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ABSTRACT

The electromagnetic ballooning mode, the curvature driven trapped electron

•ode and Che toroldally Induced Ion temperature gradient node have been

studied. Eigenvalue equations have been derived and solved both numeri-

cally and analytically. For electromagnetic ballooning nodes the effects

of convectlve damping, finite Larmor radius, higher order curvature terns,

snd temperature gradients have been Investigated* A fully toroidal flul»

ion model ha* been developed. It Is shown that * necesssr? and sufficient

condition for an instability below the N1ID limit Is the presence of in Ion

temperature gradient- Analytical dispersion relations giving results in

good agreement with numerical solutions are also presented. The curvature

driven trapped electron mode» are found to he unstable for virtually all

parameter* with growth rates of the order of the dlamagnettc drift fre*

quency. Studie* have been made, using both a gyroklnetlc ion description

and the fully toroidal ton model. Both analytical and numerical results

arc presented and are found to be In goud agreement» The toroldally In-

duced Ion temperature gradient node* are found to have a behaviour similar

to that of the curvature driven trapped electron modes and can In ..if elec-

trostatic limit be described by a simple quadratic dispersion equation.

Descriptors: curvature driven lnstnotlItles, bnlloonlng modes, convectlve

damping, curvature effects, finite Lamor radius, trapped electrons, ion

t»«!»r»ti>r» gradient, drift wave».
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ABSTRACT

The electromagnetic ballooning mode, the curvature driven trapped electron

mode and the toroidally induced ion temperature gradient mode have been

studied. Eigenvalue equations have been derived and solved both numeri-

cally and analytically. For electromagnetic ballooning modes the effects

of convective damping, finite Larmor radius, higher order curvature terms,

and temperature gradients have been investigated. A fully toroidal fluid

ion model has been developed. It is shown that a necessary and sufficient

condition for an instability below the MHD limit is the presence of an ion

temperature gradient. Analytical dispersion relations giving results in

good agreement with numerical solutions are also presented. The curvature

driven trapped electron modes are found to be unstable for virtually all

parameters with growth rates of the order of the diaraagnetic drift fre-

quency. Studies have been made, using both a gyrokinetic ion description

and the fully toroidal ion model. Both analytical and numerical results

are presented and are found to be in good agreement. The toroidally in-

duced ion temperature gradient modes are found to have a behaviour similar

to that of the curvature driven trapped electron modes and can in the elec-

trostatic limit be described by a simple quadratic dispersion equation.
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PAPERS

This doctoral thesis consists of an introduction and the following papers:

I Electromagnetic Theory of the Curvature Driven Trapped-electron

Instabil i t ies . P. Andersson and J. Weiland, Phys. Rev. A TL, 1556

(1983).

II Studies of the Curvature Driven Trapped-electron Instability in a

Toroidal Geometry with Finite Beta. P. Andersson, report

CTH-IEFT/PP-1985-4.

III Effect of Convectlve Damping on the Growth Rate of Magnetohydro-

dynamic Ballooning Nodes. P. Andersson and J. Weiland, Phys. Fluids

25, 1744 (1986).

IV Dispersion Relation for Pressure Driven Toroidal Modes Including

Finite Larmor Radius Effects. P. Andersson and J. Weiland, Nucl.

Fusion 25_, 1761 (1985).

V Effects of Toroidal Couplings and Finite Beta on the Trapped-elec-

tron Drift Mode. P. Anaersson, report CTH-IEFT/PP-1986-03 (accepted

for publication in Nucl. Fusion).

VI Fluid Analysis of Electromagnetic Ballooning Modes In a Fully Toroi-

dal Description. P. Andersson and J. Weiland, report

CTH-IEFT/PP-1986-05 (submitted for publication to Nucl. Fusion).
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VII Fully Toroidal Ion Temperature Gradient Driven Drift Waves. A. Jar-

mén, P. Andersson and J. Weiland, report CTH-IEFT/PP-1986-14 (sub-

mitted for publication to Nucl. Fusion).

VIII A Fully Toroidal Fluid Analysis of Electrostatic Ballooning Modes

Including Trapped Electrons. P. Andersson, report

CTH-IEFT/PP-1986-17 (submitted for publication to Phys. Fluids).
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CURVATURE DRIVEN INSTABILITIES IN TOROIDAL PLASMAS

INTRODUCTION

In order to achieve controlled fusion in a »agnetleallv confined

plasma, the plasma must be kept at a high temperature for a substantial

period of time. Plasma instabilities that could cause a rapid loss of

particles and energy is then of major concern.

