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1.INTRODUCTION

Ir> recent years many efforts have been devoted to the

study of quantum evolution equations of non-Hamiltonian

type<1). The main motivation for this type of investigations

came from the desire of laying the foundations of a rigorous

treatment of open quantum mechanical systems. These studies

have allowed an interesting development of non-equilibrium

statistical mechanics as a rigorous mathematical discipline.

Undoubtedly, the new approach owes a great deal to the success

that it has met in the field of quantum optica. Also the

renewed interest into measurement theory has led to many

interesting trials of attaching this problem in a more general

and flexible manner than the one introduced by Von Neumann in

the early times of quantum theory.

The fundamental change of attitude, with respect to the

standard quantum description of time evolution, derives from

the much heavier and systematic emphasis on mixed states and

from the acceptance of an irreversible evolution. The giving

up of the Hamiltonian formalism is usually accepted as

necessary, since one wants to describe systems which interact

with the external world by avoiding to include into the

mathematical description also the objects which are external

with respect to the physical system under consideration. The

dynamical equations account then in a phenonenological way for

these extremely complicated disturbances affecting the system.

Many explicit examples have been given of how one can derive

the non-Hamiltonian dynamics from more general equations of

the Hamiltonian type describing the system plus some other

systems interacting with it.

Among the non-Hamiltonian evolution equations which have

been considered, there is a class of particularly simple

equations, which has been studied in great detail and has

proved to be useful in the description of various physical

processes. This patticul&r type of equations ia usually

referred to as Quantum Dynamical Semigroup (QDS) equations.

Let us give a precise definition of a QDS:

We consider the Banach space TB(H) of self-adjoint trace

class operators (equipped with the trace norm, denoted as

usual by H "tr^ on ^ e Hilbert space H of the considered

physical system. A QDS is a one parameter family of linear

operators I

satisfying:

TS(H) defined for all t>0 and

i.- If P>0 then EtP>0 for all t>0,

ii.- tr[Tt0}=tr[p] for all peTa(H) and t>0,

Hi.- E3Etp = Ca + tp for all peT3(H) and all t.s >0,

iv.- limt ^onEtp-pntr=0 for all peTs(H),

We note that, when p is the statistical operator

describing the state of a quantum system, the first two

conditions correspond to the requirements which are necessary

for the probability conservation and the third one expresses

the Markoffian nature of the process as well as the

independence of the evolution law from the time origin.

In terms of the map Ej_ one can define the infinitesimal
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generator Z of the QDS by the equation:

p - (1.1)

Obviously, the simplest case of a QDS is represented by the

standard Hamiltonian evolution equation:

ctte) =
iHt iHt

P e , where H is self-adjoint, in such

Z[p] = - 1-2)

As we have already stated, QDS equations have been studied

in great detail!z) and many general results have been

obtained. J. Lindblad <3> has been able to identify the most

general form for the infinitesimal generator of a QDS when two

more conditions are added to those previously considered,

i.e.

v) that Z be bounded,

vi) t/iat the map E j be completely positive in the sense of

Stinespringl *), a requirement having strong physical

motivations. In such a case, the evolution equation for the

statistical operator P can be written as:

dt 2 " 2'

where

T[p] =

-h-

(1.3)

(1.4)

Here { is a finite or countable set, H is a bounded

self-adjoint operator, and A^ are operators satisfying

Ekcjf AJtAk*1 f o r a l i finite subsets A"o of K. The series in

eq.(l,4) converges in the trace norm topology. Davies'l' has

proved that eq.(1.3) generates a QDS even when H is not

bounded. We will be mainly concerned in this paper with a

particular form of eq.(1.3) i.e. with the one that it takes

when J is assumed to be the identity operator:

- e} (1.5)

The map T[-] appearing in eqs.(1.31 and (1.4) is a

particular case (due to the complete positivity requirement)

of what is usually called an operation. An operation T[•] is,

in general, a map T : T[H)-*T(H) of the set of trace class

operators into itself which is linear, positive, and bounded

with respect to the trace norm, with bound less or equal to

one.

Non-Hamiltonian equations of type (1.3) have been proved

useful for the description of many interesting physical

processes. We recall here in particular the successful use of

such equations in the description of the Wigner-Weisskopf atom

and of the beam foil spectroscopy (see, e.g., Ref.l, Chapt.6

and references therein). The quantum description of decay

processes, and in particular the exponential nature of the

decay law, have obtained an important clarification by the use

of such an equation as describing the evolution of an unstable

quantum system in the presence of apparatuses devised to



detect the decay<s>. Equations of the above type have also

been proposed as a basis for the dynamical description of the

reduction of the wave packet, by postulating that they account

Phenomenologically for the extremely complicated

system-apparatus interactions'*'. A very interesting

investigation'7), aimed to find a solution to the problems

raised by the quantum theory of measurement, has led Joos and

Zen to derive an equation of the above type starting from the

Hamiltonian dynamics describing the unavoidable coupling of

macroscopic systems to their environment.

