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I - INTRODUCTION

Formal aspects of classical mechanics and field theories

with higher order derivatives Lagrangians has been the subject

of considerable activity in the past.' ^ Host recently higher

order derivatives Lagrangians have been used, for instance, as a

method for consistent regularization of the ultraviolet divergences

of gauge invariant supersymmetric theories, which at the same

r 21
time preserves gauge invariance and supersymmetry.L J

Higher order derivatives Lagrangians also emerge as ef-

fective Lagrangians in gauge theories. As an outcome of their

study on the problem of color confinement Baker et al. ' argued

that at large distances (strong coupling) Yang-Mills theory can

be approximated by an effective Lagrangian containing the second

derivative of the field strength tensor. On the other hand,

taking into account the possibility that the gluon propagator

2 "2 2
could have an infrared asymptotic behaviour like (k ) , k •• 0,

[41Alekseev et. al. obtained an effective Lagrangian containing

a cubic term in the field strength tensor and a quadratic term

in the first covariant of the same tensor. This former term,

up to a divergence, is equivalent to the Lagrangian obtained

in Ref. [3]. The higher order gauge theory described by the

Lagrangian obtained by the above authors exhibits many interesting

aspects which justify its study as a theory by itself in order

to understand its possible relevance for the physical reality.
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In fact the use of higher order Lagrangians essentially

in the same vein as some recent authors dates back to the 40•s,

by Bopp^ * and Podolsky' , who attempted to modify Maxwell

electrodynamics in order to get rid of the infinities of the

theory. The Lagrangian proposed by Bopp coincides with the Abelian

version of the Lagrangian obtained in Refs. [3] and [4].

The modification suggested by Podolsky is to add to

Maxwell Lagrangian a quadratic term in the divergence of the field

strength tensor. The resulting theory is a 0(1) gauge theory

endowed with some very attractive features like a positive defi-

nite energy in the electrostatic case (under reasonable physical

assumptions), which is finite for a point charge. The free theory

is not conformally invariant, which reflects the fact that its solu-

tion exhibits a superposition of both massless and massive modes.

Both in Podolsky's original paper and in some others * * where

its Lagrangian is used as an example of a higher order theory, we

found some inconsistencies on what refer to the choice of gauge

with serious consequences on the quantization of the theory.

The objective of this paper is to analyze the classical

Podolsky theory in the light of Dirac's theory for constrained

systems generalized for higher order field theories. The paper

is organized as follows. In section II we present a brief review

of classical field theories with second order Lagrangians. In

section III we present a detailed analysis of the canonical struc-

ture of the theory. The problem of gauge fixing is the subject

of section IV.
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II - CLASSICAL FIELD THEORIES WITH SECOND ORDER LAGRANGIANS

In this section we shall consider a general field

theory for which the lagrangian function depends on a set of

fields 4> (x) = ity (x)}, A s 1,...,N, and their first and second

derivatives with respect to the space-time coordinates, 3iMx) =

= {3 *A(x)}r 3
2î  = {3 3v*

A<x)}, u,v = "0,1,2,3. The flat space-time

metric is nyv » diag(+1-1-1-1). The material presented here is

obviously not new and is intended as brief review of the subject.

For details, see Ref. [1], for instance.

Let i. - £(<{/,3K3 ty) be the Lagrangian density which we

suppose not to depend explicitly on the space-time coordinates.

The corresponding action functional is

í d4x£(K),3i|>,a2<lj) = Í d4x t , (II-D

where Q is the region in space-time where the fields are defined.

Through out ft the functions ty (x) are supposed to be continuous

with continuous partial derivatives up to the fourth order.

We shall consider infinitesimal transformations of the

coordinates and fields,

generated by a continuous group of transformations G with constant

parameters u>k, k a i,...,r. In (II-2b) 6^A(x) is the total vari-

ation; it can be expressed in terms of the local variation
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as

6i|»A(x)

In the above equations the variations are to be evaluated up to

the first order in the group parameters.

The variation of the action functional due to (II-2a,b)

can be cast into the form

OS [ a4* l4

The Euler-Lagrange equations of motion follow from Hamilton's

principle 6S = 0 with <5xM = 0 and <5ipA| = 0, where 3fi is the

boundary of ti . After some partial integrations one obtains from

(II-3):

Noether's (first) theorem follows from (II-3) under the

hypothesis that G is a symmetry group of the action, <5S[̂ ] = 0.