There are several types of instabilities that could be excited in a

fusion plasaa. For a toroidal device such as the tokamak an important

class of instabilities is the curvature driven one.

At the outside of the torus the gradients of the pressure and the

magnetic field are both found to be directed inwards to the* centre of the

torus, creating a situation where two flux tubes could be interchanged with

a net energy gain.

This instability is similar to that of a heaw fluids resting on top

of a light fluid, the Rayleigh-Taylor instability.

The destabilizing effect of an unfavourable curvature could be fur-

ther enhanced if the electrons' motion along the field lines is impeded by

magnetic induction or if they are trapped between magnetic mirrors. An ion

temperature gradient is also found to be further destabilizing.

The effect of the unfavourable curvature at the outside of the torus

in combination with these additional destabilizing effects are studied here

as the electromagnetic ballooning modes, the curvature driven trapped elec-

tron modes, and the ion temperature gradient modes.
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While Che electromagnetic ballooning modes are unstable only for a

rather limited parameter range, the curvature driven trapped electron modes

and the ion temperature gradient uodes are found to be unstable for vir-

tually all parameters.

On the other hand the two latter modes are probably less dangerous

in terms of transport.

The studies here deal only with the linear properties of the instab-

ilities mentioned above. Therefore, in order to understand the conse-

quences of a future tokamak reactor these studies must be complemented with

studies of nonlinear properties such as saturation levels and transport

mechanisas.

Ballooning Modes

Ballooning modes could be seen as Rayleigh-Taylor type modes that

are localized to regions of unfavourable curvature. It is then possible to

have a ballooning mode instability even if the average curvature is favour-

able, provided there is a region of unfavourable curvature. In a tokamak

the average curvature in most cases is favourable (if q > 1, q being the

safety factor), while the outer side of the torus has a locally unfavour-

able curvature making a ballooning mode instability possible.

In order to have this instability the pressure driven interchange

tern associated with the local unfavourable curvature must be larger than

the stabilizing effect caused by fie need to bend the frozen-in magnetic

field lines.

Ballooning modes could be divided into more global low modenumber

modes and high modenumber modes that are localized not only to a region of

unfavourable curvature but also to a thin flux tube. The high modenumber
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modes are found to have the largest growth rates and the papers presented

here are limited to that case. There are also resistive ballooning modes

that could be unstable when the ideal modes are stable. These modes do,

however, have substantially lower growth rates and are not studied here.

The basic properties of ballooning modes could be determined by the ideal

magnetohydrodynamical (MHD) equations but the modes are influenced by vari-

ous kinetic effects.

The possibility of ballooning mode instability in regions of locally

unfavourable curvature was reported as early as 1965 by Furth et al, [lj.

A very useful formalism for the study of high modenumber ballooning modes

in a low beta equilibrium was derived by Connors et al, [2], while a

numerical code for the study of low modenumber modes was presented by Grimm

et al, [3]. Since the applicability of these methods overlap in an inter-

mediate modenumber region the whole spectrum can be studied.

The idea of a second stability region for high (3 values due to the

modification of the equilibrium with increasing 0 was suggested by Coppi et

al, [4]. Analytical stability criteria in the small shear limit were

obtained by Lortz and Nuhrenberg, [5]. The possibility of finite Larmor

radius effects creating a stable passage from the first to the second stab-

ility region was reported by Tang et al, [(>]. Magnetic drift resonances

were found by Cheng, [7] to have a rather weak destabilizing effect. A

comprehensive fully kinetic numerical study by Tang et al [8] suggested

that the interpretation of the stability limits should be softened, the

soft beta limit.

The papers presented here deal with the effects of convective damp-

ing, finite Larmor radius, temperature gradients, and higher order curva-

ture terms.

A fluid description is used so no resonant effects are included,

trapped particle effects are also omitted and so are the effects of
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parallel ion motion assuming u> » k C (k being the parallel wave vector

and C being the ion acoustic speed).
s

Using the high modenumber, low p1, formalism [2] the ballooning mode

problem turns into a one-dimensional eigenvalue equation that could be

solved numerically or analytically. For the numerical solutions a standard

shooting method is used. The analytical solutions are based on an expan-

2 ftrtnR dP

s ion in s and a (s being the shear parameter and a • •*— -r- ) . The
B2 dr

solutions do, however, work well for values of s up to 0.5 and for a up to

1.5. A variational approach, with a trial function obtained by an expan-

sion to the order of a is then used. It should be noted also that for

small shear the background spacescale associated with magnetic shear is

much longer and can be separated from the spacescale associated with the

harmonic variation in the curvature. The analytical dispersion relations

obtained are found to be in good agreement with numerical results and of

simple nature.