As already mentioned, in all above cases the assumption of

a non-Hamiltonian (and therefore irreversible) dynamics is

justified by the fact that one is limiting his considerations

to a subsystem of a larger (Hamiltonian) system. Very

recently, however, there have been suggestions about the

necessity and/or the usefulness of investigating the

consequences of assuming an intrinsic non-Hamiltomian dynamics

also for (ideally) isolated systems.

On one side it has been pointed out by Hawking 'e> that

the attempt to build up a quantum theory of gravity implies a

modification of the standard Schrodinger evolution for any

quantum system in such a way to allow the dynamical transition

from pure states to statistical mixtures (this obviously

implies to abandon a purely Hamiltonian evolution). Further

developments of this idea have naturally led various authors

to consider precisely equations of the QDS type'9)1

On the other hand, all the attempts of getting rid of the

conceptual difficulties of quantum mechanics by invoking the
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necessity of limiting the description to a subsystem of the

actual physical system one is dealing with, have been shown to

be not completely satisfactory from the point of view of

principle'loill> .

It appears therefore as a possibility worth of

investigation to study the consequences of assuming a

modification of the dynamical behaviour of any system (even if

isolated), by adding corrective non-Hamiltonian terms to the

standard (Hamiltonian) evolution equation.

This line of thought has led three of us to propose a

model which we have referred to as Quantum Mechanics with

Spontaneous Localization (QMSL), whose consequences have been

studied in a series of papers'12'* QMSL is based on the

assumption of an equation of type (1.5) as governing the

evolution of any quantum system. Within the model, T[-] has

been chosen as describing approximate localization processes

occurring for all constituents of any system. QMSL has been

shown to exhibit some interesting features which allow a new

approach to the solution of various conceptual difficulties of

quantum theory'*3)-

In the present paper, we investigate the implications of

making different choices for the operation T[-]. In particular

we will consider operations corresponding to approximate

momentum measurements and to simultaneous position and

momentum measurements. The conclusion of the analysis is that

the conceptual advantages brought by the use of localization

processes are not preserved by the change and/or enlargement

of the considered T l ] , so that, in a sense, the original



choice made for it in QMSL seems to be, if not the only

possible one, certainly the simplest and most appropriate.

This supports the idea that the original formulation of QMSL

can be taken as the basic scheme for the generalizations which

are necessary to transform it from an interesting model into a

complete and consistent scheme for the description of natural

phenomena.

2.QUANTUM MECHANICS WITH SPONTANEOUS LOCALIZATION

With reference to eq.(1.5) we remark that it allows a very

natural and simple interpretation. In fact it can be

considered as describing a quantum system which undergoes the

standard quantum evolution induced by the Hamiltonian H, and

which is subjected, at random times according to a Poisson

distribution with mean frequency >, to a process inducing the

transformation P -» T[pl of the statistical operator. This

process can also be described as affecting directly the wave

function (see below) a feature that allows to consider the

wave function itself as an objective property of any

system'10)• This is the basic motivation for considering the

particular form (1.5) instead of the general one (1.3) which

does not allow such a simple and physically neanin^ful

interpretation.

Let us consider eq.(1.5) as referring to a single particle

and let us assume that, in the case of a composite system, all

elementary constituents of the system be independently

subjected to the same process, which will be denoted by Tit'],

the index i referring to the i-th constituent. Thus T^t-J,

when written e.g. in the form (1.4) (or in equivalent forms

which can be used for it) has exactly the same structure for

all values of i, the only difference arising from the fact

that the operators Ajj carry a further index i specifying that

they act in the Hilbert spaces of the various constituents

according to the value taken by the index.

From this basic assumption, which puts all constituents on

the same footing from the point of view of the non-Hamiltonian

-9-
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processes they are subjected to, there follows immediately

that an N-particle system obeys the equation:

af- = - l H' e I (2.1)

We can now formulate in a precise way the idea which is at

the basis of QMSL. To simplify the treatment we deal with

particles in one dimension (all results can easily he

generalized to cover the three dimensional case). QHSL assumes

for the operation T^[p] the following expression:

[p] =y-s dx P e , (2.2)

q^ being the position operator of the i-th particle.

It is easy to prove that Tj(-] is a completely positive

map and, as discussed by various authors I14) and as it is

apparent from its expression, it can be considered as

describing an approximate position measurement of the

particles. We will keep using the word measurement for the

processes that induce the collapse, even though no human is

necessarily present to observe the result and they are assumed

to be natura.1 and spontaneous physical processes.

