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ABSTRACT

We systematically find all the modular invariant partition

functions for the toroidally compactified closed bosonic string defined

on a subset of a simply laced simple Lie algebra lattice, or

equivalently for the closed bosonic string moving on a group manifold

with the W2W coefficient k = 1. We examine the relation between modular

invariance of partition function and the possibility of describing it bv

an even Lorentzian self dual lattice in our context.
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I. INTRODUCTION

Construction of consistent quantum string theories has been pursued

deligently in the last few years [1]. With the advent of the anomally free

ten-dimensional superstrings of Green and Schwarz [2j, and the subsequent

construction of the spin(32)/Z- and the E g x Eg heterotic string theories (35,

emergence of a consistent, unique and realistic string theory describing all

the fundamental forces of nature seemed eminent. However, with Narain's

discovery (41 that string theories formulated on tori defined by even

Lorentzian self-dual lattices are nodular invariant, the list of consistent

string theories proliferated rapidly. Nowadays, string model building in-

volves a paraphernalia of the basic techniques of toroidal compactification,

division by discrete subgroups of isometries of the tori obtaining orbifolds,

and further fine tuning of the string theory by applying these construction

asymmetrically on the left and right modes [5].

In this paper we study yet another possible enlargment of the set of

consistent string theories by allowing degeneracies in the states corresponding

to different lattice sites in the Narain construction. We arrived at this

possibility from similar circumstances in the decomposition of the Hilbert

space of states of the string moving on a group manifold G [6]. As is well

known [7-11], when the WZW coefficient k = 1, the motion of the string moving

on a group manifold G can be equivalently described by motion of a string

on the maximal abelian torus of G.

For a string moving on a group manifold, the Hilbert space of states

reduces naturally to irreducible representations of G, with left and right

modes transforming independently

U.I)
i.j

where

the i
. 1

is the Hilbert space of left moving nodes transforming under G as

irreducible representation of G, and similarly for the right moving

modes Hilbert space 7"0B • N.. a r e a s e t °f positive integers, multi-

plicities of the representation "jff, . It is the constraint of modular

invariance which determines N.. [11]. The above-mentioned equivalence of

the theory of a string moving on G and on its maximal abelian torus, thus

leads naturally to consideration of degeneracies for different conjugacy

classes of the lattice of the group G, as we shall soon see.

On the other hand, conformal field theoretical formulation of string

theory [12], also leads to this same conclusion. The mjltiplicities here

appear as a consequence of the freedom in the way the left and right moving

modes transform under the Virasoro algebra [13], which are again constrained

by modular invariance. Cardy £13] has determined these multiplicities for
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the minimal conformal field theories. In this paper ve will be effectively

doing the same for the conformal field theory of the toroidally conspactified

strings, as we will be finding all the possible modular invariant partition

functions for a bosonic string compactified on a torus described by the

lattice of a simply laced simple Lie group.

In Sec.II, we will set up the toroidally compactified string theory

a ' la Narain, and describe the conformal field theoretical formulation of the

string and the natural appearance of the Virasoro algebra representation

multiplicities. In Sec.Ill we review the theory of strings moving on a

group manifold and emphasize again the appearance of the group representation

multiplicities in the partition function. Finally in Sec.V, which contains

the main results of the paper, we will classify all the modular invariant

partition functions for the bosonic string defined on the torus described

by simply laced simple Lie groups, the ADE series.

In the light of the recent interest in the connection between modular

invariance of the operator product algebra of two dimensional conformal

field theory [21], we will discuss our results with an emphasis on this

connection in Sec.V.

II. TOROIDAL COHPACTIFICATION AND MODULAR INVARIANCE

In this section we establish our notation for describing the partition

function of the string moving on a torus, as a quotient of R by A, a

lattice which in this paper we take to be the weight lattice of a simply

laced simple Lie group. The dimension D of the compactified component

of space-time is determined by the cancellation of conformal anomaly to

be D+d = 26, with d being the dimension of the uncompactified component.

