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1. The renewed enthusiasm in the scientific community for the string theory has

also contributed to recall the attention of physicists towards problems which, almost

forgotten, are becoming relevant again!

In the most direct approach one starts from the Lagrangian of a single

relativistic string interacting with external fields, in particular with the gravitational

one. If the limit is taken in which the string becomes pointlike, we are led again to

the problem of a point particle in an external metric, which has called lot of

attention in the past.

The classical Lagrangian for the problem is (we consider the case of n real

coordinates

(1)L= ±

leading to the Hamiltonian

H= S
2

db dt

(2)

When one moves to quantization , the problem1 arises of the ordering between

the momenta p v and the x-dependent metric g^yM and an intrinsic ambiguity

appears. In other iwords^we can have many , seemingly equivalent, quantum

expressions corresponding to the same classical Hamiltonian.

The early treatment of this problem appeals to the very principle leading to the

classical Hamiltonian, namely general coordinate invariance. The important remark

is that not al! the orderings obey this fundamental requirement, which turns out to

be instrumental 10 reduce the ambiguity.

An infinitesimal general coordinate transformation (GCT) is

(3)

where the quantum generator GQQJ- is

(4)
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The variation in the functional form of the dynamical variable gn v(x) is

The general invariancc requirement amounts Lo

The treatment of this problem has been offered by B. DeWitt (1) in a classical

paper, where it was shown that the invariant hamiltonian is

with (x))

(5)

(6)

He actually proved that the most general invariant Hamiltonian is (R is the

curvature)

H = H o + cR (7)

The parameter c is arbitrary, in this framework at least. Plausibility arguments

in favour of particular values of c have been given but we feel that the problem is

still open. In a flat space (but in an arbitrary set of coordinates) R=0 and the

solution is, as it should be, unique.

2. It is well known that the path integral approach to quantization does not

solve the problem for us but casts it in a different interesting form. Consider again

the Lagrangian (1): in the classical treatment it is evident that Ax is of the order At

so that the derivatives have a unique meaning. When working with the path

integral approach one has the surprise that the displacement Ax ̂  turns out to be of

order V A . In other words , as in the case of the Brownian motion, the paths which

contribute mostly to Feynmann integral do not follow smooth, regular lines:

irM.« m,«-1

these are continuous but no-where differcntiable ®-\ This means that terms like

(Ax)3 / (At)2 , (Ax) 4 / (At) 2

are no longer negligible; eq.(l) actually reads

and requires a more precise definition.

Thus one deals with an effective Lagrangian

(8)

where" can be for instance defined as the middle point (xi+*2) / 2.

The freedom in the choice of C ^ p and D ^ v p a reflects the operator ambiguity:

different recipes for the ordering correspond to different values of these coefficients.

The fundamental result concerning the middle point prescription is that the

choice ®)

corresponds to the Weyl ordering

(9)

(10)

The above discussion shows that the ambiguities are there, independently of

the mathematical formalism used for the quantization, and that in order to proceed

further a new theoretical input is needed. In our opinion this is provided by

supersymmetry. We shall discuss the point in the framework of the operator

approach.

3. The new feature introduced by supersymmetry is that the Hamiltonian '

(quadratic in the momentum) is no longer the fundamental object but can be *

derived as the "square" of a simpler and more fundamental object, the

supersymmetry charge which is now linear in the momentum but which contains
-k-



both "bosonic" and "fermionic" coordinates. This is a modern version of the

celebrated argument by Dirac for a fundamental dynamical equation which is linear

in the momentum.

In the simplest form (N=l) model we just have a single supersymmetry charge

Qand

(11)

In the slightly more sophisticated N=2 model we have two charges obeying the

algebra

(12)

Our attack to both problems is to compute first the supersymmetry charges

where, due to the linearity in p^, the ordering ambiguities appear in a milder for and

can be completely fixed by G.C.T. We then use the supersymmetry algebra in order

to compute H whose form is entirely non ambiguous and in general differs from

what one could obtain from naive quantization prescriptions. This tells us that only

the combination of the old requirement of G.C.T. invariance and the new one

supersymmetry of are strong enough to get get rid of all ambiguities.

The details of this procedure are discussed at length . in two papers^' '; here we

only sketch the main results.

In the case N=l the coordinates are x^(t), p^tt) and a single set of self-conjugate

spinor coordinates H'^(t). The canonical procedure requires thus some care and its

easiest realization is obtained using the Vielbein algorithm.

In the free, cartesian case g^v = S and Q is simply given by

Q = c^y~ k (13)

and

- 5 -

When we pass to a general metric the recipe is simply to introduce the

"covariant momentum"

(15)

(the electromagnetic interaction can be easily added. We shall skip it for simplicity).