An important remark has to be done immediately. Due to the

non-unique correspondence between non-pure case density

operators and the actual composition of the statistical

ensemble that they describe, one has to be more precise about

the physical meaning of the processes (2.2). We assume each

-10-

constituent particle of any physical system to be subjected,

besides the Hamiltonian evolution, at randomly distributed

times, to a localization process consisting in the collapse of

the many particle wave function |*> into the wave function

[¥x> given by:

-f (2.3)
,_x> = (a/t.} " e * * |*>,

the probability density for the occurrence of l*x> being

II |«x> II
2.

QMSL has been proved to exhibit some extremely interesting

features. In particular it has been shown (") that one can

choose the parameters > and oc in (2.1) and (2.2) in auch a way

that:

a) Standard quantum mechanics remains fully valid for

microscopic systems.

b) When applied to the description of the dynamical behaviour

of macroscopic objects, QMSL allows a completely

consistent deduction of the classical behaviour of these

objects.

c) The theory of quantum measurement finds a conceptually

satisfactory solution within the model.

d) The model allows to attribute to any system, having

initially a definite wave function, a definite wave

function at all times. This leaves open the possibility of

intepreting the wave function itself as a real property of

any individual physical system, yielding the basis for an

objective description of aunntum f>yf;t̂ mr;.



It is useful to remark that many of the appealing features

of QMSL follow from a nice formal property <12' of the

operation Tq[ • ] .

If we consider eq.{2.2) for a system of N particles,

introducing the centre-of-m&ss and relative notion position

opeiators Q and rj (j=2,3,...,NI, and taking the partial trace

(denoted by tr'r') on the internal degrees of freedom rj , we

see that T^lp] has the following formal property:

tr(r){Tq [p]} = TQ[tr
(r)p3,

where TQI •] is the operation

(2.4)

-f
(2.5)

We can now go back to eq.(2.1) and take the partial trace

over the variables f^ of it, getting, in the case in which H

splits into the sum of the centre-of-mass and relative

Hamiltonians H Q and Hr, respectively:

dt
1 (2-6)

In eq (2.6) we have defined:

-12-

PQ - tr
(r'p, (2.7)

which is the statistical operator describing the reduced

dynamics of the centre of mass.

Equation (2.6), governing the dynamics of the centre of

mass of any composite system, has exactly the same form as the

original equation (2.1) in the case of a single particle, the

only difference being that the parameter > expressing the

frequency of the random spontaneous localizations has been

amplified by a factor corresponding to the number of

constituents of the composite system.

If one considers the non-Hamiltonian term appearing in the

evolution equation (2.6), one can observe that its matrix

elements in the position representation are:

TQ[PQ] " IQ

^ Q >. (2.8)

For Q = 8', the non-Hamiltonian term is zero. On the other

hand; for iQ- Q'l> l//« , the term (2.8) becomes -NX<QIPQ|Q'>,

which induces an exponential damping of the far off-diagonal

elements in the position representation with characteristic

time (N^)"1, Of course, such a suppression of the off-diagonal

elements produces indirectly also a change of the diagonal

elements through the Hftmi1tonian evolution.

We stress that the damping of the far off-diagonal

elements of the statistical operator in the position

representation does not guarantee, by itself, the destruction
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of long distance coherence. In fact, since we are confining

our considerations only to the reduced statistical operator

PQ, the loss of coherence could be due just to the neglecting

of the internal degrees of freedom. In the case of QMSL one

can prove (li> that the damping of the off-diagonal elements

corresponds actually to a destruction of long distance

coherence for a macroscopic object.

In general^ the destruction of long distance coherence has

to be checked explicitly to guarantee the effectiveness of the

non-Hamiltoniun terms in allowing a satisfactory description

of macroscopic objects. However, even though not sufficient,

the damping of the off-diagonal elements is certainly

necessary in order that the loss of coherence occur. Horeover,

to meet the requirement that the quantum description of

microscopic systems remain unaltered, while important changes

occur for the macroscopic ones, some amplification mechanism

in passing from small to extremely large values of N must

occur.

For the subsequent analysis it is useful to identify some

specific features of QMSL.

Til. Equation (2.4} shows that, at least formally, if one

limits his considerations to the dynamics of the centre of

mass, any localization for a constituent amounts to a similar

localization of the centre of mass itself. Horeover, the

localization of the centre-of-mass can be described in terms

of wave functions (compare eq.(2.3)) when it is derived from

the localization of single constituents, Just as it can be

done when we consider a single particle. This is a

- l i t -
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conceptually important point for the interpretation of the

formalism,

TI2. For an almost rigid system, having a well localized

(with respect to l/J<*-> internal structure, one can prove that

a much more stringent relation than (2.4) holds to a high

degree of accuracy^li) , i.e. :

Tq [Pi • TQ[p] (2.9)

This has the important consequence that, if one considers the

initial statistical operator to be factorized in the centre of

mass and relative variables, P = PQ ;. pr, then 9Q obeys

eq.(2.6) and p r obeys the standard Schrodinger equation. There

follows that the internal motion of an almost rigid body

remains unaffected by the spontaneous localization processes.