The partition function of the theory, in one loop is

jTi, 2iriTH_ -2niTH.
= trace e (2.1)

HR = Z(Jf-l), HL = 2(J?-1), </V and W being the number operatorswhere

of the right and left modes, respectively, and T is the nodular parameters

of the torus. The parition function x receives a contribution from the

zero modes of the compactified co-ordinates, which must remain independently

modular invariant. This contribution is [10,11]

i m p (2.2)

Note that we have intentionally not specified the range of p and p. These

variables certainly range over the respective Hilbert spaces of the right and
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left modes; however, these states may or may not be labelled entirely by

momenta. There could be degeneracies for a given momentum; thus, the proper

definition of the partition function should read as

X(T)
/ -V i

n(p,p) e
(2.3)

with the positive integers n(p,p") to be determined from other considerations,

such as modular invariance and requirement of closure of the conformal algebra.

An immediate restriction comes from conformal invariance, i.e. invariance under

the action of the Virasoro generators of the right and left modes Lo and L o

0 or (2.4)

It is clear then that the states which are in the same conjugacy class of the

weight lattice A

have the same multiplicity

(with respect to the root lattice of the group A ) must
K

xd
k,k£A/AD

"kk (T) (2.5)

where

p£k-th conjugacy class

p£,k-th conjugacy class
(2.6)

This form of the partition function in terms of the characters of the conjugacy

classes, can also be seen more transparently fi-om the conformal field

theoretical point of view, where each of the X^'s are simply characters of

the highest weight representations of the Virasoro algebra, where k designates

the conformal weight. As expounded by Cardy [12], the most general partition

function of the conformal field theory would be of the above form, Eq.(2.5),

with N ^ , arbitrary positive numbers to be determined from modular

invariance requirement.

Apart from therequirement of modular invariance that we will shortly

return to, closure of the conformal operator algebra should be imposed. The

primary fields of the theory are the vertex operators : e
i^'^z'. wnose

closure under operator product
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ei(p+p')-XU) + _ __ _

with a similar form for the left moving modes, requires that the set of momenta

(p,p) close under addition, i.e. should form a lattice. Further properties

of the lattice must be determined by the requirement of modular invariance [141.

Under the modular generator T : t ->i + 1, the characters Xu( T) a"d

Xj-(t) transform as

inW?

(2.8)

(2.9)

Therefore

X ( T + ]

under

L) =

T

/

X

X

k (T + l ) -

£(T+1) -

^

e

e

i, r e

'i^'

k,k tA/A D

. thwhere w^ is the highest weight of the k representation. Invariance under

T, therefore, requires

Uf - »2r t 2 L = > N.c = 0 (2.10)

Transformation of K and \r under the other modular generator

3 : T -»• - — is obtained from the Poisson resummation formula

V- $ 1-1/2

rl/2 (2.11)

Here D is the dimension of the lattice A and |A\ is the volume of the

unit cell of the lattice. The (-ix) factor and the corresponding left

moving factor are cancelled by corresponding terms from the contribution of

the uncompactif led dimensions and the oscillator modes in the critical

dimension 26. Thus, the requirement of invariance under >5 boils down to

the equation

k,k

with

k,k

kk1
(2.12)
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for some normalization constant c. If the functions

dependent, then we could conclude that

SN = NS ,

£ were in-

(2.13)

however, often this is not the case. For example, x. = X^* when k and

k* are conjugate representations of the group. Fortunately, in the case we

will be considering these are the only redundancy cases and taking them into

account Eq.(2.13) may be used with a modified matrix S, as we will see in

Sev.IV.

It is obvious that one solution of Eq.(2.13), which appears quite

generally is the left-right symmetric solution, N = 1, which corresponds to

an even Lorentzian Self-dual lattice. However, there are other solutions

of (2.13) and (2.10) which do not correspond to such lattices.

There is another physical restriction which we will impose on the

matrix N, i.e. N^^ = 1, which is no other than the requirement of the

existence and uniqueness of a vacuum. He will take this requirement into

account in Sec.IV when we list all the physically acceptable matrices N for

simply laced simple Lie algebra lattices.

III. STRINGS ON GROUP MANIFOLDS AND MODULAR INVARIANCE

As mentioned in the introduction, we were lead to consider the

multiplicities N,, , in the partition function of the toroidally compactified

string from their natural appearance in the context of the theory of strings

on the manifold of a group. Here we will briefly recall the main features

of the group manifold string theory and describe the construction of its

modular invariant partition functions [6,11,15-18].