Specializing now for the Poincaré group,

» \ (I y v) A
B
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and using the notation

2
a 6

rgi

one obtains after a long but straightforward calculation1 J the

following expression for the generator (constant of motion) of

the variations (I1-5):

- Í
s - « , - J ."«, ,„.„

In the above expression a is a space-like surface and T s is the
s

energy-momentum tensor,

• V

which is symmetric, TUVaTvu, and divergenceless, 9 Tyv 0.

Taking o as the surface x = t * cte., one obtains from

(II-6) the following expressions for the Hamiltonian and total

momentum of the fields:
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•A

ir

. . Í ah { »t#»r »^ - 2Sk [—
3 |

(II-9)

(Latin indices run from 1 to 3 and the dot means partial derivative

with respect to t.)

The above expressions are very suggestive and can be

put into canonical form by defining the generalized momenta

(11-11)

I t follows that (II-8) and (II-9) can be written as

Hc = í d3x [pAí»A • TTAÍA -£] , (11-12)= í d3x [pAí»A • TTAÍA -£] ,

1 » f d3x I P A 3 i / • ̂ A^Í (11-13)

The expression for the angular momentum tensor can be obtained

in an analogous way and the result is

J = L + S „ ,
a 3 a 8 ctS
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where

f d3x ' P A ^

have the usual meaning.

using the definitions (11-10), (11-11) of the generalized

momenta one can construct a hamiltonian formalism on a generalized

phase space spanned by the independent canonical variables

[10]

A «A A
'PpJ* ̂  = $»**)• T n e generalized Poisson bracket is defined

by

{ F, G }

»

The fundamental Poisson brackets for the canonical variables are

B
6

(11-17)

B B -v *
{6 (x),((>B(x1)} =» -<5A

B 6 (x-x1) .

Using (11-17) one can show that the generators P , J g obey

the Poincaré group algebra under the Poisson bracket operation.

With the canonical Hamiltonian expressed as
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"A _ *Athrough the elimination of ty = <f> from (11-12) the canonical

formalism follows the same pattern as in the usual case.

The Euler-Lagrange equations (II-4) are fourth order

partial differential equations, taking the general form

In the above expression

H.B = t'%B (11-18)

are the elements of the generalized Hessian matrix. The Lagrangian

is said to be singular if

det (H^) = 0 (11-19)

and regular otherwise.

For singular systems one can develop a generalized

Harailton-Dirac formalism essentially along the same line as

in the case of first order Lagrangians. Indeed, if condition

(11-19) is fulfilled it means the existence of constraints

expressed as

(a = 1,..., n < N)

so that the system admits a gauge freedom in the generalized

sense, and all the scheme developed by Dirac can be applied. We
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shall not go into details for: it will be clear in the application

we will work out in the following sections.
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III - THE DYNAMICS OF PODOLSKY THEORY

Here we shall describe the main aspects of the general-

ized electrodynamics proposed by Podolsky1' . It is

based on the Lagrangian

where the field strenght tensor is to be expressed in terms of

potentials in the usual way, F - 3 A -3 A . a is a constant

with dimension of lenght. The above Lagrangian generates a linear

field theory with U(l) gauge symmetry which obviously reduces to

Maxwell theory when a = 0.

The Euler-Lagrange equations of motion are

(1-2a2 • ) 3xFft
X = 0 . (III-2)

where • = npV3 3V= O 0
2 - ? 2 ) . In terms of the potentials the

above equations read

(1-2a2 • ) • Aa - 3a [(1-2a
2 • ) 3SAg] = 0 . (III-3)

Defining the electric and magnetic fields by E = F and

B = -x e ^ F.. , respectivelly, the Lagrangian assumes the form

t » i (Í2-S2) + a2 [(V.Ê)2 - (Ê-VxÊ)2] , (III-4)2

while the equations of motion are written as

(1-2a2 • ) 7.Í - 0 , (III-5a)
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(1-2a2 • ) (E-VXB) * 0 •. (III-5b)

Using (II-7) one obtains the following expression for

the energy-momentum tensor:

+ \

rtV1* " " O F

- 2 a 2 F F * P I F + F a r ~ ] F + 3 F a 3\i *—•* vet v *—' yet ot u

( I I I - 6 )

A straightforward calculation shows that the above energy-momentum

tensor satisfies the conservation law 3 Tuv = 0 (or 3 T^v = Fv
aj when

external sources represented by the current j a are present). On the

other hand Tyv is not traceless:

Hence the theory is not conformaily invariant. This result is

closely related to the fact that the potentials A (x) do not

behave exactly like massless fields. (See Eq. (III-9) and the

comments that follow.)