A comment on points HI and TI2 is appropriate. The now

outlined features show why it is possible to choose the

parameters in such a way that microscopic systems obey

essentially the standard Schrodinger dynamics, while

macroscopic bodies are strongly influenced by the localization

processes. Suppose one chooses X=10~ls sec."1 and I/-'* =10"5

cm. Then a microscopic system undergoes a spontaneous

localization every 10?-109 years. Moreover its internal

dynamics remains essentially unaffected when the internal wave

function is well localized with respect to l/̂ o:, as it is

usually the case. On the other hand, the cumulative property

of frequencies leads, for the position of the centre of mass

of a macroscopic body having, say, 1 0 " constituent particles,

to a localization frequency N> = 107 sec."1 This means that,

whenever a macroscopic body evolves into a state which is a



linear superposition of two or more states corresponding to

its centre of mass being localized in positions which differ

more than l//<x, in an extremely short time (10~ 7 sec.) it is

spontaneously reduced to one of the states appearing in the

superposition.

H3. The mechanism introduced within QMSL, beside

decoupling differently located states, induces indirectly also

a decoupling of different momentum states.

In fact, suppose we have a state |V>=|*1> + l*2>, where

the states [*,> and |*2> describe a particle which, at a given

time t, is located in the same spatial region for the two

cases, with spreads smaller than 1/J<x. Suppose moreover that

the mean momenta in the two states have different values.

Then, a localization process at time t does not decouple the

two states. But, by Hamiltonian evolution, at later times the

two states describe particles which are located in different

spatial regions. As soon as the separation of these regions

becomes larger than \/J« and a localization takes place, the

two states are decoupled. So, the localization processes of

QMSL induce indirectly also the elimination of linear

superposition of states with different values of the momentum.

The decoupling is obviously totally negligible for microscopic

objects, while for macroscopic ones it becomes important, its

rate being governed essentially by the time after which the

difference in the momenta ha3 led to a spatial separation of

the two states of the order of 1/^a.

There is another property of QMSL which, even though it

should already be evident from the previous analysis, deserves

-lfi-

a specific discussion, since it will play a crucial role in

the study of the non-hamiltonian processes we will consider in

the following Sections.

114. The spontaneous localizations are not able to induce

significant transition rates from the ground state to other

states, both for atoms and for nuclei.

To show this we analyze in detail what happens to a single

atom or nucleus when one of its constituents is subjected to a

spontaneous process T[p] . In particular it is interesting to

evaluate the probability that the process induces a transition

from the ground state to an excited state or to the continuum.

Since we are working in one dimension, to get an estimate

of the order of magnitude of the probability of occurrence of

such an event, we can describe the atom or the nucleus as

being in the ground state of an appropriate one-dimensional

harmonic oscillator, i.e., by using the wave function:
2. X

H -y 1 • (2.10)

Choosing V in accordance with the linear dimensions of such

systems, i.e. :

y=10 B cm." 1 for an atom, and

y=lC 1 2cn." 1 for a nucleus,

the level spacing 2h 2y 2/m, turns out to be of the order of few

eV in the atomic case and of about 1 MeV in the nuclear case,

as it must be.

Suppose now we have a system in the state (2.10) and that

it suffers a localization at point x. After the process the

system is described by the state [*x> given by (2.3), with

|*G> taking the place of \V> . The probability P(x) that the
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system be again in the state I**Q> is

P(x) = l<*G|«x>|
2/n|*x>«a. (2.11)

We have also to take into account that the probability-

density (in x) that the process takes place at x is given by

"!*x>ll
s. Then the overall probability PND of the system being

again in the state |*G> after a single localization has taken

place can be written as:

PND = Tr {T q[|¥ GX* GH • ! * G X * G | } , (2.12)

which is easily evaluated to be

PND r l/[l + («/4>-2> ]**. (2.13)

From our choice of « and y we get then:

P N D =l-10~7 for an atom,

PND al-10~ l s for a nucleus.

If one takes into account that the mean frequency for the

occurrence of a spontaneous localization is sec."1 one

has a transition rate of 10" 2 3 sec"1, and 10~31 sec."1, for

the two cases. Therefore statement H4 is valid.

In the following sections we will investigate the

consequences, with particular reference to the passage from

few-body to many-body systems, of different possible choices

for the operation T|[•] by allowing it to depend, besides from

the position, also from the momentum variables of the

individual particles.