Motion of string on a group manifold can be studied as a non-linear

sigma model of Wess-Zumino-Witten with the integer coefficient k, which turns

out to be the level of the resultant Kac-Moody algebra generated by the

currents of the theory

' ra
 Tbnl J

n'
Jm ] C J

m+n
fab5 A , „m+n, 0 (3.1)

. abcwith Ca"^ being the structure constants of the group G. The Hilbert space

of the theory is a representation, al beit, a reducible representation of

this Kac-Moody algebra built out of the irreducible highest weight

representations of G, which in turn are determined by a veight in the weight

lattice A of G. However, unitarity of the Kac-Moody algebra representation

restricts the highest weights to the basic representations of G for k = 1
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and simply laced groups, which in turn are restricted to the conjugacy

classes of the weight lattice by the root lattice A,, of G.
K

Therefore, the partition functions of the theory will be of the form

X ( T ) = Xw(t) X~(t) (3.2)

A/A
R

where X is the character of the Kac-Hoody right representation determined

by the highest weight w. Similarly for the left character X-s- . The modular

transformation properties of these characters are not as simple as for the case

of toroidal compactification of Sec.II. But, they have been studied in the

literature [19] and are manageable in certain cases, e.g. when G = SU(2)

for arbitrary k [15,16], or when k = 1 and G is arbitrary [20]. The

latter case is to be expected to be simple as the Frenkel-Kac construction [7]

allows the transition from k = 1 case to the toroidally compactified theory.

In general, the T modular generator acts on the character as follows:

li

*w + e k *w (3-3)

while S acts as

y
w'€A/(k+g)AE r£W

Xw, det(r)
(3.4)

where W is the Wyle group of G , g is the dual Coexter number of G and

p is the weight with the property that all its Dynkin indices p are equal

to one. The nsatrix S here can be explicitly found in the case 1 k = 1 and

simply laced simple Lie groups [20] and turns out to be equal to the

corresponding matrix S for toroidally compactified characters as expected.

The multiplicities N , determine the reduction of the Kac-Hoody

algebra representation Hilbert space of the string moving on the group manifold

G, into irreducible components [11]. They are to be found from the physical

requirements of the theory such as vacuum non-degeneracy, modular invariance

and closure of the operator algebra. Uniqueness of the vacuum sets N̂ .. = 1.

Closure of the operator algebra is generally quite intricate however, and

involves detailed calculation of the fusion rules [15,21], a calculation which

is straightforward for k = 1 case, to which we are confined at any rate.

-6-

IV. MODULAR INVARIANT PARTITION FUNCTIONS

In this section we proceed to find all the modular partition functions

for the simply laced simple Lie group lattices. The procedure we follow is

first to determine which matrix elements Ni, r are non-zero, i.e. satisfy

the requirement of T invariance of Eq,(2.10), and then to determine those

elements from the requirement of S invariance, Eq.(2.13). Once N is thus

found, we will examine the question of the closure of the conformal algebra,

i.e. the closure of the resultant set under addition, Eq.(2.7), which amounts

to seeing whether the set forms Lorentzian lattice. We discard those N

for which tinn ± 1 too.

To test T invariance we need to know the length of the highest weights

W. ; and to test S invariance,we need to know the products of these weights

W -H ,. Fortunately, these values are readily available [22,23], and thus
K K 2 2

checking whether W^'W^' ls a n e v e n integer (for T invariance) and con-

structing the matrix S, Eq.(2.12) (for finding its centralizer) is relatively

straightforward.

To begin with we consider the groups SU(n), which are both simpler and

more interesting as we will see. Then the weights of the basic representations

satisfy

wk • w k -

• 0, 1 n-1

^ , * < k ' (4.2)

The index k > 0 labels the representation via the Dynkin diagrams
0 0 1 0 0
0 0 — . . . 0 0 — . . . 0 ; and k = 0 corresponds to the scalar represen-
al ak
tation. We have already stated that the two representations, k and n-k

are conjugate and thus have identical characters,

ln-k (4.3)