Convective damping occurs since the waves only propagate outwards,

along the field lines from the region of unfavourable curvature where the

modes are localized. The lowest order finite Larmor radius effects can be

2
studied simply by substituting u>(ar-u>. ) for u> (w. being the ion diamag-

"i wi

netic drift frequency). This was done in Paper III. In order to study the

effects of higher order curvature terms a fully toroidal ion model was

developed, in Paper VI, completely avoiding the problem associated with an
expansion in OJ./W (u>, being the curvature drift frequency),

d d

Using this ion model it can be shown that the presence of an ion

temperature gradient is a necessary and sufficient condition for an instab-

ility below the MHD limit.

The studies here Include stabilizing effects of convective damping

and finite Larmor radius and a destabilizing effect from the ion
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temperature gradient. The net results of these effects are that the

growthrate in the centre of the unstable region is reduced compared to the

MHD case, while the width of the unstable region can be increased. This

can be seen as a smearing out of the unstable region, which supports the

idea of a soft beta limit.

Trapped Electron Modes

The trapping of charged particles between magnetic mirrors formed in

regions of a stronger magnetic field is an important source of instability.

In a tokamak the magnetic mirrors are found at the inside of the torus and

although the mirrors are far from perfect we have for a typical present

generation tokamak that approximately 50% of the particles are trapped.

For modes with eigenfrequencies in the range u, . « a) « u, (ML

being the bounce frequency between the magnetic mirrors for ions and elec-

trons respectively) the effects of trapped electrons ..-"e essential while

the trapping of ions can be disregarded.

The main feature of trapped electrons is that they, contrary to the

free electrons, are unable to cancel charge separations by moving along a

field line.

Due to this effect we can have a Rayleigh-Taylor type instability

even with a finite k . A second type of trapped electron instability may

occur in combination with the effects of a finite Larraor radius and paral-

lel ion motion. A third trapped electron Instability, not included in the

(collisionless) papers presented here, is due to the enhancement of the

effective collision frequency, since even a small scatterintg angle can

bring an electron into or out of the loss cone.
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Trapped electron modes have been the subject of much work over the

last two decades. The early works are summarized in a review article by

Kadomtsev and Pogutse, [9j. A combination of all three destabilizing mech-

anisms mentioned above was studied by Yoshikawa and Okabayashi, [lOJ. The

curvature driven trapped electron modes with the possibility of a purely

growing mode were analyzed by Coppi and Rewoldt, [ll].

A comprehensive electrostatic analysis was carried out by Coppi and

Pegoraro, [l2], including the effects of magnetic shear, the temperature

gradients and collisions. Electromagnetic effects were studied by Mikhai-

lovskii, [l3], and found to be weak for moderate values of the electromag-

netic correction. A very comprehensive fully kinetic numerical study by

Rewoldt et al, [l4j confirmed the basic properties of the modes.

In the papers presented here a fluid model has been used for the

electrons, thus omitting all kinetic effects. The electron oopulation is

divided into one free and one trapped part, where the trapped electrons do

not contribute to the parallel current, (V»(n v ) • 0).

Fc- the ions a gyrokinetic description has been used, except in

Paper VIII. All resonant effects have been omitted and the only kinetic

effect included is the finite Larmor radius.

In order to obtain a density response from the gyrokinetic equation

it is necessary to make an expansion in UJ./W, which could be critical for a
d

small aspect ratio or a weak density gradient.

This problem is avoided in Paper VIII by using the fully toroidal

fluid ion model presented in Paper VI. The use of a fluid ion model does,

of course, mean that only the first order finite Larmor radius effect can

be treated.
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The gyrokinetic model is then correct for large Larmor radius para-

meters and small values of the inverse aspect ratio parameter while the

fluid model should be used in the opposite case. The omission of resonant

effects can be justified by observing that the modes are unstable for vir-

tually all parameters, with an imaginary part of the eigenfrequency pre-

venting u from being equal to u. or knv (v being the thermal vel-
d n tn tn

ocity).

