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ABSTRACT

Pairing two elements of a given division algebra furnished with a multiplication rule leads to Lin

algebra of higher dimension restricted by 8. This fart is used to obtain the roots of SO(4) and Sl>(2)

from the roots ? 1 of SU(2) and the weights + 1/2 of its spinor representation, [he root htticc of

SO(8) described by 24 integral quaternions arc obtained by pairing two sets of roots of SP(2). The root

system of F4 is constructed in terms of 24 integral and 24 "half integral" quaternions. Thi: root lattice

of Eg expressed as 240 integral octonions are obtained by pairing two sets of roots of F4. 24 integral

quaternions of SO(8) forming a discrete subgroup of SU(2) is shown to be the automorphism group of

the root lattices of SO(8), F4 and Eg, The roots of maximal subgroups SO(16), li^XSL'^),

E6XSU(3), SU(9) and SU(5)XSU(5) of Eg are identified with a simple method. Subsets of the discrete

subgroup of SU(2) leaving maximal subgroups of F.g ale obtained. Constructions of p.g root latlice

with integral octonions in 7 distinct ways are made. Magic square of integral lattices of Goddard,

Nahm, Olive, Ruegg and Sehwimmer are derived. Possible physical applications are suggested.
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/. INTRODUCTION

Supcrsymmetric Yang-Mills and super/string theories [I] in critical dimensions d = 3, 4, 6, and 10

attracted much attention regarding their relevance to four division algebras R(reol numbers),

C(complcx numbers), Il(quatemions), and O(octonions or Cayley numbers) [2], Their respective di-

mensions 1, 2, 4 and 8 equal d-2 physical modes corresponding to various transverse degrees of free-

doms in critical space-lime dimensions.

Their norm groups and automorphism groups will be our special interest. The norm groups of

division algebras are linear transformations of the components of an element of the algebra which pre-

serve the quadratic norm invariant. The norm groups are discrete group Zj for real numbers U(l) for

complex numbers, SO(4)»SU(2)XSU(2) for quaternions and SO(8) for octonions. The automorphism

groups are the groups leaving the the multiplication table of the imaginary units of the algebra invari-

ant, lhey arc /-2 for complex numbers, SU{2) for quaternions and Gj for octonions [3].

In this work we construct the root systems of the groups SU(2), SU(2)XSU(2), SO(8) and Eg

with integral elements of four division algebras associated with real numbers, complex numbers, qua-

ternions and octonions respectively [4]. We start with ± 1, the units of real integers and half integers

± 1/2 representing respectively the nonzero roots and the weights of two dimensional spinor represen-

tation of SU(2) and coniruct the remaining integral elements of complex numbers, quaternions and

octonions. To do this we follow a well defined procedure "pairing" two elements of a given algebra

U,b] to define an element in an algebra of higher dimension. The byproduct of this approach is the

emergence of the root systems of SP(2) and F4 associated with complex numbers and quaternions re-

spectively. We obtain the TOO! lattice of SO(8) generated by integral quaternions by pairing two sets of

SP(2) roots expressed as Integral and "half integral" complex numbers. Similarly the root lattice of Eg

generated by 240 integral octonions can be obtained by pairing two sets of roots of F4 expressed as 24

integral quaternions and 24 "half integral* quaternions.

The paper is organized as follows. In Sect. 2 we introduce the definition of an integral element of

a division algebra and give the necessary machinary for further calculations. In Sect. 3 we construct the

root systems of SO(4), SP(2), SO{8) and F4. The integral quaternions describing the root lattice of
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SO(8) form a discrete subgroup of SU(2) of order 24 called binary tetrahedral group. It is shown lhat

this group is the automorphism group of the root systems of SO(8) and P4. When 24 short roots of

F4 multiplied by ^/2 and combined with 24 integral quaternions (long roots of F4) il is shown that

they form a discrete subgroup of SU(2) of order 48 called binary octahedral group. In Sect. 4 we find

the way of pairing of two sets of the roots of F4 to obtain the root lattice of E s expressed as integral

octonions. As an intermediate step the root lattice of SO(16) is constructed with pairing two systems of

roots of SO(9) and it is shown that the integral octonions describing SO(16) roots Jo not close under

octonionic multiplications. This provides a hint for the construction of Ug root lattice from two sets <if

roots of F4 which lead to 240 integral octonions which are closed under multiplications. Action of the

elements of the binary tetrahedral group on the root system of Eg is investigated. Sect. 5 is devoted to

branching of roots of Eg under its maximal subgroups SO(16), F-7XSU(2}, 1:,6XSU{3), SU(9) and

SU(5)XSU(5). A simple method is devised for the identification of these groups. Symmetries preserv-

ing the coset structures of Ej with respect to its maximal subgroups are derived, lln; magic .square of

Goddard, Nahm, Olive, Rucgg and Schwimmcr(GNORS) |51 arc constructed with the method de-

scribed here. A decomposition of the roots of Eg with respect to the subgroup I4XG2 is also ob-

tained. In Sect. 6 we remarked on the possible use of the binary letrahedral group in the vertex con-

struction of level one representation of afQne F4 and Eg algebras, The possible use of the binary

tetrahedral and the binary octahedral groups as orbifolds in the compactification of the hutcrotic string

is also mentioned 16].

In Appendix A we give 4 different decompositions of the root lattice of Eg under i'ftXSl)(3) with

relevant symmetries indicated. Appendix B deals with additional properties of integral octonions. It is

shown that there are 7 distinct sets of integral octonions each of which equally describes the mot lat-

tice of Eg. A simple prescription is suggested for the construction of a desired set.
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2. CONSTRUCTION OF DIVISION ALGEBRAS WITH INTEGRAL

ELEMENTS

Due to the celebrated Hurwitz theorem there art only four division algebras formed by real num-

bers, complex numbe.-s, quaternions and and octoinona. Let X denote an element over four division

algebras. Any element X satisfies a second order equation(rank equation) with real coefficients

x2 - (x + x")x +yR = o (2.1)

where X + X is twice the scalar part and XX = XX is the norm of X. X is complex, quatemionic

and oeionionic conjugation. The set of elements A satisfying (2.1) with X + X = integer and XS =

integer arc called integral elements over four division algebras provided they obey the following condi-

tions :

(i) A is closed under subtraction and multiplication

(ii) A contains I (2.2)

(iii) A is not a subset of a larger set satisfying (i) and (ii)

It is ubvious that ordinary integers m and Gaussian integers m + ni (m and n ordinary integers) satisfy

(2.2). (2.2) is also satisfied by 24 integral quaternions [7] and 240 integral octonions [8]. In Sect. 3 we

will construct integral elements over division algebras starting with ± 1 and show their relations with

the root systems of SU(2), SO(4), SO(8) and Eg. For a simple construction we follow a procedure de-

scribed below.

We may define complex numbers by taking a pair of real numbers. Similarly quaternions and oc-

Uininns can be defined as pairs of complex numbers and pairs of quaternions respectively. Let P and 0

be elements of a given division algebra besides octonions. There does not exist any division algebra

beyond octonions. We denote [P,Q] as a pair of such elements and define the product of such pairs by

H',01 IR.S] = IPR-SQ , RQ + FS] (23)

|!',01 can also be represented as the sum of these elements where 0 " multiplied by an imaginary

number on the left i.e. |P,Q] - P + eQ where e l - - 1. The conjugate of such a pair is defined by

[T\Q] = [P.-QI (2-4>

so thai the norm of I l',Q| is given as
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[P,Q] [P,Q] = [P,Q] [P,Q] = [FP+QQ ,0] - pF+QQ (2.5)

Here PF and QQ are real numbers. Since this description is independent of the choice of the imaginary

units, particularly in the case of octonions, we will often use (2.3) for the multiplication of two ele-

ments. However we will also define the imaginary units to make contact with other approaches. We

define the scalar product of two elements [P,Q] and [R,S] by

<[P,Q] ,[R,S]> = 1/2([PX>][R,S] + [Rl][P,Q]) (2.6)

= 1/2(PR + RP + QS + SQ)

Let us now find the relation between this description and those with explicit imaginary units and pvc

examples. Let a0 and aj be two real numbers then [ao^l is a complex number which can be written

as

K.a,] = ao + e,a, = C (2.7)

where e^ = — 1, el = — at. c, is used in place of the usual imaginary number i with the idea that we

will introduce the imaginary units for quaternions and octonions, Let us take two complex numbers

C^ao + c ^ and C = a, + c,a2 where a0, a,, a; and a3 arc real numbers. By combining two com-

plex numbers C and C in the usual manner we obtain a. quaternion q given by

Q = [C,C1 = ao + e,a, + Cjtaj + e^j) (2.S)

" au + c ^ , + eaa2 + c3a3

At this stage we have introduced a second imaginary unit ca
2 = — 1, es = - e , ami defined c2-

e3el — ^e,e3 . Similarly we take a pair of quaternions Q and Q' and obtain an octunton IQ,Q ] by

multiplying Q' by an imaginary unit e7 on the left

[Q.O'l = a0 + a^! + a2c; + ajC, + c^a,^ + ase2 + atCj * ;i,) (2,1))

with the definition e, = e,e, = - e ^ - , , e5 = c7c2 = -CjC7 , c6 = c7cj = -c.,e,. This is the nota-

tion of Gunaydin and Gurscy [9] and further properties can be found in their pioneering work, Noti

commutativity of quaternions and non associativity of octonions can be proven by using (2.3). Al-

tho
ugh we do not need a multiplication formula other than (2.3) the reader may find it helpful u-dng



the multiplication table of imaginary units of octonions defined in (2.9). When three imaginary units of

octonions ea, e^ and ec satisfy the relation cae),ec= - 1 (a^bjic) we call them associative triads and

choose the units such that they are represented by 7 sets of ordered numbers 123, 246, 435, 367, 651,

572 and 714. There are 28 antiassoriative triads which can be obtained using the relations for associa-

tive triads.