Therefore, when applying the matrix S on the characters we shold take care

not to consider them independently. With these preliminaries out of the way

we may now take on the SU(n) groups one by one: For SU(2) up to SU(8), the

only N with entries N ^ , = 0 when ^ - ^ ^ 2 1 , and [S.N] = 0 , is N = 1;

which is the left-right symmetric solution mentioned previously, corresponding

to an even Lorentzian self-dual momentum lattice [4,11]. A remark is in order
n - 1

here; In the Hilbert space sum \ (k.k) corresponding to the N = 1,

k = 0
we may interchange any of the k for its conjugate k* and still obtain the

same N = 1 and an even Lorentzian self dual lattice.
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The group SU(9) is the first non-trivial ease, i.e. with an N # 1

solution. To gain insight into the workings of modular invariance we go into

some of the details of calculations. The character of the bosonic string on a

torus defined by the weight lattice of SU(n)

n-1

X - ) X, "J{ XT (4.4)
/ . \ k kk
k,jt«0

upon utilisation of Eq.(4.3) becomes

k,it=a

where it is N that will be determined by the conditions of modular invariance

S: x = X - N X ~ - » X - SNS"1' X~ (4.6)

T: x ' N
kk Xk

k.k

which as a consequence of the independence of the character

(1.7)

,l,..., [fj
becomes

S N S + = N (4.9)

(4.10)

Now, Eq.(4.9) can be turned into a commutator form by observing that S is

a unir..->ry transformation when acting on the characters [11]; therefore

^ X , i,r Xr is invariant under S. The diagonal matrix i is

k,k

and

A =

(\
2 0

, 0 'l

(\
2 0

0 2

, when n odd

, when n even

(4.11)

(4.12)
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Consequently,

X • 4 X - X • SAS
+ x (4.13)

(A.14)

With the aid of Eq.(4.14), condition of S invariance, Eq.(4.9) becomes

[N'.S] = 0 (4.15)

where

"1' = N A-1 (4.16)

The matrix S in the basis of the independent characters (4.8) is obtained

from Eq.(2.12) and reads as follows:

S0k

Sk0

Vk

Vk 4 0, j when n even

Vk 4 0 when n odd

s
n2

S
k

,k

=

n
'2

(-1)"

2(-l)k

Vk,

Vk i

Vk i

i 0,

' 0

when

a2

n

when

when

even

n

n

even

odd

s .
kk

2cos
2irkk
1 - —

tfk f 0, ?r when n
1

Vk £ 0 when n odd
(4.17)

For SU(9), the weights satisfying condition (A.10) are only k = 0 with WQ = 0

and k - 3, with W^ = 2. Then a matrix N' satisfying (4.15) is of the form

0

= 3
*

a 3

20 a+p

0

0

a-
, arbitrary a, (4.18)

where we have indicated the ordering of the k indices of N, r on the left.

Now the condition of vacuum non-degeneracy N = 1 gives a = 1; and the

condition of positivity of the N entries forces a i< S- We then end upwith

three different solutions:
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1,

giving for N^ and

1 1

2 2
0

I 0

1 2

N2 =

2

2 4
0

0

The question now is whether N, and N, correspond to a physically acceptable

partition function : whether the corresponding operator algebras close, which

is nothing but the closure of the states under addition. For N~, it is

easily verified that the Hilbert space

(0,0) + (3,3) + (3,0) + (0,3) + (6,6) + (6,0) + (0,6) + (3,6) + (6,3) (4.20)

corresponds to N_> and is closed under addition. The Hilbert space of

Eq.(4.2O) corresponds to an even Lorentzian self dual lattice which follows

from a straightforward calculation which we omit. Of course this is not

surprising as the Hilbert space of Eq.(4,2O) appears with all the entries of

the matrix N being equal to one and should therefore correspond to a self-dual

lattice, a'la Narain [4]. We observe that the root lattice of SU(9) together

with the conjugacy classes 3 and 6 forms the root lattice of £„.

Concerning the solution N, of Eq.(4.19), note that it does not satisfy

the closure of operator algebra as (0,3) + (0,3) • (0,6), and the multiplicity

one for the (0,3) site in N^ does not allow for both (0,3) and (0,6). Note

however, that had we dropped the requirement of non-degeneracy of the vacuum

(0,0), the solution N., would be acceptable; and moreover it would correspond

to a non-integer non-self dual solution (not even a lattice, as there would

exist multiplicities greater than one).