-18-

3. THE CASE OF APPROXIMATE MOMENTUM MEASUREMENTS

In this Section we investigate the consequences of

assuming that the operation T ^ M appearing in eq.(2.1)

correspond to an approximate momentum measurement, i.e.,

that

?.[P] = / l = jdy p e .(3.1)

In developing our argument we will compare the

consequences of the adoption of the spontaneous processes

(3.1) with those implied by (2.21 for what concerns the basic

points listed as H1-1T4 in the previous Section. To make the

comparison easy, we will denote the corresponding statements

by the symbols 1IM1-TIM4, respectively. In the next Section, in

which simultaneous position and momentum measurements will be

considered we will correspondingly make use of the symbols

TTPM1-1TPM4.

The centre of mass and relative coordinates of the N

particles can be expressed in terms of the coordinates q^ as

*k = E3=i Tkj 4j. <3'2>

In eq,(3.2) rx corresponds to the centre-of-mass position Q

and Tjtj is a N x N transformation matrix. One can then write

Q = r^iUi/KJqi, <3.3)

and

T U = mi/M, O.4)

H= E| mj being the total mass of the system. The momenta fi^,

canonically conjugated to the variables f^, are then related

to the momentum operators p^, canonically conjugated to qit by

the relations:



"k = c i ( T >ik pi = E i < ( T > >ki Pi • <3-5>

which imply

Pi = Ek Tkiftk. {3.6)

Since Ej^mj/M) = 1, the matrix T"1 has all elements of its

first column equal to 1 so that the variable conjugated to f j "

Q is P • ftiiE^p^, i.e. the total momentum, as it must be. In

terms of the new momentum variables the operation (3.1) reads:

"I ( TUP + Er=2TriV
(3.7)

We now evaluate the partial trace on the internal degrees

of freedom by using the complete set of the improper

eigenstates of the momenta f>^ (k = 2 N ) , getting:

-f ( T P+E* T IF -
( 3- 8 )

Putting

we get

(3.9)

(3.101

[tr ( r )p]• d y e

* -00

i.e.

trlr)T [P] = T *[tr
v

(r)Pi (3.11)

where we have denoted by Ip" [p] the operation (3.1) with the

total momentum P taking the place of the operator p i and the

parameter P^ = 0•(nij/Ml2 taking the place of the parameter 0.

rtMl. Equation 13.11) shows that, &t least formally, if one

limits his considerations to the dynamics of the centre of

mass, a spontaneous approximate momentum measurement on the

i-th constituent amounts to a similar process occurring for

the centre of mass itself. However the parameter 1/SP, being

replaced by 1/^0^, is increased by a factor H/m^, and

therefore the accuracy of the momentum identification is

decreased by the same factor. In the case of N constituents of

almost equal mass this factor equals N. As in the case of

Section 2, due to eq.O.ll), the processes on the centre of

mass can be described in terms of wave functions when they are

derived from those of the constituents, just as it can be done

when we consider a single particle.

An important remark has to be made at this point. If we

read the process (3.1) as affecting the velocity, rather than

the momentum of the constituents, the accuracy of the

determination of the velocity is l/(m/p) for the elementary-

process T^p affecting the i-th constituent. Assuming equal

T



masses for the constituents we have for the centre of mass the

process T[^/N) p [. ] > w h i c h c o r r e 3 p o l l d s t o ftn a c c u r a c y i n

velocity N/(M/0)«l/(mV0). Therefore the present situation

parallels exactly the one of Section 2: every elementary

process has the same effect on the centre-of-mass velocity

as the one it has for the velocity of a single constituent.

If H = H Q + H F and we take the partial trace on the internal

degrees of freedom of our basic equation (2.11, with TjJJ

given by eq.(3.1), we get:

To understand the implications of this equation we

consider first the case in which all N constituents have the

same mass ro. In such a case

P/N2 (3.131

so that eq. 13.12) becomes;

V V - (3. 14)

The statistical operator for the centre of mass obeys then

the same equation as the one for a single particle with,

however, an amplified frequency NX for the occurrence of the

approximate momentum measurements and with a much less sharp

momentum localization, since the parameter 1/JP is replaced by

. Since, as we will show in the following, the differences

-22-
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between the evolution of a statistical operator obeying an

equation of the type:

Jjf = - .£ [H,P] - MP-T^[p]> (3.IS)

and that of an operator obeying the pure Schrodinger equation

(X=0 in {3,15)1, are mainly determined by the product >0, they

become smaller and smaller with increasing N, In fact,we see

from eq.(3.14) that passing from 1 to N constituents we have

to replace *B with N*£/Na = X0/N. In other words, when Ti t - ]

corresponds to momentum measurements, the effect of the

non-Hamiltonian terms in the evolution equation tends to

become less and less relevant with increasing the number of

particles. For very large N one then goes back to the pure

Schrodinger evolution.