3. SO(8) ROOT LATTICE & THE BINARY TETRAHEDRAL GROUP

In what follows all integral elements and 'half integral" elements have norms of unity and 1/2 re-

spectively. The way we define "half integral' element will be clear soon but we should notice that "half

integral* elements do not satisfy (2.1) and (2.2). Integral and "half integral" elements correspond to

long and short mots of the relevant groups to be discussed provided they are multiplied by ^ 2 .

'l"he units of ordinary integers ± 1 are the nonzero roots of SU(2) and its two dimensional spinor

representation is represented by the weights +1/2. The spinor weights of SU(2) will be essential to ob-

tain the integral quaternions, spinor representations of SO(8) and integral octonions. We start with two

sets of + 1, + 1/2 to obtain integral and "half integral" complex numbers providing norms will be less or

equal 1. I"he following pairs are the only possibilities

[±1 ,0] - ±1 , [0, ±1] = ±e, (3-la)

I t 1/2, ±1/2] = l/2(±l±Cl) (3.1b)

In lie algebras long and short roots differ by ^/2 besides those of G2. For this we have not included

those terms like [±1/2 , 0], [0 , ± 1/2], [± 1, +1/2] and (±1/2 , ± 1] as they do not correspond any root

at all. Integral complex numbers (Gaussian integers) in (3.1a) arc the nonzero roots of

SO(4)wSU(2)XSU(2) as ± 1 and +e, are orthogonal to each other. 4 "half integral" complex numbers

in (31b) arc weights of the vector representation (2,2) of SO(4) and together with +1 and ±6, they

represent the nonzero roots of SP(2). This follows from the Coxeter -Dynkin diagram of SP(2) (Fig. 1)

with the simple roots represented by e, and 1/2(1 ~e[)- We notice that the roots ± 1 form the discrete

abelian group Zj leaving the representations of StJ(2) invariant. Similarly + 1, +ti form the discrete
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abelian group Z4 which is the automorphism group of the root lattice of SO(4), Z4 also leaves the ixiut

system of SP(2) invariant. If we multipy the short roots (3.1b) of SP(2) by ^ 2 we sec that the 8 ele-

ments of (3.1a,b) form a larger group Zg. A similar situation will arise when we discuss the roots of

F4.

Now we come to the crucial point. Although the roots of SP(2) do not generate an integral lat-

tice, however, when two sets of SP(2) roots are paired as in (2.S) they generate the root lattice of

SO(8). To make this clear let us denote the SP(2) roots by set C: ±1, +Ci, l/2(± l±e,). Take two such

sets and form pairs of them such that the norms of the pairs will be equal 1. Then- ;\re only thiv:' pos-

sibilities

[(±l.±c,) ,0] = (11, + eJ ; [0 , (± l , +O1 = ( + cj , ±e2) (3.2a)

LW2(±l±cO . l/2(±l±e1)] = l/2(±l±e1±e1±cJ) (3.2b)

They are obtained by Hurwitz [7] for the first time and they correspond !o 24 discrete points on S-j.

Since (3.2a) is generated by doubling the roots of SU(2)XSL'(2) they represent tlic tour urthopimil

roots of ISU(2)]*. Choosing the simple roots — 1, e,, c2. es corresponding to each SU(2) we may draw

an extended Coxcter-Dynkin diagram of SO(8) by joining each simple root to the simple root

1/2(1 — e1 — 6j —e,) (Fig. 2). Deleting any one of the roots —!, elt e ;, e3 one obtains an SO(S)

diagram which leads to the set of 24 roots of SO(8) given by (3.2a,b). We will prefer deleting - 1 so

that the hcighest weight of the adjoint representation is represented by 1. (3.2a,b) is essentially equiva-

lent to the branching of the adjoint representation of SO(8) under [SU(2)]'* :

28 = (3,1,1,1) + (1.3,1,1) + (1.1,3,1) + (1,1,1.3) + (2,2.2,2) (3.3)

The first four brackets describe the adjoints of SU(2) each of which has one zero root. To find the

connections with the orthogonal vectors Uj (i = 1,2,3,4) which are the usual notations, we define the

simple roots as

e^Uj-Uj , l/2(l-e,-e,-e,) = Uj-u3 , e2 = u3-u., , ej = u3 + u,

u, = 1/2(1 + e,), u2 = 1/2(1 - e , ) , u3 = l/2(e, + e,), u, = l/2(c, -<t2) (3.4)

One can show that the integral quaternions consist of all expressions £X;UJ where the jq's are integers
»•

and £x: is even.
i . l 1
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One can easily show that the integral quaternions in (3.2a,b) satisfy (2.1) and (2.2). Thus 24 inte-

gral quaternions form a group called binary tetrahedral group denoted by < 3,3,2 > meaning that it is

generated by two independent generators satisfying S3 = T3 = (ST)1 = Z , Z 2 = 1 [10]. We may repre-

sent the quatcrnionic units by 2X2 matrices as

eo = I , e ^ i o j , e2 = ie, , e3 = io3 (15)

where I is 2X2 unit matrix, OJ (i = 1,2,3) are the Pauli matrices. Then we can give the 2X2 matrix rep-

resentation Df (3.2a,b) which are unitary and of determinant 1, Therefore 24 roots of SO(8) represented

by unitary matrices form a discrete subgroup of SU(2). Taking the simple roots as in (3.4) we can

show that the following integral elements are pozitive roots of SO(8):

1 , e, , e ; , e 3 , S = 1/2(1+ e1 + e I + e 3 ) , T = 1/2(1 - e i + e 2 + e3)

U= 1/2(1 + c, - e 2 + e3),V= 1/2(1 + e t + c 2 - e } ) , £ T, 0 . ? (3.6)

Ine table of products for them are given in Table 1. We notice that the roots of [SU(2)]4 ± 1 , +c, ,

±£j . ±c3 form a subgroup of the binary tetrahedral group of order 8 called quaternion group. There

are four abclian subgroups generated by S, T, U and V two of which are independent and satisfy

S' = T3 = U3 = VJ = - 1

SS = TT = UU - W = 1 (3-7)

The action of a group element P on a root Q of SO(8) can be defined

Q H. Q' = PQP- ' = PQP (3.8)

wliich corresponds to a rotation of an angle n or 2n/3 in a certain hyperplane depending on the choice

nf the group element P. Actually any quaternion can be written in the exponential form

l> = e"n - Pneo + P ^ + Pjej + Pjej = cosa + Bsina , PP= 1 (3.9)

where cov.- l /2( l>+P) and 0 - (P,e, + P2e, + Pje,>yP,* + Pj2 + P j 1 with fiz=-l . 0 = - I I .

'niereftirc a transformation of the form

Q - Q'= e ° " Q C - a f i (3 1 D)

is a rotation of an angle 2i. in the plane determined by the origin 0, unit vector 1 and n. It is obvious

from (3.9) that transformations by +e; (i= 1,2,3) and l/2(± I±e,±e2±e3) correspond to angles * and

2i7,:3 respectively.
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It is dear from (3.8) that the scalar part of a quaternion is left invariant. Moreover the angle be-

tween any two integral quaternion is also left invariant. Therefore the binary tetrahcdral group conti-

tutes a discrete subgroup of SU(2), the automorphism group of quaternions, which also preserve the

root structure of SO(8). Since the scalar part of a quaternion left invariant under the binary tetrahedral

group it is sufficient to know how the imaginary units e,, e2, and e, transform under the action of

group elements. Using Table 1 one can show that under the action of the elements c,, c2, ejT S, T, U

and V the imaginary units transform as

(3.11a)

el

e2

ei

±e2:

=l

e*

e.