The next S0(n) group with a non-trivial solution to the modular in-

variance Eqs.(4.10) and (4.15) is SU(12), for which k •= 1 and k = 5 satisfy

Eq.(4.10). Then Eq.(4.15) gives

N = 5

0

0 a
0

a+p
arbitrary a, (J (4.21)
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Imposing N _ = 1, we obtain

N, = 1, N,

0 1

1 0,

i
2

1
2

1
2

1
2 (4.22)

For the N 2 solution, since (2,2) + (3,3) = (5,5) and (5,5) is missing in the

partition function of N_, this solution does not satisfy operator algebra

closure. For a similar reason N, is unacceptable. Note however that dropping

the requirement of NQ(, = 1 would make N, acceptable, corresponding to a

Hilbert space which does not come from an integral self dual lattice.

The next non-trivial solution is SU(15). In this case k = 1 and k = 4

satisfy (4.10) also k • 2 and k = 7. Then (4.15) leads to

a p
(4.23)

Again, N = 1 implies N,= 1 or

1 0

0 1

1 0

1 1

1 1

1 1
1 1

(4.24)

Note that we have given Nj = N,,fl directly in £q.(4.24). For N,, (3,3) +

(5,5) = (8,8)-* (8,8) which do not appear in the Hilbert space of N and

therefore Nj violates closure of operator algebra. The solution N., also

violates this algebra as the multiplicity on the (1,4) and similar site is one,

too low for closure.
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For SU(16), k = 0 and k =• 8, also k = 2 and it = 6 satisfy Eq.(4.1O).

Then (4.15) gives

"2 P2
(4.25)

with aQ + fjQ = a2 + e2 . The condition N Q Q = 1 and positivity of \k,'s

results in the solutions

= 1, N 2 = 2

0 1

1 0

f\

1 1 (4.26)

Solution N^ does not correspond to an operator product closed system as in

SU(12) and SU(15) cases. However, the Hilbert space

(0,0) + (8,8) + (0,8) + (8,0) + (2,2) + (6,6) + (14,6) + (6,14)

+ (2,10) + (10,2) + (14,14) + (10,10) + (4,4) + (12,12) + (4,12) + (12,4)

(4.27)

is closed under addition and form an acceptable solution. It is easily seen

that, it corresponds to an even Lorentzian self dual lattice. (Notice that

multiplicities are equal to one.)

SU(20) is the next non-trivial case, with the by now obvious notation

and procedure,we get

-12-

P a

f? a
(4.28)

Again N00
1 leads to

1. N,

(0 1

1 0

0 1

1 0

1 1

1 1

1 1

1 1
(4.29)

(Note N, in Eq.(4.29) is not primed.) The solutions N^ and N^ are not

acceptable due to failure of the operator product algebra to close as in SU(12)

and SU(15) cases, with the same provision on the omission of the uniqueness

requirement on vacuum for N^ .

SU(21) is very similar to SU(20) vith

N

2

5

4

10

0

a

B

0

a 6
(4.30)

We will not belabor the reader by the details in this case,

solution satisfying all the requirements above exist.

Again no
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The last two SU(n) cases, SU(24) and SU(25), are more interesting as

SU(24) = SU(n2-l) with n = 5 and SU(25) has rank 24; moreover because of the

larger rank allowing for a plethora of solutions. SU(24) has the following

general solution

N

0

1

2

4

5

6

3

9

'*0
r

M i

H2

M4

V

°

0

V p o
ao"poj

(4.31)

Ml S are two by two matrices for which we have only designated the first

index as follows:

, 0 (a

1 2 30 aO
• M 2 =

4 fa
5 fa

0 «0J
Condition N = 1 and positivity of N,. leads to N - 1 and (4.32)

given by Mn = H, = | , , | , Mj = 0 . (4.33)

This solution has the following Hilbert space:

(0,0) + (12,12) + (0,12) + (12,0) + (2,2) + (10,10) + (14,14) + (22,22)

+ (2,14) + (14,2) + (10,22) + (22,10) + (4,4) + (8,8) + (16,16) + (20,20)

+ (4,16) + (16,4) + (8,20) + (20,8) + (6,6) + (18,18) + (6,18) + (18,6) .

