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ABSTRACT

Let [M, g) be a compact, connected Riemannian manifold of dimension n > 3.
We denote with Rieg, Sg and -y the Ricci curvature, the scalar curvature and conforma!
class of g, respectively. Then using techniques introduced by A. Lichnerowicz we present
a proof of Hijazi's following result. If Sa > 0 and (M,g) is a spin manifold, there is a
constant n > 0, depending only on n and -7, such that every eigenvalue X of the Dirac
operator acting on spinor fields over M satisfies A2 voi[M,g)^ln > fi. In an appendix we
prove that if So is constant and {M,g) is not conformally diffeomorphic to a standard n-
sphere, then if f contains another metric with constant scalar curvature, there is a positive
function p on M such that (Rie - $*g) (Vp, Vp] is negative somewhere on M,



0. INTRODUCTION

0-1 The purpose of this lecture is to present a proof of the following result due to O.
Hijazi [H]:

Given a compact connected Riemannian spin manifold (M, g) of dimension n > 3,
with nonnegative scalar curvature there is a constant /i > 0 such that the eigenvalues A of
the Dirac operator acting on spinor fields over M satisfy

0.2 In this talk we will outline a proof based on techniques introduced by
A. Lichnerowicz [Llj, [L2).

0.3 We conclude by defining the Dirac operator on sections of a suitable bundle and
briefly analyzing the upper bound of its eigenvalues found by C. Vafa and E. Witten. As
mentioned in [V-W] their investigation has been motivated by the desire to understand
and clarify some gap phenomena observed in particle physics (for instance in QCD).

1. PRELIMINARIES

1.1 Let (M,g) be a compact Riemannian manifold and let Ct{M) be the Clifford bundle
over M. We denote with X the left Clifford module bundle over M, whose fibre Xx at
the point x of M is a given left Ct[T^M^^-module. As a manifold X is equipped with
a connection V and a Riemannian metric (extending the Levi-Civita connection and the
metric on M, respectively). In particular the following two properties wilt be satisfied:

(i) For every unit vector e in TXM, the mapping e-
is an isometry.

• Xx, given by v ^ e • v

(ii) V( / - e) = (V/) -ff + f- (Va), for any a e T{X) and / e T(Cl(M)), where
T(F) denotes the set of smooth sections of a fibre bundle F.

1.2 A Dirac operator on M is defined to be the first order differential operator D mapping
T(X) into V(X) such that, at any point x in M, it can be expressed as

(1-3) D = ek.VCk

with (e i , . . . , en) being an orthonormal basis of the tangent space TXM and where • denotes
the Clifford multiplication. From now on summation is understood over repeated indices.

Suppose (M, g) is compact. Then the main properties of D which will be used in
the sequel are here summarized:

(i) on M, D is elliptic and formally self-adjoint

(ii) its spectrum consists of an infinite discrete sequence of negative, null and

positive real numbers (A*) going to infinite such that

(iii) Dij> = 0 if and only if D24> = 0

1.4 Examples

1) Set X = Cl(M), then D = d + d* where d* is the formal adjoint of the
differential d acting on T(X) (Recall that Ct[M) is linearly isomorphic to the vector
bundle of exterior forms on M.)

2) Let (M,g) be a spin manifold (that is a. manifold with null second Whitney
class) and let EM be the bundle of spinora over M. Setting X = EM, one defines the Dirac
operator D : r (SM) — ' T{EM) to be given by (1.3) where V : r(EAf) —* r(EM®T*M)
is the spinor connection.

3) Assume (M,g) is a spin manifold and consider a Hermitian vector bundle E

(which we will refer to as the coefficient bundle) equipped with a connection VE whose
curvature we denote with RE. One defines a Dirac operator

D : r(EAf ® E) —

again by (1.3). Clearly D depends on the choice of VE via the tensor product connection.

Examples 1 and 1 are classical Dirac operators while Example 3 defines what has
sometimes been called the generalized Dirac operator [G-L]. It is easy to see that if (VE) '
is another connection on E, and D' the corresponding Dirac operator, then D-D' does
not involve derivatives.

2. HIJAZI INEQUALITY

2.1 From now on, we assume that M is a compact manifold of dimension n > 3. Let g

be a "background" Riemannian metric on M and let

1 _ ih~^g,h > 0,h e C°°(M)j be the conformal class associated to g. For each g

within -T, we denote by ~ quantities related to (M,g). For instance S = Sg is the scalar

curvature of g = h~^*g. It is well-known that

(2.2) ^H = 4
n — 2



where Lg — 4 ^ + &g ' s *ne conformal Laplace operator.

Set

where Vj, denotes the volume element of g. Notice that fi^ depends only on 7 and not on
the "background" metric g and that (t^ = SBvol(Af, fl)2/™ if g is an Einstein metric within
7 (see Appendix).