- • = 1

p + c •

=i

e2

= 3

-e,

+ S: ej

."3

e2

Cj

Ci

+ T:

c, -e 3

«;

+ U:

et "

e 3 ^

hi
- = i

- e 2

±V:

'<Ji

K i

e3

- = 3

Cl

^ e 2

(3.11b)

It is clear from (3.1 la,b) that the quaternion algebra is left invariant under the binary tctnihcdral

group. The group clement S relates the the simple roots e u Cj and Cj in the cyclic order. On the othtr

hand we know that the outer automorphism of the SO(8) root lattice is the symmetric group S3 gen-

erated by an element which permutes the simple roots e t , cz and c3 in the cyclic order ;md an element

A which exchanges the order of two roots, say, e2 <s=j» e3. The clement S of S3 is nothing but the cle-

ment S of the binary tctrahedral group. However A is not in the set of elements of the binary tetrahe-

dral group as it does not preserve the quaternion algebra. We shall see later that S, T, \! and V ptay

important roles concerning the decomposition of lig roots with respect to Us maximal subgroup

E5XSU(3). S preserves the level of the SO(8) roots which has been used to determine the eocylcs aris-

ing in the vertex operator consruction of aSine F4 algebra [5],

Now we calculate the weights of three spinor representations of SO(8) in terms of iiuatL-mitmii;

units. We adopt the usual notation ^ = (1 0 0 ), Ss = (0 1 0) and Sc =(0 0 1) for the vector, spinor

and antispinor representations respectively in the Dynltin formalism [11]. It is straSghtforwu-d to obtain

the following weights for three R dimensional representations of SO(8) as



l/2(±l±eL)

l/2(±e2±Cj)

A3

l/2(±i±e3) l/2(±l±e,) (3.12)

I/2(±ca + e,)

Since the choices for the representations v, s, c are arbitrary we have also denoted them by other labels

Al5 A3 and A2 denoting the whole set of corresponding 8 weights. We note that each imaginary unit

characterises one of the 8 dimensional representation. Infact the heighest weight of adjoint representa-

tion of SO(8) equals 1. Thus the eonjugacy classes of SO(8) representations are represented by four

units of quaternions 1, Cj, ez and e3. Using (3.4) one can also express (3.12) in terms of the orthogonal

vectors U[ (i = 1,2,3,4). We also note that the group elements T, D and V rotate the 8 dimensional

representations in the cyclic order 8y-»8s-» 8c-» By. On the contrary to the case of S, T, U and V do

not preserve the levels of the weights. On the other hand the quaternion subgroup leaves each repre-

sentation invariant while changing the levels of the weights within a given representation. These prop-

erties will be totally utilized in the construction of the Eg root lattice.

Similar to the case in SP(2) if we multiply the weights in (3.12) by ^J2 and combine them with 24

integral quaternions (3.2a,b) we obtain a new discrete subgroup of SU(2) of order 48 which admits the

binary tctrahedral group as a subgroup. This new group denoted by < 4,3,2 > is called binary octahe-

dral group 110). We will show in the next section that the 24 integral quaternions (3.2a,b) and the 24

weights in (3.12) form the root system of F4 with 24 long and 24 short roots respectively.

4. INTEGRAL OCTONIONS & THEIR SYMMETRIES

This section and Sect. 5 will constitute the main parts of our work as they are related to the root

lattice of Iig. First we notice that the SO(8) root lattice with its weights of vector representation Sy in

(3.12) arc the roots of SO(9) where the remaining two spinor representations in (3.12) constitute the 16

-10-

dimensional spinor representation of SO(9). In pairing two SP(2) roots if we had allowed the p;urings

where the norms less than 1 were allowed we would have uniquely obtained the SO(9) root system. ("4

admits SQ{9) as the maximal subgroup so that 48 nonzero roots of F4 decomposes under SO(9) as

48 = 32 + 16 (4.1)

Here 32 is the nonzero roots of SO(9). (4.1) further splits under SO{8) as

48 = 24 +• Sv + 8, + 8C (4.2)

we follow the same procedure described in Sect. 3 and first combine two SO(9) roots and check

whether it corresponds to any familiar root lattice. In fact when we pair two sets of S(>(9) touts nf A,,

and A[ we see that there is a unique way of abtaining a set of 112 integral octonions of unit norm

which constitute the root lattice of S0(16). This pairing can be arranged as follows

112 = IAO , 0] + [0 , Ao] + [A, , A,] (4.3)

This is in accord with the branching of SO(16) with respect to its maxima] subgroup SO(K)XSO(X).

120 = (28,1) + (1,28) + ( 8 ^ (4.4)

An explicit representation of 112 nonzero roots of SO(16) can be written in terms of intend octonioni

as follows

[Ao ,0] : ±1, ±c,, ±e2, ±c3, l/2(±l±e,±e*±C3)

[0 , AJ : +e7, ±e t, +Cj, ±c6, l/2(±e4±es±,±c7)

[Ai , A,] : [I/2(±1 + E l) , l/2(±l±e,)l - l/2(±l + c . t ^ + e,)

El/2(±l±cl) , l/2(±e, + e,)| = l/2(± I±e,±e5±e6) (4.5)

[l/2(±ei±e,) ,

tW2(±e,±e,) ,

We shall see that this set is not closed under multiplication. The next pairing must be done

among the roots of F4 in (4.2) which combines three 8 dimensional representations oflenght 1 and the

roots of adjoint of SO(8) of lenght square 2. It is interesting to note that the long and short roots of

F4 split in equal numbers 24 each. A similar situation occured in the case of Sl*(2). The simple roots

of F4 (Fig. 3) can be chosen as

«i = 1/2(1 - c , - e 2 - e 3 ) , a z = e2 ,05=1/2(6,-6;) , a4 = |/2(e, -e 3 ) (4.6)

When we calculate the roots of F 4 with this choice of simple roots we exactly get a collection of Ao,

Ai, A; and A3 where the positive roots are given by

- 1 1 -



1 . e i , e t , e ,

1/2(1 ±e1),l/2(±e2

1/2(1 ±e,).l/2(±el

te,±e3) (4.7a)

(4.7b)

(4.7c)

(4.7d)

Mere (4.7a,b,c,t!) denote the positive weights of the adjoint, 8y, 8S and 8C of SO(S) respectively. Here

again the quaternionic unit 1 represent the hcighest root of F4 as in the case of SO(8). The weights in

(3.12) also constitute the 24 nonzero weights of 26 dimensional representation of F4.

After this brief remark we are ready to construct the root lattice of Eg with integral octonions.

Since we have already constructed the root lattice of SO(16) subgroup of Eg what remains is a pairing

of two sets of A; + A3. At this stage an ambiguity arises. We may have the following pairings

| A 3 , A J , [ A j . A J (4.8a)

[A2 , AJ , [A, , AJ (4.8b)

for the 128 dimensional spinor representation of SO(16) to be added to 112 nozero roots to yield 240

nonzero roots of [ig. Which one of them would constitute the right structure can be tested by the

conditions stated in (2.2). T"he crucial criteria here is the closure of the set under the octoriionic multi-

plira'ici. We will show that the true structure will emerge only if we take the pairs in (4.8b). To prove

this we calculate the products of the integral octonions given by (4.3) and show that their product

generate two additional pairs [A21A3] and [A3,AJ. Let us set up the required products by using (2.3)

iA0 , 0) [A0'p 0] = [A0Ao'( 0] = [A,, , 0] (4.9a)

|AU . 0] [0 , Ao l =» [0 , ADAO1 c [0 , AJ (4.9b)

10 , Ao)[0, A J = [-A0 'A0 ' ,0] c [Ao ,0] (4.9c)

[Aa , 0| [A, , A J = [A,A , A0A,1 = [M , N] (4.9d)

[0 , AJ [ A, , A J - [ - A.'Ao , A,AJ <= [M , N] (4.9c)

|At , A, ' ] |B, ,B ,1 = [A.Bj-Bi'A, ' , BiA.' + A ^ . I = [C , D] (4.9f)

(4.")a,h) mean that the set of integral octonions [Ao , 0] and [0 , AJ preserve their form by a left

product of quaternions. [0 , AJ represents a special set of integral octonions as they are obtained mul-

tiplying the integral quaternions by e, on the left. The product of this special set with itself yields 24

integral quaternions I A,, , 0) presented in (4.9c). (4.9d,e,f) deserve more attention as their structures are
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more involved. Before analysing them a few remarks are necesssary about the products of the form