(4.34)

satisfying closure of the conformal algebra. It is not difficult to verify

that it corresponds to a self dual lattice. Besides N, and N_ there are

two other solutions:

-14-

given by MQ = 1

and

given by MQ = | J] ,2 0

0 2

(4.35)

(4.36)

neither satisfying operator algebra closure. Allowing for a degenerate vacuum

would legitimize N^.

The last unitary group in our list is SU(25), which has the distinguished

feature of containing three conjugacy classes satisfying Eq.(4.10), k - 0

with W2 = 0, k = 5 with W 2 = 4 and k = 10 with W 2
0 = 6. Then Eq.(4.15) has

the solution

0

5

10

23 a+? 20 0

2g 20 a+8

a-13

o '•.)

, a, p arbitrary. (4.37)

Apart from the trivial solution H^ = 1, there is

(I 1 1

2 2 2

2 2 2
0

0

N- (4.38)

which, in fact; corresponds to a self-dual Lorentzian lattice, and can be

constructed out of one of the 24 Euclidean even self-dual lattices of dimension

24. The other solution

f i l l "
0

1 2 2

1 2 2

0

0

(4.39)

does not satisfy closure of operator product algebra, which may again be remedied

by relaxation of the vacuum uniqueness condition.
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The groups S0(2n), n £. 4, have exactly four conjugacy classes for

their weight lattice, tvio of which, the spinor and conjugate spinor classes

have identical characters. Using the properties of S0(2n) Lie algebras, the

matrix S1 acting on the independent characters becomes

0

V

s ,c

1

1

,2

1

1

-2

(4.40)

For the weights we have W^ = 0, 1, "• for scalar, vector and spinor classes,

respectively. Therefore for n « odd (mod 4), the vector and spinor classes

satisfy Eq.(2.1O), which when n - even unod 4), it is the scalar and spinor

classes that satisfy Eq.(Z.lO). For both cases though, S invariance forces

N1 = 1. In the special case n = 4, all the vector and spinor classes have

the same characters and S becomes

S =

resulting in the same trivial N' = 1.

For Eg group the basic representations

00a, 0

0 0 0 01
0—
al

0
and

(4.41)

(4.42)

and the root lattice form the three conjugacy classes, with identical character

for the two basic representation in Eq.(4,42). The matrix S then becomes

S =

1 1

1.5 U -1 (4.43)

Since WQ = 0, W1 j = T , no solution other than N1 = I can exist.

The group £_ has two conjugacy classes k = 0 and k = 6 with Dynkin

diagram

-16-

(4.44)

As W, - :r again no solution other than N1 = 1 exists. The group En

has self dual lattice and is therefore trivial again.

V. DISCUSSION AND CONCLUSIONS

In the previous section we have found all the modular invariant

partition functions for a closed bosonic string compactified on a D-dimensional

torus defined by the lattice of a simply laced simple Lie group, for both

left and right modes, allowing for an arbitrary positive integer multiplicity

matrix N ^ connecting the k-th conjugacy class of the right moving modes

with the k-th conjugacy class of the left moving modes. Imposing modular

invariance on the partition function allowed for a larger class of N's,

which included the simple left-right symmetric solution N = 1 in all cases,

which of course corresponded to formulation on an even Lorentzian self dual

lattice.

7or certain groups, however, there were other solutions which we

called "non-trivial". Among these only four solutions satisfied the two

additional requirements of closure of operator algebra and the requriement

of non-degeneracy of the ground state. These were

1) The N2 solution for SU(9)

2) The N3 solution for SU(16)

3) The N2 solution for SU(24)

A) The N2 solution for SU(25) (5.1)

with the appropriately described Hilbert spaces; all of them corresponding

to even Lorentzian self-dual lattices.

We would like to emphasize that although it is well known that a

partition function defined by an even Lorentzian self dual lattice is modular

invariant, with respect to the converse of this statement we have found that

the only modular invariant partition functions satisfying the additional

requirement of operator algebra closure and vacuum uniqueness are those which

can be described by such lattices. As the arguments on the connection between

modular invariance and formulation on even Lorentzian self dual lattices lead

-17-



only to the above-mentioned sufficiency condition, and not its necessity,

our result remains unexplained.

Of the requirements of operator product closure and vacuum uniqueness,

the latter could conceivably be relaxed and then we would obtain a large class

of solutions which are not described by lattices, as conjugacy classes would

obtain multiplicities larger than one.
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