not spoil the symmetry. For example
one would like to know if the condition of self-duality can be maintained in
dimensional regularization.

While the mathematical uses of TQFT are self-evident, the possible
physical applications require futher investigation. One of the main prob-
lems in this regard is how to break the symmetry. We found in Section 2
that the BRST symmetry in supersymmetric quantum mechanics may be
broken for particular choices of the potential. In Section 3 we introduced a
generalization of Witten's Kahler sigma model which included a potential
term in the action. One may then ask the question as to whether the pres-
ence of this potential also allows for the possibility of breaking the BRST
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symmetry in this model. Perhaps if one cam find a way of introducing po-
tential terms in the other topological models, then by a choice of potential
the BRST symmetry may be broken.
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