A0A, and A0A,. The integral quaternions of AD can be splitted into two sets of elements while one set

is resulting in A0A, — A, and A^A, •* A,, the other set of elements yields the products of the form

A0Ai = A3 and KBAl — A2 and vice versa. To give a simple example let us take e, from Au and

1/2(1 + t,) from A,. It is clear that a left multiplication of 1/2(1 +e,) by e, and e, leave 1/2(1 +c,) in

the same set A,. Indeed not only c, but the whole elements ± 1 , +C, , +e2 , +C, of the quaternion

group satisfy this property. The remaining elements S, T, U, V and their conjugates with their neg-

atives satisfy' the second condition. To make this point also clear let us choose S from Ao and

l/2(e3 + e2) and 1/2(1 + e,) from A;. Using Table 1 we can write the products in(4.9d) as

Sl/2(c3 + e2) = -1/2(0 + T) = l /2( - l + c,) (4.10a)

Sl/2(] + e,) = 1/2(5"+ U) = 1/2(1-cz) (4.10b)

Thus the above statement is true as l/2(— 1 +c3) and 1/2(1 —e2) belong !o the sets Aj and Â  respec-

tively. To see the validity of our statement for all elements of Ao and Aj we recall (3.11b) that the de-

ments S, T, U and V always map a given set of weights to another set of weights so that the corre-

sponding maps of S, T, U and V do not coincide. I Icncc the right hand side of (4.9d) should be cither

[A; , A3] or [A3 , A;]. By the same reason (4.9c) should be also in the same form i.e. [M , N'J is either

[A2 , A3] or [A3 , A j . The analysis of (4.9f) requires more effort neverthelles one can show that the

general structure of [C , D] is one of the forms |A0 , 0| , [0 , Aol , [A, , A j , |A2 . Aj] or [A, , A j

but nothing else. To summarize we can generate the root lattice of l'.^ in the fonn of integral octnninns

from the root lattice of SO(16) by performing the multiple products of the elements of the set (-1.5).

When the terms [A2 , A3) and [A3 , AJ arc added to (4.4) or (4.5) we get 240 integral ocionions rep-

resenting the root lattice of Eg. To check whether the new set is closed under multiplication we emu-

late the remaining products and show that the new set is really closed. To give J counter e sample that

two types of terms of the forms [AL , Aj] and [ A: , A2] can not be in a given set of inte^r:il oetoninn1;

representing the roots of Eg let us consider the following product of these pairs

IA,,A1][AJ,Ail:U/2(! + e1),l/2(e2 + e,)]( 1/2(1 + c2),l/2(I + c2)| = [ l/2(c, + e2 •* c ) . l.'i-jl (4.11)



Since the terms in the bracket on the right hand side of (4.11) do not correspond to 8 dimensional

representations of SO(8) this term can not be in the required set of integral octonions of Eg. Therefore

the set of the integral octonions satisfying (2.1) and (2.2) and representing the root lattice of Eg must

be of the form

240 = [AD , 0] + [0 , Ao] + [A, , A,) + [A, , A;] + [A2 , A,] (4.12)

This represents an interesting pairing of two sets of 48 roots of F4 A,, + A, + A^ + A3.

l*t us now investigate the problem from a different point of view. We wish to discuss as to how

two Coxctcr-Pynkin diagrams of SO(8) can be connected to contract a Coxeter-Dynkin diagram of

T.g. We take two sets of Coxeter-Dynkin diagrams of SO(S) whose simple roots are expressed as in

(3.4) and multiply the quatemionic simple roots in one set by e7 on the left and then connect them to

fonn an extended diagram of SO(16) by adding a simple roo( linking two simple roots one from each

SO(8) (Fig. 4). To end up with an extended Coxcter-Dynkin diagram of Eg we delete one of the roots

in (l;ig. 4) and add one more root to right end of the diagram (I;ig. 5). At this point another puzzling

situation arises. Namely, if we keep the orders of simple roots in two SO(8) diagrams we always gen-

erate two sets of roots iji the form [A; , Aj] and [Aj , Ajf (ijisj = 1,2,3). Since we have already proven

that two sets like these terms should be out of the root iattice of Eg the combination of two

SO(8)diayrams in this manner is not allowed. However there is a simpic solution : One can interchange

the orders of two simple roots say c2 *=> e3 in one of the diagram and then combine. Then one ob-

tains a legal extended Coxeter-Dynkin diagram of Eg (Fig. 5). When we change the orders of two sim-

ple roots in one of the SO(8) diagram we also change the label of two spinor representations. While in

the first diagram, let us say, spinor and antispinor are represented by the set of weights Aj and A; re-

spectively, in the second the labels of the representations are reversed.

- U -

Thus we obtain a decomposition of Eg under SO(8)XSO(8)

£J8= (28,1) + (1,28) + (Sv.Sv) + (8S,8S) + (8C,8C)

The nonzero roots of Eg are represented by the following integral octonions

(24,1) : ±1 , ±e, , ±e, , ±e, , l ^ t + l l e ^ + e,)

(1,24) : ±e,,+e4 , +e, , +e t , l/2(±c7±e4±e,±e6)

(av i£v):[l/2(±l±e1),l/2(±l±e1)]=l/2(+l±e1±e, + e7)

U/2(±!±e,), l/2(+e3±eJ)]=l/2(±l±c1±cs±e6)

[I/2(±e3±e2) , l/2(+l±e1)]=l/2(±eJ±e ]±e<±c,)

[l/2(±e3 + e2)

(4.13)

(4.14a)

(4.14b)

(4.1440

(8S,8S) : 11/2(± 1 ±ei),l/2(± l±ez)] - l/2(± l i e ^ c + c,)

±l + e3),l/2(±e3±e,)]=l/2(±l±ej±c<±c(1)

(4.14.1)

(8C,8C) : [l/2(± l±e,),l/2(± l V2(± I±e2±e6±c

(4.14c)

To make contact with the generally accepted notation for simpic roots derived from orthogon:d vectors

uj (i= 1,2,3,4) of (3.4) we introduce

f, = [0,-l/2(e3+c2)l = [0 ,~ U ] ]= - l /2(e , + e6)

/ , = [0,-1/2(1-6,)] = [ 0 , - u ; ] = l/2(e,-e,)

I, = [0,-1/2(1 + 6,)] = [ 0 , - u , ] = ~l/2(e. + c7)

/ . = [1/2(1+e,),0] = [u, ,0]= 1/2(1+ e,) (4.1,s)

I, = [1/2(1 - e , ) , 0 ] = [ u z , 0 ] = 1/2(1-e,)

!„ = [l/2(e3 + O , 0] = [Uj , 0]= l ^ c j + e^

t7 - d ^ e i - e , ) , 0] = [u4 , 01= l/2(ea-e2)

t, - [0 , - l /2(c 3 -e 2 ) ] = [ 0 , - u , J = l/2(e s-e t)
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t'or a simple representation of Eg in terms of its maximal subgroup SU(9) we also introduce another

vector fy defined by

tB = l /2 | f r =l /2 ( l + e 3 - e 0 - e , ) = [ 1/2(1 + Cl) , - 1/2(1 + e3)] (4.16)

With these vectors the simple roots in the extended Coxeter-Dynkin diagram of Eg in Fig. S arc repre-

sented from left to right by

' 6 + '7

Because of triality attiributing labels to the 8 dimensional representations of SO(8) is completely arbi-

trary- we could have equally represented the vector representation of SO(8) by the sets A2 and/or Aj.

Ilien we could have started with [A2 , AJ or [A3 , AjJ instead of [AL , AJ to construct the root lat-

tice of SO( 16). 'I"hcn we would have generated the rest of the roots of Eg with a similar procedure de-

scribed above. However the new sets of integral octonions would be completely different from those of

(4.14). In Appendix I) we show that the integral octonions representing the root lattice of Eg can be

built 7 distinct ways which can be obtained by replacing the imaginary units in (4.14) in the cyclic or-

der 1 — 2—3—4—6—5—7— 1 and by its repeated application. Therefore one should be veiy careful in

distinguishing the integral octonions representing the root lattice of Eg. After all there are 8 x 16 =

1120 distinct integral octonions of the form l/2(±ea±e),±e(, ±ej) (a*b;«!c?!d/ = 0,l,...,7) which arc

dirtrubutcd in 7 sets of 240 integral octonions so that each set separately satisfies (2.1) and (2.2).

Before we end this section we discuss the action of the binary tetrahedral group on the rest of in-

tegral octomons in (4.14). Let P be an element of the binary tetrahedral group, i.e. an integral qua-

ternion of [A,, , 0J. I £t R represents an octonion of the form [M , N], not necessarily of unit norm.

