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ABSTRACT

We establish a connection between topological field theories, Nicolai maps, BRST
quantization and Langevin equations. In particular we show that there is a one-to-one
correspondence between global unbroken supersymrnetric theories which admit a Nicolai
map and theories which arise as the BRST quantization of the square of the Langevin
equation, setting the random field to zero. As such they are topological in nature. As
an example we consider the topological quantum field theory of Witten in the Labastida-
IVrnici form and show that it is the first example of a theory admitting a complete Nicolai
map in four dimensions. We also consider the topological sigma models of Witten and show
that they too arise from the BRST quantization of the square of the Langevin equation.

MIRAMARE-TRIESTE
May 1988

1 Introduction

It is by now well known that globally supersymmetric theories possess a
topological invariant A, which measures the difference between the number
of boBonic and fermionic zero energy states [1,2]. Futhermore,it has also
been recognized that such supersymmetric theories ( that do not undergo
dynamical supersymmetry breaking ) possess a mapping which transforms
the bosonic action into a Gaussian and whose Jacobian precisely cancels
the determinant for the fermions. These are the Nicolai maps [3]. The
connection between these mappings and the index is in some circumstances
quite clear, the index turns out to be the winding number of the Nicolai
map ( i.e. the number of times that the mapping covers the space of
functions ) [l]. There are examples in lower dimensions where the mapping
may be explicitly constructed |4,5,6| and here an understanding of both
the Nicolai map and the Gaussian field it engenders may be found in the
fact that the Nicolai map is the Langevin equation connecting a random
Gaussian field with the bosonic field of the given bosonic Lagrangian [4,5].
Unfortunately there are no explicit examples in four dimensions. Nicolai
[3] was able to create such a map for JV == 1 super Yang -Mills theory which
transformed the bosonic action to Gaussian form. However, the Jacobian
for the change of variables cancelled against the fermionic and Faddeev-
Popov determinants only up to third order in the gauge coupling.

More recently Donaldson [7] has established that there are new topo-
logical invariants that can be associated with four manifolds. Following
the work of Atiyah [8], Witten [9] was able to show that these invariants
may also be computed from a global BRST-like supersymmetric Yang-Mills
theory. This theory is somewhat surprising in that there are no dynami-
cal degrees of freedom, all the excitations are topotogical. Labastida and
Pernici [10] have found that the Witten action does indeed arise from the
BRST quantization of a gauge invariant Lagrangian. What is rather nice
about this work is that it is clear from the beginning action that there are
no physical degrees of freedom, even though in the gauge-fixed version this
fact is obscured.

In the above, topologica! invariants of supersymmetric theories are being
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discussed in rather disparate ways. In this article we show that the Witten
theory is the first example of a complete Nicolai map in four dimensions.
More generally, for theories where a Nicolai map may be constructed, it can
be shown that the original theory is a BRST quantization of the square
of the Langevin equation, setting the random field to zero. This brings
together in a neat way these various subjects. Interestingly enough, we now
see that those globally supersymmetric theories which admit a local Nicolai
map (and which do not undergo symmetry breaking) are in fact topological
and have no dynamical excitations. Finally we consider the topological
sigma models introduced by Witten [11] and we show that they also arise
from the BRST quantization of the square of the Langevin equation.

2 Topological Index, Nicolai Maps and BRST
Quantization

Consider an arbitrary unbroken globally supersymmetric theory, where the
fermions have been integrated out. Then the generating functional takes
the form

Z = j{dt\t-
sWpf(D\<t>\) (1)

Now suppose that there exists a map 4> —• £{4>) such that the action becomes
Gaussian and such that the Jacobian of the transformation compensates the
Pfaffian (up to signs). Then one finds

Z ~ I [d£}e {I x [the winding number of the mapping) (2)

There is a simple procedure to recover (1). We begin with the following
action

So = (G - t(4>))2 (3)

This action corresponds to the square of the Langevin equation where G
is the random Gaussian field. It is easy to see that the action is invariant
under the following transformations

= A (4)

If we now carry out the BRST quantization of (3) with the invariances
(4) and choose the gauge G = 0 we find that the resulting theory can be
formally expressed as

Za = J{d4>\t-SW&FP (5)

whereArp is the associated Faddeev-Popov ghost determinant or Pfaman.
However, Ayj> is precisely Pf{D\4>\) in (1), for it represents the inverse to
the Jacobian of the change of variables <j> —* f(^). This follows directly
from the gauge choice and the transformation rule for G given in (4). Now
it is clear that S'o has no dynamical degrees of freedom, as a shift of G
by \(<t>) leads to a pure Gaussian integral (multiplying an infinite group
volume factor). Futhermore the supersymmetry relating the bosons to the
fermions is a BRST supersymmetry and the supersymmetric model has no
dynamical degrees of freedom (it is equivalent to (3)), the ghosts exactly
compensating the bosons.