The low frequency approximation V»J * 0 has been "sed and parallel

ion motion has been omitted, except in Paper VIII, assuming k C « ca (C
n S S

being the ion acoustic speed).

In order to analyze the curvature driven trapped electron modes

several methods have been used. The most simple is to let 7 -» ik , to

omit magnetic shear, and to assume a constant curvature. If the value or

the curvature at the outside of the torus is used, this very crude model

turns out to be surprisingly good. For a nonconstant curvature, a Fourier

expansion in trie parallel coordinate, calculating the couplings to the

sidebands, works well for the shearless case in Paper I, but becomes im-

practical when magnetic shear is included, due to the number of sideband

couplings involved.

By using a high n low (3 ballooning formalism, [2], a one-dimensional

eigenvalue equation is obtained. The eigenvalue equation can then be

solved numerically. This is done for electromagnetic modes in Paper II and

V, and for electrostatic ballooning modes in Paper VIII using a standard

shooting code.

Another way to solve the eigenvalue equations is to use a trial

function and a quadratic form in order to derive an analytical dispersion

relation. This method haa been used in Papers V and VIII and the results

obtained are in good agreement with the numerical solutions. The disper-



- 11 -

si on relations obtained are, however, rather complicated. All the studies

presented here show that there are curvature driven trapped electron modes

with growth rates of the order of the diamagnetic drift frequency and with

real frequencies that could be either positive, negative or zero depending

on the choice of parameters. The modes are also found to be rather insen-

sitive to magnetic shear and finite p, except when closi to ballooning mode

instability.

Ion Temperature Gradient Modes

The presence of an ion temperature gradient is found to have a de-

stabilizing effect on toroidal plasmas. For an auxiliary heated tokamak

the temperature profiles are typically much steeper than the density pro-

file thus increasing the importance of temperature gradient driven modes.

Å type of ion temperature gradient instability that could also exist

in a slab geometry is associated with parallel ion motion and driven by the

pressure term in the parallel equation of motion. Another type, the toroid-

ally induced ion temperature gradient mode, is of a Rayleigh-Taylor type

localized to regions of unfavourable curvature and with, for parameters of

a typical present generation tokamak, larger growth rate.

Ion temperature gradient modes were first studied in the slab case

by Rudakov and Sagdeev, [15]. The toroidally induced mode was first re-

ported by Horton et al, [l6J. An important feature of both types of modes,

attracting much interest is to determine the threshold value of the ion

temperature gradient for an instability. In a paper by Guzdar et al, [ 17J,
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dlnT1
the slab threshold was givet» as T) » 1 (r| ™ T? ) while the toroidally

induced mode was reported to have a slightly higher threshold value, al-

though the latter mode was found tc have a substantially higher growth rate

for ti » 1.

In [l6], however, the toroidally induced modes were found to be

unstable even for r| =• 0. A problem in establishing the correct threshold

value for the roroidally induced modes is that the commonly used expansion

in u./u could easily be critical*

In paper VII, however, this problem is avoided by using the fully

toroidal fluid ion model from Paper VI. An eigenvalue equation i3 derived

in the fluid limit, including the lowest order finite Larmor radius ef-

fects, but omitting the effects of parallel ion motion assuming u » k C
II 3

(C being the ion acoustic speed).

The eigenvalue equation is solved numerically for the electromag-

netic case while in the electrostatic limit a simple quadratic dispersion

relation is obtained. Although Paper VIII primarily deals with the curva-

ture driven trapped electron modes, both types of ion temperature gradient

modes mentioned above were studied, by simply turning off the effects of

trapped electrons, supporting the TJ thresholds given in [l7]. The studies

in Papers V and VIII also indicate that the toroidally induced ion tempera-

ture gradient modes and the curvature driven trapped electron modes have

similar behaviour, and that the two modes can be seen as one, driven for a

typical present generation tokamak, in approximately equal degree by the

ion temperature gradient and the effects of trapped electrons.
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SflHMARY OF PAPERS

Paper I: Electromagnetic Theory of Curvature Driven Trapped Electron

Instabilities

The curvature driven trapped electron modes are studied using

fluid electrons and a gyrokinetic ion description. In the case

of constant curvature a simple quadratic equation is obtained

while in the inhomogeneous curvature but shearless case the

corresponding eigenvalue relation is solved analytically using

a Fourier expansion cf the parallel coordinate. The modes are

found uo be unstable with growth rates of the order of the dia-

magnetic drift frequency, and real frequencies that could be

either positive or negative. The toroidal couolings induced by

an inhomogeneous curvature are found to decrease the effective

V

Paper II: Studies of the Curvuature Driven Trapped Electron Instability

in a Toroidal Geometry with Finite Beta

The curvature driven trapped electron modes studied in Paper I

are now studied in a toroidal geometry including magnetic shear

and using a high modenumber low p ballooning formalism.