We can define the action of 1* on R in the form similar to the one given by (3.8)

R - R ' - P R F , P = P - ' ( 4 I 8 )

To make this sense the right hand side of (4.18) must be associative. Indeed, this is the case provided P

is a quaternion. To prove this we can calculate the associator of the elements [P,0] , [M,N] , [Q,0] :

([ P , 01 , [M , N] . [Q , 0]) - [PMQ - PMQ , QFN - FQN] (4-19)

Since I", M, N and Q arc quaternions each triple product in the bracket is associative.To vanish (4.19)
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we should have QF = FQ. This is satisfied for Q = P and Q = P. Therefore (4.18) is an unambigu-

ous transformation of the form

[P,0)LM , N][F,0] - [PMP, FN] (4.20)

provided we take Q = F. If we had taken Q = P this would also correspond to a rotation in a hy-

perplane perpendecular to the hyperplane defined by 0, 1 and P. Now we check how the integral oc-

tonions (4.14) transform under the aetion-of the elements of the binary tetrahedral group. Since we

have already seen the transformations of the integral quaternions of the form [Ao , 0 I we investigate

the transformations of the remaining terms in the forms 10 , AD] and [M , NJ in (4,14). li is clear from

(4.20) that the [0 , A0J preserves its form :

P : [0 , Ao] - [0 , F2AJ = [0 , Ao] (4,21)

By using (3.11a,b) and (4.10a,b) we can show that the right hand side of (4.20) remains always in the

form [A, , AJ, [A3 , AJ and (A; , AJ. To become more explicit let us chose the elements from the

quaternion subgroup and the abclian subgroups of S, T, U and V. Let [I' , 0] be an element of qua-

ternion subgroup of the binary tctrahedrai group. By (3.11a) we can show that the left h;ind terms in

(4.20) remain in the same set of weights A; = PAjF. The action of the quaternion jtfoup elements tin

the right hand side leave the element N cither unchanged or simply multiply by ( - 1). Therefore the

quaternion group acts as follows

[P , 01 |Ai . Aj] [P , 0] - !A; , Aj| (i= 1.2.3) (4.22)

Thus the quaternion subgroup leaves the terms [Ao , 0] , 10 , AJ and LAj , A:) separately invariant.

The actions of the abclian subgroups can be dune in a similar way. I,et us do it for S, It is clear

from (4.20) and (4.21) that the terms [Ao , 0] and 10 , AJ are left separately invariant under S. 1 -ct us

sec how it acts on the other terms. Using (4.20) we w-ritc

[S,0] |A, , AJLS.O] = [SA,S,<PAJ - [ S A ^ . - S A J (4.2.1a)

Using (3.11b) and Table 1 we can show that SA,S~ = A2 and -SA t = A 3, Therefore (4.23a) is in

the form [Az , A3]. Similarly we can also show that

[S , 0] 1 A, , A3J [S , 0] =• LA, , A;l (4.23b)

[S , 01 [A, , A,] [S , 0] - LA, , A J (4.23c)

(4.23a,b,c) indicate that S rotates the sets I A, , AJ, [A2 , A3] and |Aj , AJ in the cyclic order. 'Hie
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other abelian subgroups T, U and V leave the set of roots of Eg (4.14) invariant. Thus we can con-

clude that the roo! lattice of Eg is preserved wider the action of the elements of the binary letrahedral

group. We believe that this feature of Eg root lattice is useful in the vertex construction of the level

one representation of the affine Eg algebra [ 12].

5. MAXIMAL SUBGROUPS OF Eg & THE CONSTRUCTION OF THE

GNORS's MAGIC SQUARE

In this section we give the branching of 240 roots of Eg with respect to its subgroups S0(16),

H7XSi:(2), I-5XSU(3), SU(9), SU(5)XSU(5) and F4XG2 [13]. We identify the subgroups of the bi-

nary tctrahedral group preserving the coset structures of Eg with respect to its subgroups. We decom-

pose the roots of Hg in such away that a magic square similar to that of Freudcnthal, Razenfeld and

Tits [14] is transparent. This magic square obtained by GNORS [5] plays an important role in the

vertex operator construction for level one representations of the groups of the magic square. Morcovc

we Gnu their symmetries under the discrete subgroup of SU(2) with the hope that some additional

features may arise concerning the Kac-Moody algebras based on these groups.

SO(ie.)

SO(16) is one of the maximal subgroup of Eg. The most interesting thing in our construction is

not SO(16) rather its subgroup SO(8)XSO(8). We have already given the roots of SO(16) in (4.5) in

terms of integral octonions. Therefore the remaining roots (8S,8S) + (8C,8C) of (4.14d,e) constitute 128

dimensional spinor representation of SO(16). Since we have already noted that the quaternion group

preserves the labels of vector, spinor and antispinoT representations, this is reflected as the symmetry of

the root lattice of SO(16) and the spinar representations 128 defining the coset space of Eg /SO(16).

We can also give the representations of SO(16) in terms of the vectors defined in (4.15). The roots of

[ig decomposes then as 112 like ±';±?j, ii*i and 128 like 1/2( — ̂ t + tz + f3 + lt + tf + (t + (-, + lt)

with an odd minus sign in the latter.
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E7XSU(2)

This group will be recognized as the maximal subgroup of Eg when the second root from the left

in the extented Coxeter-Dynkin diagram (Fig, 5) is deleted. Then the diagram splits into two disjoint

diagrams where the single disconnected root is describing SU(2) and the remaining diagram is of Vq.

The roots in Fig. 5 are organised in such a way that SO(S) represented by integral quaternions remains

always as a subgroup of one of the factor groups besides SU(9) and SU(5)XSU(5). Therefore in the

construction of root lattices and the cosets formed by the maximal subgroups we will often use the

adjoint, vector and spinor representations of SO(8) In this case SL'(2) is represented by ±us. ISee.iusc

E7XSUC2) is maximal in Eg the roots of E7 must be orthogonal to es. es is represented by ĉ  on thi;

right hand side of the bracket. Therefore the roots of F.7 are such that ê  on the right hand sides tif the

brackets is missing. Therefore 126 nonzero roots of E7 are nothing but

±1, ±c,, ±«j, +e, , l/2(+l±e,±e2 + es) (5.1a)

10 , (±e,, +c3, ±i)] = ±e,, ±e6, ±e7 (5.11,)

[A, ,l/2(±l±e,)]

[A, . l/2(±l±e,)] (5.1c)

[A, . l/2(±e3+e,yj

Where Aj, Aa, and A, are given by (3.12). We recall that (5.Ia)togethcr with A,, Az and Aj constitute

the roots of F4. One can show that (5. lb) and the "half integral* quaternions on the right hand sides of

brackets (5.1c) are the roots of SP(3). To check this we use the Dynkin diagram of Sl*(3) (l-'ig. 6) with

the simple roots represented by

a, = l/2(- 1 +e.) , aj - 1/2(1 -e 3 ) . a, = e, (5.2)

We obtain 18 nonzero roots of SP(3) by Weyl reflections which lead to

±1, +ei, +e,, l/2(±l±ei). l ^ + e ^ c j ) , l/2(±l + es) (5.3)

Here the first 6 roots are the long roots, the rest are the short roots. Thus (5.1a,b,c) can be regarded as

a pairing of the roots of F4 and SP(3) each of which is represented by quatcmionic roots. Thii com-

spons to the construction of E7 by "matching" F4 and SP(3) root system discussed in reference 15|. In

the preceding section we have pointed out that there are several ways of linking two S()(R) diagrams

leading to a proper Eg diagram which gives the same set of roots of Eg in (4.14). This arbitrarines!, is
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reflected here in the choice of the roots of SU(2) from the quaternionic units + l.+ ei^e^. + Cj. Since

we have already illustrated the case with the selection of e, the remaining choices follow the same

procedure. Therefore we may choose ihe roots of SU(2) four different ways and construct the roots of

S ['(3) accordingly and pair them with the unaltered roots of F4 in four different ways. This indicates

not only I;,7XSU(2) can be embedded in Eg four possible ways but also E7 can be constructed four

different ways by pairing the roots of F4 and SP(3). After the roots of E7XSU(2) are subtracted from

{•4.14) the remaining roots transform as (56,2) dimensional representation of E7XSLH2). They can be

constructed by replacing the "half integral" quaternions on the right hand side of the brackets in (5. Ic)

by the terms l/2(±e2±Cj), l/2( + e,±e,) and l/2(± 1 + ej) respectively. This will give 96 roots only

LA , l/2(±e,±eO]

[A2, l/2(±e,±e2)] (5-4)

1A3. l/2(±l±e2)]

When we add to these the 16 terms l/2(±c7±c4±Cj + e,j) we obtain the right number 112 roots of the

reset space of H8/1'7XSU(2). We note also that the root lattice of E7XSU(2) and hence its (56.2) di-

mensional representations are left invariant under the quaternion group.

lkfore discussing other maximal subgroups of Eg it is perhaps the right point to point out that if

two sets of S1'{J) roots of (5.3) are paired we obtain the root lattice of SO(12). Since (4.14) restricts us

we have the only choice for pairing as follows

±1 . ±c, , ±c3 ,[0 ,(+l,±e1,±e3)] = +e7, +e«, ±e6

[ l/2(± l±Cj) . l /^ + c^e,)] = l/2(±l+e3±e.±6) (5-5)

Il/2(±c, + Cj) , t/2(±l±ej)) = l/2(±e,±e,±,±e7)

These are the 60 mm zero roots of SO(12) oceuring in the magic square of ref. [SJ. Here again we can

construct the root lattice of 50(12) four different ways provided we remain in the same set of Hg roots

of (4,14). (5.S) is also invariant undeT the action of the quaternion group.