As an explicit illustration of what has been discussed

above, we can consider eq.13.15) in the case in which H is the

Hamiltonian of a free particle. In such a case eq.(3.15) is

easily solved in the momentum representation. The solution can

be expressed in terms of the solution Psch'*-' °^ t n e s a me

equation with X=0, satisfying the same initial conditions:

<p|P(t)|p'>= e-Ml-e ]t<plPSch(t)|p'> (3.16 I

Equation (3.16) shows that the diagonal elements of p(t)

remain the same as those for the pure Schrodinger evolution,

while the off-diagonal ones are damped with a characteristic

life-time:



Ml-e

P. , 2
"(P-P )

(3.17)

In the N-particle case, X=>NX and p$p/tf*, so that the new

characteristic life-time turns out to be

TN = F ~ - (3.18)

N>[l-e
 4 N ]

which becomes NT for large N.

Let us now discuss the analogous of property Tt2. We will

not enter here in the detailed study of the effect of process

(3.1) for the relative motion. Since the oscillation

frequencies around the equilibrium positions of the

constituents of an almost rigid body involve velocity spreads

of the same order of those associated to the motion of the

electrons in an atom, the subsequent analysis related to point

TfM4 will be sufficient to make clear that catastrophic changes

will be induced in the internal motion for any significant

choice for P. We then simply state

JIM2 . The internal motion of an almost rigid system is

dramatically influenced by the process (3.1).

For what concerns point H3 , we remark that, if we consider

a particle described by a state I*>=I*!>+\V2>, where the two

states, at a given time t, have different mean values for the

position, the same mean momentum and momentum spreads smaller

than \/JP, then a process like (3.1) is not able to decouple

|fi> and l'Jt2>,, no matter how far they are located in space.

Therefore:

TIM3. The process (3.1) is not able to induce, in general,

also a decoupling of states corresponding to different

positions.

However, the most crucial point, for processes of type

(3.1), arises from the analysis of property IT4. With reference

to the state (2.10), which can be considered as representing

the ground state of an atom or a nucleus according to the

value of y, we evaluate now the probability Pfjjj that it be

found again in the original state after it has suffered a

process (3.1). Such a probability is given by the analogous of

eq.(2.12), with the operation T p [ ] given by (3.1) taking the

place of Tq[ •] . One can easily perform the explicit

calculation, obtaining

P N D = 1/[1 + Pn2yr])*. (3. 19)

Let us start by trying to get an idea of the implications

of (3,19) for some choices of the parameter P. Suppose for

instance we require that the process is able to decouple

states which have a difference in velocity of 1 cm/sec. Since

the velocity spread after the process has taken place is, as

previously discussed, of the order of l/(m^£), we get:

p = It)49 for a nucleon,

0 = 10s* for an electron.

With these values for P we get from (3.19), using the

appropriate values of 7 for the two cases:

Pjjp = 10~9 for a nucleus,

PjjD = 10~5 for an atom.

This means that in practice almost all nuclei or atoms for

which one of the constituents suffers a spontaneous process

(3.1) are excited or dissociated. Even if one takes a very

-?••?-



small value for > (e.g. >=10~16 sec"1, as we did for the case

of spontaneous localizations), the number of dissociations

occurring for one mole of stable nuclei ia about 107 per

second, corresponding to about 1 millicurie.

The reasons for this behaviour are quite clear from a

physical point of view: in the ground state of an atom or a

nucleus there is an enormous velocity spread which is

necessary to keep the particles confined in a very small

region. If one identifies the velocity with an accuracy which

is much smaller than this spread, one unavoidably destroys the

bound state.

With reference to eq.(3.19), we can investigate which

value of P one should choose to avoid this destructive effect

of the elementary processes, e.g. on nuclei. Imposing PJJD =1

implies ^ 1 0 3 0 , which means 1/(nn'ff)=10* cm/sec. Therefore,

imposing that the process does not destroy all nuclear bound

states, one has to accept that the velocities which are

actually decoupled by the process are those which differ of

about 10~1c. Since the decoupling of states of different

velocities is the same for micro- and macro-systems, it is

evident that the consideration of the process (3.1) is

absolutely useless to induce any interesting decoupling effect

on macro-objects. We can then state:

1TM4. The spontaneous processes (3.1) have dramatic effects

on the bound states of Atoms and nuclei- To forbid this one

should make the process practically ineffective.

We have then shown that for process (3,1) the opposite

situation, with respect to the one occurring in the case of

spontaneous localizations, occurs, i.e. the process influences

more strongly microscopic systems than macroscopic ones. This

implies that it is hopeless to try to suppress macroscopic

coherence and to find a solution for the conceptual

difficulties of quantum mechanics by considering the form

(3.1) for the elementary non Hamlltonian processes appearing

in the dynamical equation.