It follows from (III-6) that

T00 . j

+ a2 [- <i-7x5)2 + 2 (2 . Q Ê + S . • S) • (7 .1)2]

(III-7)

which is clearly not positive definite, in the general case. How-

ever, in the electrostatic case, I a 0 and 5 » 0, one can check
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that T Q 0 > 0. Under the hypothesis that E •*• 0 faster than 1/r at

infinity one obtains the following expression for the total energy

E = f d3x T 0 0 = f d3x [E2 + a2(7.E)2] . (III-8)

For a point charge the electrostatic potential is given

by

_ _ r

= = (1 - e

Using this expression one easily shows that the total energy,

equation (III-8), has a finite value, equal to e /2a, this being

a remarkable result. It is worth to note in the above expression

for 4>(r) the presence of a Yukawa type potential, besides the

usual Coulomb potential, with mass parameter p = 1/a/J.

In passing to the Hamiltonian formalism we observe

that the Lagrangian is singular,

det(Hag) = 0

According to the preceeding section the dynamical variables are

(Aa,p ), (Ãa,ff ) where Ãa = ka is to be considered as an

independent variable.

Using the definitions (11-10) and (11-11) we obtained

the following expressions for the momenta:



- 1 4 -

TT = 2 a 2 (9 1 F O X Ô° - 3 .F X) . ( 1 1 1 - 1 1 )
ot A a A a

From the above expressions it follows that

p = -f - 2a2 [f - (Vx§)* - 7(7«Ê)] , (111-12)

TT = 2a2 (Ê - 7*S) , (111-13)

and we get the primary constraints

• - = Ttn * 0 f (111-14)

p o - 3kTTk » 0 . (111-15)

To construct the canonical Hamiltonian we use equation

(111-11) to express A^ as

T, + 3vF.
k + 3-Ãn (III-16)

which when substituted in (11-12) leads to

H = d X [p A - T TT, TT + TT
c J a 4a^ x

(111-17)
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Following Dirac's procedure we now add an arbitrary linear

combination of the primary constraints (111-14,15) to the canoni-

cal Hamiltonian to obtain

H1 = Hc + Í d
3x (C1 (x)(()1 (x) + C2(x)(t>2(x)) . (111-18)

Introducing the fundamental Poisson brackets

{pQt(t/x),A
3(t/x')} = -fij 6 (x-x«)

(3) (111-19)

{7ra(t,x),Ã
S(t,x')}« -Ó* 6 (x-x1)

the consistence conditions & = {t|> ,H'} = 0 , a = 1,2, lead to
a a

• •, - <(>2 2,- 0 , $ 2 -" 3 ^ !: 0 .

Thus we have the secondary constraint

3kpk z 0 , | 3 = 0 . (111-20)

It is easy to check that the set of constraints given by equations

(111-14,15,20) is first class and the only constraints in the

theory. Finally we can write down the extended Hamiltonian as

* Hc + I d
3x Ca(x)ij)a(x) , a » 1,2,3 . (111-21)

This is the Hamiltonian that generates the time evolution of the

system with full gauge freedom.
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We now pass to the analysis of the Hamiltonian .

equations of motion. First we observe that the above Hamiltonian

exhibits the property of being linear in pa, a common feature of

the Hamiltonian approach of second order systems. As a consequence

of this fact the equations of motion for Ag(x) simple tell us that,

from the Hamiltonian point of view, Ãg(x) is defined in terms of

Âg(x) up to an additive arbitrary function. On the other hand

the equations of motion for A^(x) reproduce equations (111-16),

while for ÃQ(x) we obtain ÃQ(x) = C.{x). This means that ÃQ (x) is

an arbitrary function and, consequently, A_(x) is also arbitrary.

For the remaining variables we obtained

= "F0j " 2 a 2 3j ak F0 k " Pj '

po = -3i(A
i - 3 ^ ) - 2a2 3]c3

kOiA
i-3i3

iA0) , (III-22b)

p = -3

Equation (III-22a) is nothing but the definition of p., equation

(111-10). Together with (III-22b) they are equivalent to the cons-

traint (111-20). They give us no new informations and they are

equivalent to the zero component of the Euler-Lagrange equations,

i.e., equation (III-5a). Finally, equations (III-22c) are

equivalent to the remaining Euler-Lagrange equations (III-5b).