We will continue constructing the root systems of the magic square with integral oetonions when

they become relavant. Now we discuss the branching of the roots of Eg under EgXSU(3).
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E6XSU(3)

If we break up the extended Coxeter-Dynkin diagram in Fig-5 by deleting e4 we obtain the dis-

connected diagrams for SU(3) and Eg. Using Weyl reflections formula we obtain the roots of SU(3)

[0 ,±e a . ± l / 2 ( l - e 1 - e , - e 0 , t l W - e , + e,-e3)] -

+ e5 , 1 /2(e7 - e. - e, - e6) , + 1 /2(e7 - c4 + e5 - e t) (5.6)

E5 roots must be orthogonal to the SU(3) roots. An immediate check shows that the "half integral'

quaiemions orthogonal to those in (5.6) are the ones which do not include e ; and should be in the

form

±[0 , 1/2(1 +c,)t , ±[0, 1/2(1 +c,)J , +[0, l^Cc-ej)] (5,7)

It is obvious from Fig.5 that Eg includes SO(8) as a subgroup. Therefore 24 integral quaternions arc

also roots of Eg. Since the weights of Sy, 8S and 8C will be put on the left of the brackets they are or-

thogonal to the roots in (5.6) by definition. Therefore by pairing the weight of Ĥ .,, fis and 8C with

those in (5.7) we get the remaining roots of 1^. Therefore 72 non/ero roots of H^ will be as follows

±1 , +c, , ±e2 , ±c3 , l A + l + c ^ e . + ej) (5.8;i)

A = [A,,± l/2(l + c)] , B = lA,,±l/l(c1-e1}] , O l A i P ± 1/2(1 +Cj)l (5.8b)

where A t, A3, A ; are given by (3.12). 48 roots in (5.8b) can be splitted as two sets of 24 roots, one

with ( + ) and the other with ( —) sign, [f we add 24 roots in (5.8b) with ( + ) signs to those in (5.Sa)

we obtain the roots of F4, a subgroup of lig. All roots of P4 are of the same lenght in this case be-

cause it is embedded in Eg. Those 24 roots with { —) sign in (5.8b) represent the nonzero roots of 26

dimensional representation of F4. When the roots nf l;,g (5.8a,b) und the roots of SU(J) in (S.6) are

subtructed from (4.14) the remaining integral oetonions are the weights of the representation (27 ,

3) + (22* > £*)• These roots will be discussed at the end of this section and in Appendix A

One of the main interest is the symmetries of the Eg and Sl.'(3) roots under the action of the ele-

ments of the binary ietrahcdral group which constitute also some part of 1"̂ . Using (1.11a) and (4.2(1)

we can show that (5.6) and (5.Ra,b) arc invariant under the quaternion group. This is not the only-

symmetry in this case. Indeed l:.gXSlJ(3) has much more symmetry comp.-urd to the other rruuima]

subgroups. Now we can show that (5.6) and (5.8) are invariant under the abelian suhgroup generated

by the element V. Let us consider the St;(3) roots. Since (5.6) is in the form [0 , N], under the action

of V it transforms as
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V : ID , N] - 10 , V2N]»L0, -VN]

In an explicit form we have

V : [ 0 , ± e J - [0, +1 /2 (1 -6 , -^ -63 ) ]

V : [0 , ± 1/2(1 - e i -e2 - Cj)] - [0 , ± 1/2(1 - e, + e2 -e3)]

V : [0 , ± 1/2(1 - e , + ej-cj)] - [0 , ± e j

CS.9)

(5.10)

It is understood from this that the roots of SU(3) are rotated in the cyclic order under V so they con-

stitute an invariant set. Now let us apply V on the roots of Ej. (5.8a) is invariant under V as it is the

binary letrahedra) group. To see how V acts on (5.8b) we use (4.20), (3.1 Sb), and Table 1 again. We

can show that the set of roots in (5.8b) transform as

V L A - B - C - A (5.11)

It is amusing that the sets of roots of E^ rotates in a cyclic order just like the SU(3) roots. Since whole

set of roots of 1-g are invariant under any transformation of the binary tetrahcdral group the roots in

the cosct (22 , 3) + (27* , 3*) must also remain invariant under V.

As we have noted in the case of E^XSU(2), SU(3) can also be represented by four different sets of

roots each containing one quatcrnionic unit +ea (a = 0,1,2,3). If we wish to construct another set of

roots for H^XSU(3) we may start with, say, ±Bj instead of ±e2 and apply V on ±e3 in the same may

we have done in (5.10) and obtain another V-invariant SU(3) root system. Then we construct Ef, roots

in torn in a similar fashion described in (5.7). By following this procedure we obtain four possible de-

composition of the rout lattice of Eg with respect to EgXSU(3), in each case V-invariance is preserved.

Had we required the invariances wider S,T, or U in such a decomposition we would also have been

able to do so. In the latter cases one selects quaternionic unit ±ea as one of the simple root of SU(3)

and apply any one of S ,T, or U to get the S ,T ,U invariant SU(3) root systems. Following the same

procedure for V we may obtain S,T,U invariant E5 root systems. In each case there arc always four

possibilities. But one should notice that there does not exist two different invariances in a given de-

composition. To summarize there are 16 different ways of decomposing the root system of Eg under

r^XSL'(3). In each case the action of the quaternion group leaves the decomposition invariant. We

have given 16 different decompositions of integral octonions in Appendix A,
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Now we come back to the magic square obtained by matching the root lattices of SU(3), Sl*(3)

and F4. We have already shown that IF4 , F4) , [F4 , SP(3)] and [SP(3) , SP(3)1 gave the root lattices

of Eg , E7 and SO(12) respectively. Now we construct the roots of SU(3) using "half integral* qua-

ternions of lenght one when each root is multiplied by ^/2. It is not possible to construct SU(3) root

system neither by Gaussian integers nor "half integral' complex numbers of (3.la,b). Therefore we

should use a subset of "half integral' quaternions. Let us choose the simple roots of SU(1) as

1/2(1 + ej) and \!2(t2 — e,). The root system derived from these simple roots is given by

+ 1/2(1 + e,) , ± 1/2(0, - e , ) , + 1/2(1 + c2) (5.1 2)

Now we take two sets of roots of (5.12) and pair them in the usua! way. Since this pairing will furnish

a root system in integral octonions it should remain in (4.14). Then we have only one possibility of

pairing two such sets in the following form

I±l/2(c, - e , ) . ±l/2(l + c2)} (5.13)

[± 1/2(1+ c,)] , ±l/2(c,-c,)l

These 12 integral octonions represent the root system of SU(3)XSU(3). What rtm;iins U a pairing of

the roots of SU(3) with those of SP(3) with which the magic square will be completed. lrms wi: piiir

(5.3) with (5.12) provided so obtained integral octonions remain in (4.14). In this case we arc free to

put (5.3) or (5.12) on the left of the bracket which will Scad to two independent representations of the

emerging root system. If we prefer (5.3) on the left and (5.12) on the right we obtain

t(±l . ±e, , +e3) ,0] = (+l , ±e, , +c3)

1 + 0,), ±1/2(1 + 0,)]

, +1/2(6; -e,)] (5.14)

-23-



These integral octonions are nothing but 6+ 8x3= 30 nonzero roots of SU(6). To summarize we ob-

tained GNORS's magic square in terms of integral octonions.