It is worth noting that the total BRST gauge-fixed action in (5) .includ-
ing the ghosts, can be expressed as a BRST commutator. In fact we can
write it as {Q,c(b— £)} where c is the antighoat field and b is the Lagrange
multiplier. When (3) is expressible in covariant form and the total action as
a BRST commutator as above then one may easily establish the topotogical
nature of the model. For more complicated systems (l) may be changed;
correspondingly so will AFP in (5). This change will then take into account
the complete ghost system that may arise (including for example ghosts for
ghosts and ghost interactions), as is the case for the models introduced by
Witten (and discussed in subsequent sections).

As an example we examine the N = 2 supersymmetric models in 1 + 1
dimensions with the Lagrangian [4]

(6)



where V is an analytic function of one variable i.e. & = S ^ and

j^f-1. The relevant Nicolai maps (the Langevin equations) axe given by

(7)

From our previous discussion we begin with the following Lagrangian

£0 = (G-Z)(G'-C) (8)

together with the invariances

&<t> = A

= A + iV

= -A

(9)

and their complex conjugates. It is now straightforward to BRST quantize
this theory and upon choosing the gauge G = G* = 0 one recovers (6).
It is worthwhile addressing the question of covariance at this point. The
starting action (8) looks somewhat non-covariant, however after gauge fix-
ing one arrives at a covariant result {6). Clearly it is possible to rewrite
(8) covariantly ( and this should be true in general when the final result is
covariant). We discuss this point in more detail in section A.

3 Four Dimensional Topological Field The-
ory

In this section we study Witten's four dimensional topological quantum
field theory. Labastida and Pernici begin with the following Lagrangian in
D -.- 4 Euclidean dimensions

L = \ (10)

where G+ is a self-dual antisymmetric tensor i.e. G+ff = Jcafl̂ G"1"1* and

Kf s \(F<>I> + Fat) = \{F«t + i^t-ti^')- T h e a b o v c a c t i o n corresponds
to a first-stage reducible theory and hence Labastida and Pernici used
the Batftlin-Vilkovisky procedure [12] to carry out the BRST quantiza-
tion. They showed that the BRST quantization of (10) and the fully BRST
quantized theory of Witten are equivalent in the gauge GJ, = 0.

We see that the action (10) is of the general form (3) and as such
G%p = F*t is the Langevin equation for the system and should therefore
correspond to the Nicolai map. In fact we have

which in the J4J = 0 gauge is exactly the map introduced by Nicolai [3].
We wish to show that the resulting Jacobian really does cancel against the
ghost Pfaman (up to signs). To do this it is easiest to go to the A% —
0, i>Q = 0, G +0 = 0 gauge. That is we choose the gauge fermion to be

* = \ (12)

with na = (1,0,0,0). By following the Batalin-Vilkovisky procedure as
outlined in [10] we find that the BRST gauge-fixed action takes the form

5, = (13)

{
5

Aod +

The notation in (13) is the following: the classical fields Aa and Gap are
Grassmann even; rl>a and c are the first generation ghosts and are Grass-
mann odd; ,<fr is the second generation ghost and Grassmann even; the
antighost fields are Xa9,b and A which are respectively self-dual Grass-
mann odd, Grassmann odd and Grassmann even; the Lagrange multiplier
fields are da$, d and TJ which are self-dual even, even and odd, respectively.
Their conformal weights are as given in [9,10].

Upon integration over the Lagrange multipliers we find that the action
takes the form

T



S, = i^Zi)1 +• bdoc + ± (14)

Now the (b,c) ghost determinant cancels the do determinant of the (A, 0)
system (just scale A by do). Then it is possible by a shift of X to eliminate
the ^x1 ter"1 altogether. The determinant that comes from the (tf>,x)
system is

o - tijkD?) (15)

which is precisely the inverse of the Jacobian that arises from the change
of variables (11). We see that Just as in ordinary supersymmetric models
here the Nicolai map exists and precisely cancels the ghost contribution.
This is the first example of a complete Nicolai map for a gauge theory in
four dimensions. Conversely, since we have shown that a Nicolai map may
be constructed for Witten's theory it is then clear from the discussion in
section 2 that this theory arises from the BRST quantization of the square
of the Langevin equation and as such is topological in nature.

In the above we have chosen a specific gauge, in particular a non-
covariant one in order to construct the Nicolai map for the theory. One
may then ask the question as to the gauge dependence of this result. Since
in conventional field theories physical quantities, in particular the parti-
tion function, are gauge independent, it should be possible to construct
the Nicolai map and hence establish the topological nature of the model in
any chosen gauge. However, since the theory under discussion here is of a
somewhat unconventional kind this is something that needs to be explicitly
checked, 't Hooft [13] has argued that the gauge choice is important so
as not to obscure the physical content of & theory; here one must check in
what way the gauge choice affects the calculation of the Donaldson invari-
ants [14].