Next we show that the constraints (111-14,15,20) are

the generators of gauge transformations of the theory. To this

end we will employ the technique developed in [11]. The generator

is given by
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= f d 3 x (e 0 + uv <fr .
1 a ( p ) a h(s)b+ uv <fr . ) (111-23)

(p)a h(s)b

where • a and 4» b are the (first class) primary and secondary
(p) (s)

constraints, respectively, and the coefficients e . u. , are
a v

related by the differential equation

"a

In our case the resulting generator is

= f d3x {pP3yo) + TTy3yí2) , (111-24)

Ü = ID. I t follows that

o ,
(111-25)

= 0

so that (111-24) generates the correct gauge transformations for

the theory.



-18-

IV - GAUGE FIXING: THE GENERALIZED RADIATION GAUGE AND DIRAC

BRACKETS

We now face the problem of choosing suitable gauge con-

ditions for the theory. The primary purpose of introducing gauge

conditions in a theory is to remove the gauge freedom through

the elimination of the redundant variables. Of course, simplicity

of the resulting theory is also one important ingredient

In the early approaches to the generalized electro-

dynamics by Podolsky (and later in a more general context

by Pais and Uhlenbeck ) the Lorentz gauge condition 3ak = 0

was imposed by following essentially the same arguments as in

Maxwell theory, i.e., the simplicity of the resulting equations of

motion. One sees that the equations of motion (III-3) reduce to

the simpler and very interesting form

(1 - 2a2 • ) • Aa = 0 (IV-1)

if the following condition is satisfied

(1 - 2a2 • ) 3aAa * c — » 0 . (IV-2)

(The constant in the above equation can be set equal to zero

with no loss of generality.) At this point Podolsky says that

condition (IV-2) can be fulfilled by choosing, more restrictively,

3aA = 0. This is indeed a very attractive condition - much more

simpler than (IV-2) - but definitely not a suitable gauge condition

for the problem at hand as will be seen in what follows.
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As it is clear from the discussion of the preceding section

A_(x) is not a dynamical variable and can actually be set equal to

zero. In doing so Lorentz condition reduces to V.A = 0 which

implies that the fields must be transverse. However, it can be

shown (by using a Fourier decomposition for the field variables,

for instance) that the general solution of equations (IV-1) splits
(0)

into two parts, one of which, A , is massless and transverse
a (0)

and.satisfies the usual Maxwell equations \~\ A = 0 . The other
(1) a

one, A , is massive and longitudinal and satisfies the Procca
a (1)2

equations (1-2a Q ) A = 0 . (See the observations following

equations (III-6a) and (III-9).) Hence, it is not correct to impose

that the general solution of equations (IV-1) is divergenceless.

Besides the physical arguments given above there are

more reasons which prevent one to impose Lorentz condition in

Podolsky electrodynamics. In the light of the developments of

modern gauge theories it become clear that gauge conditions

ft, [A] = 0 must — at least in principle - satisfy a certain

number of requirements as follows: (i) The gauge conditions must

fix the gauge,in the sense that once the potentials are restricted

to satisfy them there cann't be no other potentials A (x) obtained

from A (x) via a gauge transformation which satisfy £2 .[A*] = 0;
V a

(ii) The gauge conditions must be preserved by the dynamical

evolution of the system (equations of motion plus initial data);

(iii) Lorentz invariance of the theory must not be destroyed by

the gauge conditions and, finally, (iv) the gauge conditions must

be attainable: starting with A (x) that do not satisfy the gauge

conditions it must be possible to find a gauge transformation that

leads to A*y(x) such that £^$1 « 0.
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Even at abelian level (Maxwell theory) it is hard to

find gauge conditions which meet all the above requirements (the

radiation gauge being an exception), the situation being more

serious in non-abelian theories. In the present case it is not

hard to show that condition (iii) above is the only one which is

satisfied. Explicitly, in the generalized electrodynamics the

Lorentz gauge condition does not fix the gauge, it is not

attainable and is not preserved by the time evolution of the

system. In conclusion, it must not be used for it is not a

"physical gauge" of the theory. We point out that as a consequence

of this fact some of the results obtained in [6] and [7] are not

correct, mainly those which refer to quantization.