4.APPROXIMATE SIMULTANEOUS POSITION AND MOMENTUM MEASUREMENTS

As we have seen in the previous Sections the assumption of

the occurrence of spontaneous momentum measurements as

non-H&miltonian corrections to the standard Schrodinger

evolution cannot be mantained since such processes tend to

modify drastically the dynamics of microscopic systems and, in

any case, become less and less effective with the increase of

the number N of constituents of a composite system. Moreover,

such processes do not lead, in general, to the destruction of

coherence between states corresponding to different positions

of macroscopic objects.

This means that, to have the desired disentaglement of

wave functions describing states which are spatially

separated, at least when the macroscopic level is attained

(which is the most appealing feature of QMSL ) , one has to keep

in the operation T[-] a mechanism corresponding to spontaneous

localizations.

If one wants to discuss possible generalizations of QMSL,

the next case which is worth investigating is the one in which

the elementary processes correspond to spontaneous approximate

simultaneous measurements of position and momentum. Operations

corresponding to such processes have already been considered

in the literaturel i4> .

We are then led to consider a stochastic process for the

wave function inducing the collapse of the state |*> into the

state |*xy>= |*xy>/ii|*Ky>(l, where

l*Ky>=
sinh (4.1]

the probability density for the occurrence of such a jump

being n|»xy>ii
J.

In the language of the statistical operator this amounts

to consider that the operation T^f-] appearing in eq. (2.1!

has the form:

sinh(
irfi

x.P,-n f + - , + -
1 1 I dx dy

(4.2)

Before coming to investigating the consequences of this

assumption for a many particle system, it is useful to discuss

the properties of process (4.2) from the point of view of the

changes that it induces on the state of the system suffering

it. Intuitively, process (4.1) should lead to a decomposition

of the ensemble into states with position and momentum with

almost definite values x and y and with spreads of the order

of 1/^a and 1/S&, respectively. This would allow the

interpretation of (4.2) as describing the occurrence of

spontaneous approximate position and momentum measurements,

and in fact this interpretation has been adopted by the

authors who have considered it'14'.

However, since nothing forbids, in principle, to consider

values of 1/Vot and 1/̂ ff which violate the indeterminacy

relations, the above statement deserves a more detailed

analysis. To this purpose, let us consider, in the case of a



single particle, a

representation

state |*a having the position

(4.3)

with a and b two positive real numbers. For such ft state we

have:

We note that this state is of minimal indeterminacy iff b=0.

Let us now consider a process (4.1) taking place on

l*a,b>, and suppose that x=y=0. We want to evaluate the

changes in Aq 2 and Ap2 induced by the process. We have then to

determine the spreads for the state

l*oo>=Tool*a b>/'"Tool*ft b > n (4.5)

where

Too= exp[-(«/2)q
2-(P/2)p2] (4.6)

To this purpose we can use the spectral representation for the

operator Too- With a rather tricky and tedious calculation one

can explicitly perform all integrations and summations of the

series which are involved. We give here the results. Let us

denote by Aq*A and a
P
2
A , respectively, the position and

momentum spreads for state (4.5). We have:

l\'I
ID I -2<ReD)

where

(4.7a)

(4.7b)

[4.8)
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Using eqs. (4.7), (4.81 and (4.41 we can express the spreads

Aq*A and Ap*A ^ n terms of the initial spreads Aq2 and Ap2 ,

getting

, (4.9a)

, (4.9b)

From eqs.(4.7) one obtains immediately:

Aq2
A Ap*A> -fi-2/4, (4.10)

independently of the values of a and P, as it should be.

Moreover, since state (4.3) is of minimum indeterminacy iff

b=0, in such a case InD=0, so that:

Aq2-Ap2=«2/4 implies Aq2
A•Ap

2
A=ft

2/4, (4,11)

i.e. the process transforms a state of minimum indeterminacy

in a state with the same property.

Let us discuss the implications of eq.(4.9) under the

following assumptions

U/'«l '[l/'P]>*/2. Aqz>l/"'<*. Ap2>l//P (4.12)

In this case one can obtain a rigorous majorization for Aq 2
A

and Ap J
A of the form:

Aq2
A< 3/2oc, Ap*A<3/2J3. (4.13)

The conclusion is that, when applied to a state with spreads

larger than I/A* and 1/SP, the process (4.5) yields a state

with spreads of the order of l//oc and 1/SP, respectively,

provided the final spreads do not violate the indeterminacy

relations. The process (4.5) corresponds, when (4.12) are

satisfied, to a decomposition of the ensemble into

-31-



subensembles with position and momentum defined with the

indicated accuracies and can actually be considered as

describing a spontaneous approximate simultaneous measurement

of position and momentum.

Obviously a collapse to a state with the above accuracies

cannot occur when l/<Jap) <fi/2, due to the indeterminacy

principle. Moreover, even if Aq>l//a but the original state is

of minimum indeterminacy, then AqA is smaller than Aq, but ApA

must be larger than Ap , to satisfy the fact that the state

remains of minimum indeterminacy.