Furthermore, ji7 > 0 if and only if there is within -j a metric j such that 5 > 0.
In addition, if a^(g) is the first eigenvalue of Lg, by using Holder's inequality we obtain

(2.3) M-, < vol(JW,fl)
2/"

Indeed, by Rayleigh characterization, oi(g) = inf I "*•

It is known that the sign of ffi(ff) depends only on the conformal class 7 and that
<?i(s) = Sa if Sa is constant.

From a standard computation ([H] or [Ll]) one obtains the following.

2.4 Proposition Let {M,g) be an n-dimensional spin manifold. The Dirac operator D
associated with the metric g = h*-*g and acting on F(£AJf) satisfies

(2.5) D[k-ttfy = h'^'S^

for ip = Ih(ip), where 1^ is the restriction to F(EM) of the bundle isomorphism mapping
EM onto £M.

2.6 Corollary Let X(g) be an eigenvalue of the Dirac operator D on a compact spin
n-dimen$ional manifold (M,p). Then X*[g)vo\{M,g)2/n is invariant under homotkttics.

Proof Let F(g) = A2(j)vol(M,£r}2/". For any constant a > 0, we have

F{ag) = ,

nut
vol(M.ag) = (W

and from (2.5),

The conclusion follows. •

2.7 Remark The homogeneity expressed by Corollary 2.6 is well-known for Laplace

operators.

2.8 Theorem (Ll] Let (M,g) be a compact spin manifold of dimension n. For every
spinor field V-', there is a domain Cl of M on which

~ 4(n - 1)

In particular ifip^O is an eigtnspinor field on (M,g) associated to the eigenvalue A, then

(if) X2

M

Proof Inequality (H) is clear from (2.9) that we now prove. Following [Ll], we consider
the "twister" operator P satisfying F(SAf)\{0}

1
n '

Integrating over (M,g), we obtain

(2.10) / (< ip, V*V0 > - - < Dip, Dip >)Vg = /
JM

 n Jt>
and using Lichnerowicz' formula

(2.11)

and the fact that D is formally self adjoint, we obtain

(2-12)

equality holding if and only if Pip = 0,

Consider the conformal change of metrics: g — h*/n~2g and let 5\ = Oi(g] be
the first eigenvalue of Lj. From (2.2), we have

Sa = d\h*'"~ .

= V*V + ^

Put <p — h'^ip. Since for every spinor field x m F(EM) the corresponding spinor field in
r(EAf) is x = /i'2/n-2X, we have $ = h~^~lMn-2^ and ||^||? = h'^n-^Km-^\\<p\^.
Then from (2.5), we deduce

Hence (2.12) may be rewritten as

(2.13)

since t*-t S ^iv°l(-^>s)2'''*> w e obtain

l|r^

VB<0.

It follows that there exists a domain fi C M on which

where we have deleted ~ . This completes the proof. •
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3. EXAMPLES

1. On the standard n-sphere [S",can) we have

2. The canonical complex projective space {(2Pn,go) is an Einstein manifold and
its second Whitney class is null if n is odd. If we denote with 70 the conformal class of go,
we have ft10 — Sffovol(M,<7o)2'" and consequently, A2(jo) > (2n + I)2 .

3. For the flat tori (Tn,g0) we Eimply have A2 > 0.

4 . LIMITING CASES

1. Case Piji = 0 and ^ ^ 0. Assume that (A/, (?) has constant scalar curvature
S > 0. From [LI, Prop. 2], we have

that is,
nS

where A;, denotes the first eigenvalue of D.

Then either

(i) S = 0 and consequently iji is parallel or

(ii) S > 0. In this case,

with e = ±1.

= 0

Hence (Af, g) carries a non trivial killing spinor field (that is a spinor field $
satisfying Vxlf1 = &X - 4> for some constant a and any vector field X), so from [C-G-L-Sj,
(M,g) is an Einstein manifold.

2. Limiting case of [H]: A2vol(M,s)2/" = 4^fl"_l) MT Then from (2.3) and (2.13),
we easily deduce

n

It follows from [H] that if ^ > 0, then {M,g) is an Einstein manifold.

7

5. REMARK

Observe that the crucial step in the proof of Theorem 2.8 is Lichnerowicz' formula
(2.11) valid only when D is acting on F{EAf). In the general context where D is acting
on the sections of a module bundle over the Clifford bundle, the equivalent Bochner-
Weitienbock formula is more complicated. For instance if X = 2M ® E, where the
coefficient bundle, E is a Hermitian vector bundle and if D : T(X) —* T(AT), then

D2 =

where
e) = E

and i i^ are the components of the curvature of the connection VE of E. In this case
the eigenvalues depend on both the metric g and VB. Then of course the method used
previously fails unless VE is a flat connection.