Temperature gradients are included together with all curvature

2
terms up to (oo./u) (to. being the curvature drift frequency),

d d

The obtained eigenvalue relation is solved numerically showing

instability for almost all combinations of FIR, p* and shear.
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The effect of shear is found to be very weak and the instab-

ility is also found to persist for high values of 3.

Paper III: Effect of Convective Damping on the Growth Rate of Magneto-

hydrodynaaic Ballooning Modes

A new term iu corresponding to the effect of convective damping

has been included in the dispersion relation for MHD ballooning

modes. The analytical stability criteria have also been im-

proved using a variational approach with an eigen function

obtained by expansion in magnetic shear and a (a « ^— T~)•
B

The new simple dispersion relation is found to be in excellent

agreement with numerical results for small values of shear

regarding both stability limits and growth rates.

Paper IV: Dispersion Relation for Pressure Driven Toroidal Modes Includ-

ing Finite Larmor Radios Effects

The stabilizing effect of convective damping studied in Paper

III is combined here with a second stabilizing term due to

finite Larmor radius effects* An analytical dispersion rela-

tion in good agreement with numerical results is presented and

an expansion for the maximum overall stable shear (for all P

values) in terms of the FLR parameter and the inverse aspect

ratio is obtained. The change in the first stability limit is

also given.
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Paper V: Effects of Toroidal Couplings and Finite Bet» on the Trapped

Electron Drift Mode

The eigenvalue relation obtained in Paper II is now studied

analytically in the limit of small Larmor radius parameters,

where the hypergeometrical functions can be expanded. It is

shown that for the limit P + 0 as well as for the limit 0 •*• •

and k •*• «, the eigenvalue equation can be solved, with ident-

ical results, by simply taking the local values (for the curva-

ture and the Laplacian) of the outside of the torus. For the

2
region s « a < 1 (s being the magnetic shear parameter) an

analytical dispersion relation is obtained, using a trial func-

tion and a quadratic form, and found to be in good agreement

with numerical solutions of the corresponding eigenvalue rela-

tion.

Paper VI: Plaid Analysis of Electromagnetic Ballooning Modes In a Fully

Toroidal Description

By using a fully toroidal fluid model for the ions, the expan-

sion in w./cd (to being the curvature drift frequency) that

d a

could easily become critical for a realistic aspect ratio toka-

mak, is avoided. Applying this ion model to the ballooning

modes shows that a necessary and sufficient condition for an

instability below the MHD limit is the presence of an ion
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temperature gradient. For a low 8 equilibrium an analytical

dispersion relation is obtained in good agreement with numeri-

cal solutions of the eigenvalue relation* This is a generali-

sation, in order to include curvature effects to all orders, of

the results in Paper IV.

Paper VII: Fully Toroidal Ion Temperature Gradient Driven Drift Waves

The fully toroidal fluid ion model presented in Paper VI is

used here to study the toroidally induced ion temperature grad-

ient modes. The obtained eigenvalue relation is in the elec-

trostatic limit and, as in Paper IV for large p and k , equiv-

alent to a simple quadratic dispersion equation. A moderate 0

value is found to be weakly stabilizing for larger values of

the Finite Larmor radius parameter and weakly destabilizing for

smaller values. An analytical expression for the critical

values (due to the quadratic dispersion equation there is one

lower and one upper) of the ion temperature gradient for the

onset of an instability in the electrostatic limit is also

derived.

Paper VIII: A Fully Toroidal Fluid Analysis of Electrostatic Ballooning

Modes Including Trapped Electrons

The electrostatic ballooning modes are analysed using the fully

toroidal ion model from Papers VI and VII, including parallel

ion motion to the lowest order. An eigenvalue relation Is
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obtained and numerical solutions show that the modes are un-

stable for virtually all parameters, driven in about equal

degree by trapped electron effects and the ion temperature

gradient. The effect of parallel ion motion is found to be

weakly stabilizing. An analytical dispersion relation is de-

rived using a simple trial function and a quadratic form, and

found to give results in excellent agreement with numerical

solutions of the full eigenvalue relation.
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