SU(3) SP(3)

SU{3)

SP(3)

F4

SU(3)XSU(3) SU(6)

SU(6) S0(I2) E7

In adiliiion ID this magic square we have also found

[SU(2),SU(2)] = SO(4) , [SP(2),SP(2)]

SU(9)

,ESO(9)[SO(9)] =

'ITie Conctcr-IXnkin diagram of SU(9) can be obtained from Fig. 5 by deleting the root e3 corre-

sponding to ?t +11 in (4.17). Then 72 nonzero roots of the adjoint representation of SU(9) arc given

by the integral octonions of the form

(•t-l-t (i*j = 0,l,...,8) (5.15)

anil the remaining 168 roots of fig correspond to the weights of 84+84 representations of SU(9).

llicy arc given by

+ (/; + ^:4-fjc-fo) , (ii*j^k=O,l,...,8) (5.16)

We have not seen any symmetry leaving the root lattice of SU(9) invariant. This is obvious since one

element cs of the binary tctrahedral group is left out of the root lattice of SU(9).

SU(5)XSU{5)

In i;ig- 5 we delete the root e, to obtain two disconnected Coxeter-Dynkjn diagrams of

Sl;(5)XSi;(5). No symmetry is left preserving the root system of SU(5)XSU(5) since e, is taken out of

tlic group structure of the binary tetrahedral group. The adjoint of SU(5)XSU(S) is represented by

21) + 211:- 4[) integral octonions as follows:

-24 -

[20 , 0]:

[0,201:

1/2(1 +e,)

1/2(1+e, + e , -e , )

0 , 1/2(1 + c,-ci-ei)

1/2(1-E^ej-ej)

[ 0 , ± e , l , [ 0 , ± e 2 |

, 1/2(1+ O

- 1/2(1

±e2 , ±e3 , ±

(5. IS)

The remaining integral ocionion, of (4.14) transform as (5,10*) + (5*,H)) + (ljl,5)

SU(5)XSU(S).

.i') un.k-

This is a special subgroup of Ug. 1'4 and G2 ZK also exceptional groups with the fnliowm^ prop-

erties:

G2 is the automorphism group of octonions and l-4 is the automorphism yroup of the excep-

tional Jordan algebra of 3X3 octonionic hennitian matricus. G2 is particularly interesting bacausc erne



of its discrete subgroup leaves the integral octonions invariant. This point deserves further investigation

however wiJl not be discussed here. Our main purpose here is to decompose 240 integral octonions

under F4XG2-

As we have explained before we may split (5.8b) into two sets of 24 integral octonions. (5.8b) can

be written in the form [a , +b] where a represent the totality of A l t A2 and A3 on the left and b those

on the right. If we combine [a,b] with integral octonions of (5.8a) we obtain 48 roots of F4. The roots

of G2 an: found by adding ±e, , ±e6 , + e, to the roots of SU(3) in (5.6). Hence the roots of G2 are

±e4 , ±cs , ±eB , ±c7

± l / 2 ( c 7 - e 4 - c 5 - e 6 ) , + l/2(e, - e 4 + e, -c 6 ) (S.19)

'['he remaining roots of F.g can be classified as the representations of SO(8)XSU(3) a subgroup of

[A, ,±l/2(±e2±e3)]

[A, , l/2(±l + e,)]

[A2 ,+1/2(1-e3)l

[A2 , ±l/2(+e,±e,)1

(5.20a)

(5.20b)

(5.20c)

+ es - e

elb) (S.20d)

lticre are 3K.4S + 4 I 3 = 156 integral octonions in (5.20a,b,c,d). When we add this to 24 nonzero roots

in tbe form |a , - b | of (5.8b) we obtain 180 roots of the coset space Eg / F4XG2. If this number is

adilcd to 48 + 12 nonzero roots of F4 and G2 we get back 240 integral octonians of Eg. This decom-

pusitiun of Kjj also invariant under the quaternion group.
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6. DISCUSSIONS & CONCLUSION

The method we have described for the constructions of the root systems of SO(4), SI'(2), SO(8),

F4 and Eg from that of SU(2) is very simple and perhaps useful, A pair of elements |a,bl belonging to

a division algebra furnished with a product rule is independent of the^particular choiscs of the imagi-

nary units of the corresponding division algebras. Therefore it provides a unified way of treating the

root systems of the corresponding lie algebras. This is particularly useful in the case of FJJ since the

choices of the imaginary units of octonions are somewhat arbitrary.

The root lattices expressed in terms of integral elements of the corresponding division algebras

have overwhelming properties, namely the root lattices are corresponding certain discrete groups or al-

gebras. These aspects single out the groups SU(2) , SU(2)XSU(2) , SO(8) and H8 and also SI'(2) ,

SO(9) and F4 even less so. One feature of this method is the possibility of classification of the maximal

subgroups of Eg under the actions of the subsets of the discrete subgroup of SU(2) of 24 intcjrral qua-

ternions.

We have also noted that the root system of F4 is invariant under the binary tetrahedral group.

There eiist an abelian subgroup of the binary tetrahedral group generated by an dement S which has

been used by GNORS lo determine the cocyies arising in the vertex construction of level one repre-

sentation of the affine F4 algebra. It is perhaps more interesting to use the full group invariancc in

such a problem and check what effect will result.

Another interesting aspect is the classification of the embeddings of H(jXSU(3) in F.g respecting

various invariances of abelian subgroups generated by S,T,U anad V. This may have some connections

with orbifold compactifications of the heterotic string if the discrete subgroups of SU(2) with 24 or 48

elements are embedded in one of its maximal subgroups of F.g.

We have also constructed the root lattices of the groups of the GNORS's magic square in terms

of integral octonions. Integral elements of division algebras are also proposed for a new description of

lattice gauge fields in which the fundamental object is a discrete version of a principle fibre bundle I 15|.

The toots of Eg in the form [A l rAJ in (4.5) is the (8^8,,) representation of SO(S)XSO(S). It was

clear from the discussion following (4.9f) that all the roots of E g can be generated by squaring IA l, A, ].

- 2 7 -



There is a close correspondence between this structure and the construction

of lpvel one representation of the affine Eg algebra [16].
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APPENDIX A

INVARIANT DECOMPOSITIONS OF Eg ROOT LATTICE UNDER E6XSU(3).

As we have explained in Sec. 5 there arc four different embedding! of EgXSU(3) in Eg. In each

embedding one of the abelian subgroups S, T,U and V of the binary tetrahedral group is preserved. In

each embedding there are four possible choices for the roots of SU(3) and correspondingly foT Eg. We

give one invariant embedding in an explicit form and explain how it should be understood. Since

SO(8) <= E& and SU(3) <= SO(8) we take the advantage of pairing of the weights of 8V,8S,8C with the

*h;df integral* quaternions orthogonal to the SU(3) roots. Below we give S invariant embeddings of

K6XSU(3) in Kg.

Table 2:

Si;(3) Root

Eg Roots:

-V — Invariant Embeddings o

' 10 ,

s: [0 ,

10 ,

[A,

[A3

iA,

0

±1 ,

±S ,

±S ,

±l/2(c1-e1) ,

±l/2(O3-e,) ,

fEfiXSUf}) in £g

1

±u .

±V ,

± 1 / 2 ( e J + C i ) ,

± 1/2(1 - e , ) ,

± 1/2(1+e2) ,

2

±e2 ,

±T ,

±V ,

± 1/2(1 - e , ) ,

± 1/2(1+ e3) ,

+ l/2(e3 + e i ) ,

3

±=J

±Dj

±T]

± 1/2(1 + C,)]

±l/2(e1 + e,)]

± 1/2(1 -e , ) ]

Table 2 should be understood as follows. If the roots of SU(3) are choosen as

then the corresponding E^ roots are

-30-

(A.I)

•*• i * •,«• • ' "i i

[A, ,±l/2(C , -e3)l , tA J ,± 1/2(0,-e,)J,[A3 ,± l/2(e3-Cl)] (A.2)

where A1( Aj and A, are given by (3.12). The roots of Eg in the representations (27,3)+ (27 ,3 ) of

E$XSU(3) are obtained by pairing the elements in columns labeled by 1,2,3 with the comspondig ele-

ments in the first unlabeted elements ,i.e, with three zeros in the case of SU{3) roots and with Aj, A,

and A3 in the case of Eg roots. Under the action of S, the roots in (A.I) and (A.2) ait rotated in the

cyclic order from top to bottom so that each column remains invariant under S. Similarly the elements

in columns 1, 2, 3 are rotated to each other in their own sectors. Therefore cosct structure is preserved

by S. Thus whenever one column is preferred for the roots for SU(3) and E ,̂ the olhcr columns serve

for the coset space. This displays the four different S-invariant decompositions of Eg under E(,XSl.'(3).

Similar tables for T, U and V can be made as follows.