The general behaviour of Aq^ and Ap^ for various possible

choices of «, P, Aq and Ap, can be deduced, completely in

general, from the exact expression (4.9).

We come back now to the problem of investigating the

consequences of assuming, for an N-body system, the evolution

equation (2.1) when Tj is given by eq.(4.2).To discuss the

centre-of-mass motion one has to take the partial trace on the

internal variables getting the equation

dp^
(4.14)

In the present case one cannot obtain a formal expression for

the quantity tr'r>ITqpj[P]) in terms of an operation on

PQ=tr(r'p, even assuming that the parameters X,oc,£ are the

same for all constituents. We can then state:

JTPM1 : In the present case one cannot interpret the elementary

processes as affecting the centre of mass in a definite and

similar way to the one in which they affect the single

COni;t L tuerstc .

-'>•?-

For what concerns property 112 we remark that the

impossibility of expressing the effect of » process involving

a single constituent in terms of an operation acting on the

reduced statistical operator describing the centre of mass

forbids in any case to consider separately the centre-of-mass

and the internal motions. Moreover, as in the case of Section

3, the momentum terms in the expression (4.2) induce

catastrophic changes in the internal motion for any

significant choice of P (see also the discussion preceding

point HPM4(. We then simply state:

ITPM2. The internal motion is dramatically influenced by

process (4.2) even in the case of an almost rigid system.

For what concerns point H3 , as already discussed in great

detail at the beginning of this Section:

TIPM3 . The process (4.2) induces, in general, a decoupling of

states corresponding to different positions and/or momenta.

Once more, however, the most crucial point for processes

of type (4.2) arises from the analysis of property H4. We

shall not repeat here the arguments we have presented in

Section 3 and we simply quote the results. The evaluation of

the probability that a process (4.2), occurring on the ground

state (2.10) of an atom or a nucleus does not induce

transitions to excited states or to the continuum, is much

more complicated in the present case. However, an estimate of

the effect can be obtained and, as one should expect, the

conclusions are very similar to those derived in Section 3,

i.e., to avoid the dissociation of any atom or nucleus

-33-
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suffering a process, one i 3 compelled to choose a value of P

which corresponds to decoupling only states with extremely

different velocities. We can then state:

HPM4. The spontaneous processes (4.2) have dramatic effects on

the bound states of atoms and nuclei. To forbid this one has

to choose a value of B which makes the momentum part in (4.2)

practically ineffective and, in any case, useless to suppress

the coherence between states of macro-objects with different

momenta.

5.CONCLUSIONS

We started by considering non-Hamiltonian evolution

equations of the QDS type, corresponding to the assumption of

the occurrence of stochastic processes, described by the

operations T^[•], for each elementary constituent of any

physical system. QMSL, in its original formulation, assumes,

for the operations T^l • ) , approximate position measurements.

In such a case, as repeatedly discussed, one can obtain

important dynamical modifications for a system containing ft

macroscopic number of constituents, which allow to overcome

all conceptual difficulties of quantum theory in the

description of such systems, without inducing any appreciable

change, with respect to the standard quantum description, for

microscopic systems*

The considerations of Section 3 show that one cannot

obtain an analogous result by assuming that the elementary

processes correspond to approximate momentum measurements. In

fact, in such a case, the dynamics of microscopic systems is

dramatically influenced by the process unless one chooses

values for P which induce the decoupling only of states with

extremely different velocities. Since moreover the effect of

the non-Hamiltonian terms, instead of being amplified with

increasing N, is depressed and, in the limit of large N, one

goes back to the pure Schrodinger evolution for the centre of

mass of a macro-object, no conceptual advantage in the

description of macro-objects can be obtained by the considered

processes.Finally, in Section 4, we have proved that the

consideration of more general elementary processes, typically

-Vj-
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those corresponding to en approximate simultaneous measurement

of position and momentum, on one side has the serious drawback

of not allowing the interpretation of the processes as

affecting in a definite manner the centre-of mass variables

and on the other it turns out to be, in a sense, useless. In

fact, as in the case of Section 3, to forbid dramatic effects

on microsystems one has to choose values for P which make the

decoupling of superpositions of states with different

velocities of no use for macro-objects.

Obviously, these considerations are not completely

stringent since, after all, only specific classes of

elementary processes have been considered. However, the

features which have emerged from the previous discussion seem

to point out that the original assumption made within QMSL for

the operations Tj[ •] is the most appropriate one and that

addition of momentum operators in the expression for T^ [ • ]

tends to destroy almost all conceptual advantages which are

obtained from QMSL.

It seems therefore appropriate to take QMSL, as originally

formulated, as the starting point to obtain a consistent

theoretical scheme, presenting the same conceptual advantages

but being valid also for the description of systems of

identical particles and satisfying relativistic requirements.
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