Two Dimensional Topological Sigma Mod-
els

We now consider the two dimensional nonlinear sigma models introduced
by Witten [11]. In line with our discussion in section 2 we wish to show
that since these models are topological, they too arise from the BRST
quantization of the square of the Langevin equation. We begin with the
following Lagrangian

= J (16)

This describes a theory of maps from a Riemann surface £ to a Rieman-
nian manifold M. The notation in (16) is the following. The coordinates
on £ are denoted by o" (a = 1,2). kaf and t"^ are the metric tensor and
complex structure of E, respectively. They obey the relations f."^\ — £°
and eag — /ia1e^. The coordinates on M are denoted by u" (i=l,...,n). g^
and J'j are the metric tensor and almost complex structure of M, respec-
tively. They obey the analogous relations to the above. G^ corresponds to
the random Gaussian field of conformal weight 1 and is taken to obey the
self-duality constraint

G™ = ffJtjG'' (17)

The field {„' is also self dual and is defined by

The conformal dimensions of the remaining fields are as given in [11],

Using the Batalin-Vilkovisky procedure it is now straightforward to
carry out the BRST quantization of (16). It is also clear that upon choosing
the gauge GJ = 0 one recovers the Lagrangian introduced by Witten. The
details of the quantization in the general case will be provided in a future
publication [14].

Here we illustrate the procedure for the case when M is a Kahler mani-
fold. Using the standard complex coordinate notation [15] we find that the



action (16) takes the form

The symmetries we try to fix are given by

6u' = A'

6G{ = D+X'-G+
KXLT>KL

(19)

(20)

SGl = D-XJ-G_*X'

It is clear that upon quantization the above symmetries lead directly to
the quadratic and quartic ghost terms in Witten's action, by use of the
Batalin-Vilkovisky procedure.

It is also possible to consider the model which arises upon setting G{ —
0. The action is then given by

This corresponds to an N = 1 model with symmetries given by the first
two entries in (20). In this case the usual Faddeev-Popov procedure is
sufficient to carry out the quantization of the model and one finds that
Witten's Lagrangian is recovered. One can see from (21) that by shifting
the field G\ by an amount d+u' one obtains an action which is effectively
a constraint on d-v,1'. Integration over the shifted field shows that one may
interpret this theory as a theory of chiral bosons. Witten has also discussed
how one may incorporate world-sheet supersymmetry in the above models.
Clearly the correct starting point in this case is the super generalization of
the Langevin equation ,(16) and (18), [14].

Finally we present a generalization of the topological sigma models in-
troduced by Witten. As shown above, the Witten models arise from the
square of the Langevin equation in which the field £„' takes a certain form.
However, we are also free to consider the case in which the action is of the
form (16) and {„* is denned as follows

(22)

where K(u) represents a potential term in the action. Clearly one can
now carry through the quantization analysis as described above. We can
thus regard these as extensions of the class of topological Kahler models
introduced by Witten. The restriction to Kahler theories is imposed so that
the cross terms of the kinetic and potential pieces become total divergences.
We also note that (22) corresponds to the covwiant form of the action (8)
in section 2 when M is a two dimensional Kahler manifold. If we take
both metrics to be flat then (8) is recovered. However, we see that the
generalization (16) and (22) allows us to identify the theory as topological
in nature.

5 Discussion

In calculating the Witten index one performs the path integral trace of the
supersymmetric field theory with periodic boundary conditions for both
bosons and fermions, In the class of topological field theories, as considered
here, the boundary conditions may imply that one cannot set all of G to
zero; this in turn could be potential dependent and so give one a new handle
on spontaneous supersymmetry breaking, as for example in super quantum
mechanics [1,2,6].

Many issues for study have been raised in the text. We would like to
reiterate that gauge dependence is worth father study. For example, by
fixing G not to be zero but some clever alternative, the invariants might be
more simply found and expressed. Topological gravity [16] will be more or
less of the same structure as the models considered in the text, although
the introduction of the 4 field is a new ingredient. The Nicolai map (the
Langevin equation) should correspond to setting G equal to the self-dual
Weyl tensor. Here a fastidious choice of G could simplify matters consid-
erably.

In an accompanying paper [17] we extend Witten's four dimensional
topological field theory to conventional supersymmetric Yang-Mills theory.
Since constructing theories with no degrees of freedom is so straightforward
clearly a way of deciding when one has a new interesting topological theory
is needed. One thing that we can do, is given a topological field theory in



the 'gauge-fixed* form a la Witten, is work backwards to the Langevin form
that it comes from [14]. While the mathematical aspects of these models
are intriguing, more work on the physical implications is also required.
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