It is clear that Jtu has no quantum ordering ambiguity (co^ a b = -co ^ a ) . Using

the argument of G.C.T. invariance (and some common sense!) the quantum form of

Qis

where "t

The ensuing Hamiltonian is

(16)

H- 4 (17)

We see that the first term in eq.(17) is the obvious generalization of the old

result and is separately G.C.T. invariant. As expected, a quantum correction

proportional to R appears, but now its coefficient is fixed unambiguously by

supersymmetry requirements. For us the appearance of R is simply a sign of the

fact that H is a composite operator.

We now proceed to the case N=2 where the fundamental ingredients are xHt),

pu(t) and two sets of anticommuling fields I'^(t), 4'^(t). Our interest in this

seemingly more complicated model, suggested by dimensional reduction of the

string, stems from the fact that quantization can also be performed in a simple way

not involving Vielbein. We introduce again the covariant momentum TĈ  = gu vxv

whose expression in terms of simple canonical variables will be given later, and

write as before

Tl

-6-
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it 4-it = " C18)

The quant iza t ion p rocedure has been discussed in detai l in ref.(5). One can of

course int roduce, as in the N = l case, Vielbein variables; w e can however exploit the

intuitive fact the *F is a canonical conjugate of H' . I n the presence of a background

guvM this can be done in two equivalent ways by in t roducing two different choices

(suggested by supersymmetry) of canonically conjugate variables:

(19)

1/*-

related by

The expression of n^ in terms of the three sets of variables is

(20)

(a superpotential could be easily added).

We can now compute the fundamental anticommutator (Q,Q) and obtain for H

the expression

H = +• i (21)

Again both terms are separately G.C.T. invariant and supersymmetry fixes

unambiguously their coefficients.

Until now it seems that the N=2 case is just a dull, more complicated replica of

the N=l one. It is the relationship with the functional approach which sheds light

on its internal beauty.
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4. We have seen that the bridge between the two approaches is provided by the

equivalence belween the Weyl operator ordering and the middle point prescription,

which insures the simplest formulation of the functional method.

It can be checked that both the purely bosonic Hamiltonian (2) and its N=l

version do not have Weyl ordering, which requires a perfect symmetry between

bosons and fermions. In the N=2 case, for the £2i variables we indeed have a

symmetry x^- <=>¥ ,̂ PM <=> 4V, like wise for the Sl2
 set- This explains why the

N=2 case expressed in those two sets of variables is indeed Weyl ordered. This is not

iruc if one uses the Vielbein set.

The general situation is summarized as follows:

Bosonic (eq.5):

< = CH.

N=2 in the sets

N=2 in the set a

2

As already mentioned between a given Hamiltonian and its Weyl ordered

form corresponds to the effective potential that one has to carefully include in the

(middle point) evaluation of the path integral ^ . It is pleasant to notice that in the

N=2 case, using the appropriate variables fl^C Q.^, this addition is not needed.

5. We leave now the case of non relativistic quantum mechanics and offer

some preliminary considerations about the quantization of a relativistic particle.

Space and time are now treated on an equal footing as functions of a parameter £ .

Since physics deals only with relations between space and time the choice of the

parameter is arbitrary: in other words the action has to be invariant under the

reparametrizations % —» f(t). The simplest Lagrangian with such a property is



(22)

We recall that choosing the "gauge" S£ = XQ the Lagrangian becomes

(23)

an expression appearing in all the elementary treaties of relativity but not very

appropriate for the purpose of quantization. Thus it is not advisable to choose a

gauge too quickly and to to spoil the explicit four dimensional symmetry of eq.(22).

The technique for dealing with problems of this kind has been developed by

Batalin, Fradkin and Vilkovisky in connection with the well known B.JR.S.T.

invariance ™'. It amounts to saying that, upon introduction of the momentum the

theory leads to a vanishing hamiltonian but has to obey the constraint (fisp^+m^ =0 ,

B.F.V. give a general procedure to extract a non-ambiguous S-matrix from the

constraints. In more involved problems the constraints are numerous and their

algebra plays a fundamental role because it insures the nil-potent property of the

celebrated operator £1.

In the case of interest to us, the spinning relativistic particle, there are two

constraints

(24)

The Grassmann variables \F^, T obey a graded algebra which is isomorphic to

the previously discussed N=l algebra of Q and H, which thus enters here in a new

interesting form.

In the non reiativistic case supersymmetry is an added bonus introduced to

satisfy aesthetically minded theorists, whereas here the validity of the algebra of

constraints is necessary to insure the physical consistency of the theory i.e. the

decoupling of the unphysical states.

If we now want to introduce the coupling to the gravitational field the same

procedure has to be followed. The determination of the constraint <t>j is again

straightforward and ^ comes again from the constraint algebra (24).

In conclusion we see that our procedure to overcome possible ordering

ambiguities is by no means limited to the nonrelativistic case. The new techniques

for the treatment of constrained systems allow an extension to the relativistic case,

which involves deep conceptual changes but very little formal modifications.
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