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ABSTRACT

Differential operators associated with the ordinary and the

generalized BesBel polynomials are defined. In each case the ccomutator

bracket is constructed and shove that the diffentlal operators associated

with the Bessel polynomials and their generalized form are not commutative.

Some applications of these operators to linear differential equations are

also discussed.

1. IHTRODUCTIOB

Bessel's polynomials (and their generalized form) form a new class
of polynomials whose study i s also relatively new in comparison vith their
counterparts the Bessel functions and other classes of polynomials.

They have been considered previously by sone authors. However, i t
would appear that Krall and Frin!; [3 ] t who gave then the name "Beaael
polynomials", were the f irst to initiate a serious and systematic study of
these polynomials. Since then there have been several other studies
carried out aa can be seen in the excellent monograph by GroBsvald [2 ] ,
and the large number of references therein.

It is known (see [2] and [3]) that the Bessel polynomials satisfy a
number of properties similar to those satisfied by the classical sets of
orthogonal polynomials of Jacobi, Laguerre and Hermite, namely, the second-
order differential equations, recurrence relations, a formula of Rodrigue's
type, and they alBo have generating functions and orthogonality relations
on the unit circle.

Our aim in thlo paper i s to define a pair of Bessel differential
operators with the aid of the differential recurrence relations and show
that these operators are not commutative. This property is also shown to
be true in the case of the generalized Bessel differential operators.
Applications of these operators to certain examples are also Riven. We
end vith a few remarks on the connection of Bessel polynomials with the
Bessel functions of half-integral order and vith the classical orthogonal
polynomials.

2. BESSEL'S DIFFERENTIAL OPERATORS
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In this section we construct the operators which are associated

B ordinary Bessel polynomial

the following recurrent relations:

vith the ordinary Bessel polynomials y (z). These polynomials satisfy
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and

which can also be expressed In the fora (with y • y (z)J
n n *

and

(2.2)

(8.3)

(2.4)

Bessel'B differential operators S snd B , associated vlth the ordinary

Bessel polynomials y d ) are then defined by

(2.5)

and

fL. — 2*-̂ - -
°n — * A*

Then Eqs.(2.3) and (2.U) are:

Q + M — U
Pn On ~* -"n-l

and

nz +( (2.6)

(a.T)

The tvo Eqs.(2.7) and (2.6) can also be expressed in matrix form :

(a.9)

If we now premultiply (2.T) on both sides by B , ve obtain:

B n Bn
4 yn = -

- 3 -

vhere

The conmiutatlon bracket of Bessel'a differential operators takes
the form

(2.11)

and we deduce from (2.11) that the operators B and B+ are not
n n

commutative except vhen n • 0.

Consider the special case n « 1. In this case Eqs.(2.5) and (2.6)

reduce to

and

and from these equations we obtain the simple relations:

and

The associated Inverse operator is obtained to be

,-e,+ -2
where D • Z 2 ̂ -,

(2.12)

(2.13)

(2.1U)

(2-15)

(S.16)
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3. APPLICATION OF BESSEL'S DIFFERENTIAL OPEHATOflS TO THE FIRST-ORDER
LINEAR DIFFEBENTIAL EQUATIONS

Consider the following f irs t -order l inear d i f f erent ia l equation:

where f(s) ia a given function. The solution of (3.1) can be written

(3.2)

where C It a constant of Integration,

On the other hand, since

then on using Bessel's differential operators B, and B, above, Eq.(3.l)
can be written In the form

(3.3)

(3.1*)

(3.5)

and the solution of (3.1) or (3.3) Is obtained to be

2vi —

where

By a similar procedure, one can show the solution of

(3.6)
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to be

(3.7)

l». APPLICATION OF BESSEL'S DIFFEBEWTIAL OPERATORS TO THE SECOND-ORDER
LIHEAR DIFFERENTIAL EQUATIONS

Consider the following second-order linear differential equation

where f(i) is a given function. This equation can also be written in

the form

Writing Eq,(U.2) In terms of the differential operators B. and a,, we

obtain

The solution of (b.l) Is then obtained as

where

= J
Consider now another equation:

(U.3)

(lt.lt)

(U-5)
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vhlch can also be written in the form:

+ * - (U.T)

and in terms of Bessel's differential operators B1 and B t̂ Eq,(l|.7)
becomes

. Then on using (2.1b) and (2.15), the solution of (b.6) can be written as:

where

- , . * /

5. THE GENERALIZED BESSEL DIFFERENTIAL OPERATORS

Leaving the ordinary Bessel polynomials, we turn to t h e i r

generalized form y n { z , a , b ) , but written in the shortened form y (z) or

y n . with n being a non-ncRitive integer and the parameter a + 0 not a

negative Integer, The parameter b + 0 may be regarded as redundant

(see [2] ) and w i l l be f ixed at b » 2.