6. UPPER BOUNDS OF THE EIGENVALUES:
VAFA-WITTEN INEQUALITIES

6.1 We now fix a metric g on M assumed to be a spin manifold and we consider a
Hermitian vector bundle E furnished with a connection VE. Let
D : F[EM ® E) —• r(SA/ ® E) be the Dirac operator defined by

where (ei, • . . , en) denotes an orthonormal basis of the tangent space at a point x of M
and V is the tensor product connection on EM ® E, and therefore depending on VE .

6.2 Theorem ([V-W], see also [At]). Let E be a Hermitian vector bundle and Ai be the
first eigenvalue of the Dirac operator acting on the sections of the tensor product bundle
HM®E over the compact spin manifold (M,g). Then there exists a constant C, depending
only on M such that

(6.3} C.

6.4 Remarks Notice that (6.3) does not hold in general for an elliptic operator. M.
Atiyah has constructed a counterexample in which | Aj. | goes to infinity in some sense [At,
p. 252].

6.5 For any elliptic operator on a compact manifold JW, the following asymptotic property
is well known: for each k, A* ~ (Jfc)1/™. For the Dirac operator D one has the following:



0.6 Theorem (|V-W], |At]). There is a constant C" depending only on M such that for
each k

(6.7) \\k\<C'(k)1'"

6.8 For a proof of Theorems 6.2 and 6.6 the reader is referred to [At] and also to [V-W]

where Further results on the link with the gap phenomena in particle physics and gauge

theories can be found. The constants C and C in (6.3) and (6.7) respectively are sharp

and are uniform upper bounds in the sense that they depend neither on the connection

VE nor on the bundle E.

6.9 Summarizing the above statements and using a coefficient bundle E with a flat

connection we obtain that on any compact spin n-manifold

4(n -"fj / " < A? <

where Cj is constant and 7 the conformal class of g.

In general Ci is not explicitly known. However Vafa and Witten have computed

that for the flat torus Tn, \\ < j .

The constant /*,, is called the Yamabe number of 7. For its properties and its

intci :sting history the reader is referred to [A2j, [S], [L-P]. It is known that in 1 there is

a metric of constant scalar curvature. But the problem of classifying all metrics within 7

having constant scalar curvature is open (however, we give in the Appendix a necessary

condition to have within a conformal class two metrics with constant scalar curvature). It

would also be interesting to have a physical interpretation of ̂  as the lower bound of the

spectrum of the Dirac operator on a compact spin manifold with conformal class 7.
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Appendix

Let (Af,")f) be a compact, connected manifold of dimension n(n > 3) equipped

with a conformal class of Riemannian metrics. The Yamabe number associated to (M,7)

can be rewritten as

Then if g realizes ft,, we have j * . , = Sevo\{M,g)2/n, where Se is the scalar curvature of g.

T. Aubin [Al] and R. Schoen [S] have proven the following

Theorem A In every conformal class 7 on a compact n-dimensional, connected man-

ifotd M, there is a metric g with constant scalar curvature realizing the Yamabe number

ti-,. Furthermore, ii~, satisfies

*•, < n(n - l)w»/"

equality holding if and only if (M,g) is conformally diffeomorphic to the standard unit

sphere 5 " of Euclidean space. Here (*>„ denotes the volume of the canonical sphere S™.

In general the metric g of Theorem A is not unique, and it is an open and inter-

esting problem to determine sufficient conditions to guarantee uniqueness. For instance, it

is known [A2, p. 135] that this is the case if ̂ 7 < 0, or, by a result of Obata, if 7 contains

an Einstein metric. This latter circumstance can be deduced from the following:

Proposition Let (Mtg) be a compact, connected n-dimensional Ritmannian man-

ifold and let g = p2g, for gome positive function p, be a metric conformal to g. If S and S

respectively denote the scalar curvatures of g andg, then

f
JM

equality holding iff either p is constant or (Af, g) is conformally diffeomorphic to Sn. Here

V denotes the gradient with respect to g and Ricg tht Ricci curvature tensor of g.

The proof is a slight modification of the argument given in [B-E, p. 731] together

with a result of Obata characterizing the sphere by the non compactness of its conformal

group. We therefore omit the details.

As a consequence of the proposition, we have the following.

Theorem Let g be a metric with constant scalar curvature in a conformal class 7

on a compact, connected manifold M not conformally diffeomorphic to a standard sphere.

If there is within 7 another metric with constant scalar curvature, then there is a domain

fl on M, on which Ricg(Vp,Vp) < ̂ !?(Vp, Vp) for some function p > 0. In particular,

if g is an Einstein metric, it is the only metric with constant scalar curvature in 7.
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