Now, as the Euler-Lagrange equations (III-3) are fourth

order differential equations the Cauchy data which must be

initially satisfied on some space-like hypersurface to determine

the dynamical evolution of the system include the values of the

field and its derivatives up to the third order. Accordingly,

the gauge conditions must involve the field and its derivatives

up to the third order. The natural choice of gauge for the

theory is the generalized Lorentz condition (IV-2) , namely,

i2 • ) 3aA,
a
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Of course, this condition is not enough to fix the gauge for there

still remains a gauge freedom with gauge function A(x) given by

the solutions of the equation (1 - 2a Q ) D A = 0. As it is

known, it is necessary to impose as mai.y gauge conditions as

first class constraints in order to fix the gauge completely. The

clue to find out a good set of gauge conditions is given by an

analysis of the equations of motion (III-2). The zero component

can be formally solved for AQ(x) to give

A0(x) = 1 3Q (1_2a
2 • ) (V.X) . (lv-3)

{1 - 2a2 Q )72

Eliminating AQ(x) from the spatial components of those equations

we obtain

(IV-4)(1 - 2a2 Q ) • A± =

where

Ai = (óki" si \ 2 < i ~ 2 a 2 n )d]j\ • < i v - 5 >
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One sees that the new variables defined above are obtained from

A. by a gauge transformation with gauge function

(1 - 2a2 Q ) 3 ^ . (IV-6)
(1 - 2a2 ["I) V'

The variables A. are gauge invariant and satisfy the"generalized

Coulomb gauge condition":

(1 - 2a2 • ) 7.1 = C . (IV-7)

A straightforward calculation shows that the lagrangian (III-1)

can be expressed in terms of only the variables Ai in a gauge

invariant way.

Guided by the above results we are lead to choose

(1 - 2a Q )7.A » 0 as a gauge condition for the theory. Now,

looking back to equation (IV-3) we see that the time preservation

of this condition is equivalent to set AQ(x) = 0. Hence we choose

the following set of gauge conditions:
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Q, = A0 S 0 (IV-8a)

Q2 = (1 - 2a • )V.A = 0 (IV-8b)

AQ , 0= AQ (IV-8c)

which is compatible with (IV-2), and will be called the general-

ized radiation gauge. Following essentially the same procedure

as in Ref. [12], pg. 139, one can show that this set of gauge

conditions satisfy the criteria we discussed above. Thus, it is a

good set of gauge conditions.

The full set of constraints (111-14,15,20) and (IV-8a,b,c)

is now second class. We have the following Poisjson brackets:

(3)
{Í21(x),4.2(z)} * 6 (x-z)

{02(x),<i>3(z)} = (1-2a
2V2)V2 6 (x-z) ,

{Í23(x),<|>1(z)} * 5 (x-z)

(IV-9a)

(IV-9b)

(IV-9c)

The matrix

{£ía,V 0

o

has an inverse given by

(IV-10)
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where

(C
-1

0

-A

A

0

O - 6 (x-z)

O O

5(x-z) O

and G(x,z) satisfy the equation

0

G(x,z)

0

(1 - G(ic,z) = 6 (x-z) (IV-11)

which has the solution:

G(x,z) J_
411 I » I

(1 - e a/2
x-z

(IV-12)

Using the above results and the definition of the Dirac

brackets,

{A(t,x),B(t,y)} = {A(t,x),B(t,y)}

-1,dzdw{A(t,x),xa(z)}CaJ(z,w){Xb(w),B(t,y)

with x
a

get:

{AU(x),pi(z)} = 0

{Ai(x),p0(z)}* - 0

(IV-13a)

(IV-i3b)

(IV-14a)

(IV-14b)
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61. 6 (x-z) - (1-2a272) -\ -4r G(x-z) , (IV-15)
3z 3x

{Ã^x),*. (z)}* = fi1. *ó'(x-z) . (IV-16)

We observe that the brackets (IV-13a,b) and (IV-14a,b) are compa-

tible with the strong constraint equations A» = 0, pQ-V.iT = 0,

and Ã- = 0, ir_ = 0, respectively.

A straightforward calculation shows that, in the gene-

ralized radiation gauge, Jag = L - + S . and Pg obey the Poincaré

algebra under the Dirac bracket operation.
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CONCLUSIONS

In this paper we have analyzed the canonical structure

of the generalized electrodynamics proposed by Podolsky. Using

Dirac's theory of constrained systems we obtained the Hamiltonian

constraints of the theory and constructed the generator of gauge

transformations for the dynamical variables.

We studied the problem of gauge fixing and showed how

to properly generalize the Coulomb gauge, a subject which has not

been done correctly in the early literature, and calculated the

relevant Dirac brackets.

Further consequences of this theory, its quantization and the

non-Abelian version will be presented in forthcoming papers.
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