The generalized Bessel polynomials y (z) s a t i s f y the following

two d i f f erent ia l recurrent re lat ions (Bee [2] and [3] ) which reduce e a s i l y

t o the ordinary cases of Section 2 above:

(5.U

and

(5.2)
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These tvo equatlona con also be written in the following form;

C5.3I

and

I5M

The two Eqs.(5.3) and (5.I1) can be simplified by factorlzing the

conmon term «n(a) « 2n + a - 2 (assumed to he non-zero] to obtain

+
and the associated generalized Bessel's differential operators B and

a
B may then be defined by:
n

(5.T1

and

(5.85

Eqs.(5.5) and (5.6) are then

and

(.5-9)

(5.10)

The two equations can also be expressed in the matrix form;

an

,x

-8-



If we premultiply both sides of &i.(5.10) by B , and using

the relation (5.9). ve obtain n

where

(5.12)

In a Bimllar vay one can show that

u
 IN

namely

The coonutatlon bracket of the two operators B and B ,
ft n

a.,,si,] = (5.13)

shows that the generalized Bessel differential operators are not connutatlve

except when a (a) • 2n + a - 2 • 0.n

Consider the case when n » 1. Then (with «n(a) • n, • a)

Eqs.(5.7) and ($.0) reduce to

and

3.

a
From (5.11") and (5.15) we obtain the following relations:

(5.15)

(5.16)
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and

(5.17)

from which the inverse operator D can be obtained, nanely

£ =
where

.: -2
(5.18)

6. APPLICATION OF THE GENERALIZED BESSEL DIFFERENTIAL OPERATORS TO
FIRST-ORDER LINEAR DIFFERENTIAL EQUATIONS

Consider the following firBt-order equation:

+ [(n + A -

where f(e) i s a given function, or equlvalently

(6.1)

(6.2)

where o (a) • 2n + a - 2 + 0, and g(z) • f(z)/an(a) . The solution of

Eq,(6.2) is easily obtained to lie

5.3)

Alternatively, by expressing Eq.(6.2) in terno of the generalized Bessel

operator B we obtain
n

- <!<*•>
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Bo that

where -— [g(z)1 is given by the right-hand side of (6.3). The operators

B and n B may also be used to solve Eq,(6.£>). This 1B done by
a l a l .

expressing the left-hand side of (6.2) in terms of B and B as
follows:

(6.5)

Then the solution of (6.2) 1 B given by

(6.6)

vhere the right-hand side of (6.6) is given by the expression on the right-

hand Bide of (6.3).

By using a similar procedure one can also show the solution of

(6.7)

to be given by the expression

, 7 Z T f

C 2n
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7. APPLICATIOH OF THE GEHEBALIZED BHSSEL DIFFEBEHTIAL OPERATOFS TO
SECOHD-OHDEB LINEAB DIFFERENTIAL EQUATIONS

Consider the following Becond-order differential equation:

(7.1)

Eq(7.l) can also be written In the form

- n) a + ^ (T.2>

and by expressing the left-hand side in terms of Bessel's differential
operators B , B we obtain

an °n

(7.3)

The solution of (7.1) Is then shown to be

= JV
where

J *

and C^, CQ are arbitrary constants.

fl. CONCLUDING REMARKS

In view of the close relations which Bessel polynomials bear to the
Bessel function of half-integral order and also to classical orthogonal
polynomials [ 2 ] , the properties we have developed here for BesBel polynomials
can also be extended to include the case of differential operators associated
with Bessel functions of half-integral order, and thereby generallEing
these resultB of Chen and Barrett [ l ] . Comparison can also be made with
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similar results in the case of classical orthogonal polynomials of

Jacotii, Laguerre and Hermite which ve have obtained elsewhere [It]. The

results are also easily extendable to include the BO-called reverse Beasel

polynomials.
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