Table 3;

SU(3) Roots:

E^Roots:

T — irmarianl Embeddings ofE^XSU(J) in Eg

( 0 ,

[0 ,

[ 0 ,

[A,

[A,

0

±1 ,

±T ,

±T ,

±l/2(e 2 -e s ) ,

±l/2(e3 + e() ,

+ l/2(e,+e2) ,

1

±=. •

±V ,

±D ,

±«/2teJ + O .

±1/2(1-0,) ,

±1/2(1+ = ,) ,

2

±e; .

±U ,

+ S ,

±l/2(l-e,) ,

±l/2(c,-Cj) ,

±l/2Cl-c,) ,

±si

±V|

±1/2(1
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Table 4:

SU(3) Roots:

l^Roots:

U- Invariant Embedding, ofE^SV(i) in E8

[0 ,

[0 ,

10 ,

LA,

[A,

LA2

0

±1 ,

±u .

*o ,

±l/2(e2

+l/2(e3

+ l/2(c,

+ «=,),

+ O ,

1

±5",

±T ,

±l/2(e,-e3) ,

± 1/2(1+ e2) ,

±1/2(1 + =,) ,

2

±e2 ,

+ T ,

±v,

±1/2(1 + 0 ,

±1/2(^ + 0

±1/2(1-e5) ,

3

± c j

±V]

±S1

± 1/2(1-e,)]

± 1/2(1-e2)]

+ l/2(e! — B;)]

bk

SI

: 6 i

5;

Roots:

lt5:

V- Invariant Embedding* of E$XSU(3)

10 ,

10 ,

(0 ,

IA.

IA,

IA,

0

±1 ,

±V ,

±v ,

±l/2(e, + c

±l/2(ca + c

±l/2(e,-e

1

±e, ,

+ T ,

+ S ,

,) , ± l /2 (e ; - e 3

l) , ±1/2(1-0;}

2) , ± 1/2(1-e,)

in Eg

2

±e, .

±s ,

±0 ,

) . 11/2(1+0,) ,

. ±1/2(^-6,) ,

, + 1/2(1 + e3) ,

3

±e3]

±U!

±T]

± 1/2(1 -e,)]

+ 1/2(1 +c2)!

±l/2(c, + c2)l
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APPENDIXB

7 MODULES OF INTEGRAL OCTONIONS

In this appendix we explain how 7 distinct root systems of Eg each of which consist? of 240 inte-

gral octonions can be constructed. Each module is closed under multiplication. We have already shown

in (4.12) that 240 integral octonions describing the root lattice of Eg are given by

2 4 0 = f A o , 0 ] + f 0 , A o ] + [ A , . A J + L A j . A J + t A , , A J (11.1)

Where A; (i = 0,1,2,3) are defined by (3.12) and (4-5). This root system corresponds to thi: Coxe-

tcr-Dynkin diagram of Eg in Fig. 5. Since labeling the vector, spinor and antispinor representations of

SO(8) is arbitrary we could have started with a labeling of the vector representation by the set of

weights A2 and/or A3. Then this would lead to two different sets of integral octonions ench of which is

equally describing the root lattice of Eg Pl"hcy would be given by

240 = [AD , 0] + [ 0 , A J + l A j , A 2 ] + [ A j , A J + I A , , A , l (H.2)

240 = [ A D , 0 ) + [ 0 , AO1 + [A 3 . A j J + t A , . A J + l A j . A J (HJ )

These sets of integral octonions correspond to different assigments of the simple rcjut̂  in l'i^. 'v (U.2)

e.g. can be obtained from a diagram where two diagrams of SO(S) in I'ig. 4 ;irc rLUateci t one in IIK-

clokwise direction and the other in the counter clokwisc direction such that c5 and e,, are connected U>

a root of the form l/2(— 1 —c2 — e5 -c 7 ) = —[1/2(1 +e2), 1/2(1 +C2)1. To obtain a similar diagram of

liĵ  we delete the root e4 in the new diagram and add the nmt

l/2(—1 - C j - e 4 - E , ) = -[1/2(1+ e,),1/2(1+c,)| to the right end of the diagram which will be con-

nected to Cj. I;or (D.3) a similar pruecdure can be followed. We should nntc that the roots |A,.,n| and

[0,A0] arc unaltered under tlicsu changes. We also note that a term [M,N] in (H.I) and (IV.?) should be

understood as [M,N] — M + e7V

'ITie remaining four modules of 240 integral octonions can be obtained replacing associative triad

£[ Cj e3 by other triads. Since there arc 7 associative triads 123 , 246 , 435 , 367 ,651 , 572 , 714 oni:

can start with any one of them. l£t us choose the triads involving e, besides c, e ; ej. lh™ we obtain

the remaining 4 modules. Actually we obtain 3 modules for 651 and 3 modules 714 however in each

case one module coincides with the one already constructed. When we choose c0 ,e5 ,cl as mir new



quatemionic units with e4e6 = e2 , e^e, = e3 , tlcl = e, we first construct S0(8) roots and 8 dimensional

representations with et , e5 and e,. Then we construct integral octonions with new quatemionic units

in which case e4 plays the role of independent imaginary unit. Let us denote Ao ' representing 24 inte-

gral quaternions generated by e6 , e s ,tt

J V : ±1 ,±c6 ,±e s ,±eL ,l/2(± \ + eitei + et) (B.4)

1 r t the vector , spinor and antispinor representations of S0(8) are given by the sets of weights

Ao A, A5

l/2(±l±ei) l/2(±t±es)

(B.5)

With (B.4) and (B.5) we can construct the foolowing three sets of modules of integral octonions

240 = [A0 ' ,Oi + [0 , A0'] + lA6 , A,] + [A, , A,J + [AS , A J (B.6)

A1] + [A l , A J (B.7)

, , A6] + [A6 , AS3 (B.8)

Here (B.8) coincides with (4.14) so thai this module is not indepentcd. We note that the brackets in

([3.6,7,8) should be understood as follows

In the case of the quatcmionic units (e, ^ ,t, }, e, is the independent imaginary unit satisfying

Ln this case we denote 24 integral quaternions by Ao" given by

A o " : ±i ,±e, ,±e 1 ,±e 4 , 1/2(11 + 0, + e*±e-,)

'! he wciglits of vector, spinor and antispinor representation can be written as

A, A, Ai

(B.9)

l/2(±l±e7)

l /2(±e,±e.) l/2(+e7±e,) l/2(+e,±e-,) (B.IO)

Using (B.9) and (B.IO) we construct 3 more modules of integral actonions two of which are indepen-

dent :

240 = [Ao- , 0] + [0 , A 0 1 + [A, , A71 + [A, , A J + [A, , A J (B. 11)

240 = [Ao" , 0] + [0 , A0T + [Ai , A J + [AT , A^] + [A, , A7] (B.12)

-34-

240 = [A0", 0] + [0 , A0T + [A, , A*] + [A, , A,] + [A7 , A J (B.13)

Here (B.12) coincides with (4.14) therefore it is not independent. The brackets here should bo under-

stood as follows [M,N) = M + esN.

Therefore 7 independent modules of integral octonions arc (B.1),(B.2), (B.3),(U,6),(B.7),(B.ll)

and (B.13). we have already noted that these modules can also be obtained replacing the inutanary

units in (B.I) by successive applications of the changes of the units in the cyrfic order

l-»2-»4— 3-«-6-"5-*-7-» 1. In each module one of the imaginary unit plays an essential role by repre-

senting the vector representations (1^,8^ in the form [A;,.-\] (i= 1,2 7) in a given iruidule.
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FIGURE CAPTIONS

Pig.l Coxeter-Dynkin Diagram of SP{2) with simple roots

1/2(1 - e{) and e^.

Fig.2 Extended Coxeter-Dynkin Diagram of S0(8) (four disconnected

roots of SU(2)i K-l.e^.O] and (0,(1,Sj)] one connected

t.o the root -(l/2(-l + e^, 1/2(1 + ej)]).

h'ig.T Coxeter-Dynkin Diagram of F, with integral and half integral

quaternions.

fig.'* Extended Coxeter-Dynkin Diagram of S0(16) (the diagram is

made by combining two S0(8) diagrams in one of which two

touts e^ < —> e^ is interchanged and the roots of this SO(8)

is multiplied by e. on the left).

Fi£.5 Extended Coxeter-Dynkin Diagram of Eo (integral quaternions
o

representing SO(8) subgroup is manifest).

FiR.d Coxeter-Dynkin Diagram of SP(3).

Fig.l
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Fig.2
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Fig.3
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Fig.4

Fig.5

_D

Fig.6

- 4 0 -



. - 1 j * - .-4*.


