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ABSTRACT

The Hubbard model in the nearly half-filled case was studied in the

mean field approximation using the effective Hamiltonian approach. Both

nntiferromagnetic order parameter and condensation of singlet pairs were

considered. In certain parameter ranges the coexistence of antiferromagnetism

and superconductivity is energetically favourable. Relevance to the high

temperature superconductivity and other theoretical approaches is also

discunned.
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The discovery of high temperature superconductivity (SC) has been a great challenge to

the condensed matter theory. Various theoretical proposals have been made to interpret the

origin of this unexpected phenomenon.1 Among others, the Resonance Valence Bond (RVB)

model, proposed by Anderson1 and based on the Hubbard model, has attracted much attention

of theoreticians. However, this simple-looking model is. in fact, a very difficult one, and is

not exactly solvable apart from the one-dimensional case.3 Up to now, the physical

implications of the Hubbard model in connection with the high Tc SC have been mainly

extracted from the mean field treatment4'3 and numerical simulations.*"8

Anderson1 assumes that due to strong Coulomb correlations the ground state of the

Hubbard model in two dimensions is a quantum liquid with correlated singlet pairs. At exact

half-filling, the number of such pairs is fixed, and the system is in a normal, insulating state.

Upon doping, the number of these pre-existing pairs starts to fluctuate, and their condensation

gives rise to SC. In a pictorial way, one can imagine that the presence of dopants "relaxes" the

constraints of no-double-occupancy due to strong on-site Coulomb repulsion and "releases"

these pre-existing pairs from the confinement. This picture has been materialized in the mean

field approximation (MFA)4-5 with some inherent to this approximation limitation. This is

mainly because the constraints of no-double-occupancy Can be imposed in the MFA only in the

average sense. On the other hand, it has been found experimentally,9 that the stoichiometric

compound LaCuzO4 is an antiferromagnet (AF), rather than in the RVB state. In the original

mean field treatments4-5 the possible influence of AF has not been taken into account.

In this Letter we show that within the Hubbard model and the MFA the SC may coexist

with AF in certain parameter range. It turns out that the state with SC and AF order

parameters both being nonzero has lower free energy than the state with either of them being

zero. Similar studies have also been conducted by Inui et al.10 independently. Although the

general conclusions of these two calculations are the same, the details are somewhat different.

We will compare them later.
We start from the standard Hubbard model represented by the Hamiltonian

where t is the nearest neighbor hopping integral, U tht on-site Hubbard repulsion, n-t the

particle number operator. After a canonical transformation, we find the effective Hamiltonian

in the subspace of no-double-occupancy as given by4-6

where
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with a as Pauli matrices. Here we have also introduced explicitly the chemical potential //.

In the MFA we replace the hopping integral by St, and the exchange integral J by

-7S). (5)

where S is the dopant concentration. In this approximation the effective Hamiltonian (4) can
then be rewritten as

(6)

where

(7)

To be more specific in what follows we consider the two-dimensional case. We introduce two

order parameters, namely the staggered magnetization

Si=<Si>=±S, (8)
on

ikpendingVwhether the site i belongs to the sublattice A or B, and the singlet pairing parameter
A 1 L 1 L

4 = — b =—<btj>. (9)

The triplet pairing can be neglected, because it corresponds to the excited state. Formally this
follows from the identity

\c\*\l\ = o. CO)

(ii)

(12)

if the expectation value <dq > is assumed to be uniform.

To sum up, the mean field effective Hamiltonian is given by

where

with
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Here the summation is carried over the half of the original Brillouin zone, satisfying the
condition k -K > 0 with K =nla (jt+$) as the AF nesting wavevector.

Diagonalizing (11), we find the free energy to be

where p is the inverse temperature and

(15)

(16)

Varying F with respect to A, S and /i, we obtain the system of self-consistent equations as

given by

W Y
(17)

(18)

(19)

It is well-known that the mean field theory, not taking into account the fluctuations,

does not give correct values for the critical temperature. To partly correct this error we

introduce parameters / , a n d / d as exchange integrals for the AF and SC energies,

respectively. Comparing (6) with the mean field Hamiltonian used in Ref. 5, we find that the

AF Heisenberg exchange term is fully treated there as singlet pairing, whereas in (6), the AF

ordering and the singlet pairing arc half-to-half. In general, other ways of splitting are also

possible, and the introduction of the parameters Js and JA materializes this extra degree of

freedom. It is difficult to judge within the MFA which choice is the right one.



The free energy as a function of the doping concentration S is plotted in Fig. 1 for

three different cases, namely AF and SC ordering separately and their coexistence. As seen

from the graph, at low concentrations the coexistence of AF and SC is energetically favorable.

The order parameters S and A as functions of S are plotted in Fig. 2. The solid and broken

lines correspond to the values of A and 5, respectively, when these two phases coexist,

while triangles (crosses) correspond to their values when the SC (AF) exists alone. The

absolute value of the order parameters is reduced in the coexistence state compared with that in

the single phases, but the total free energy is lowered. The parameters used in calculating these

curves are as follows: tl U = 0.1. JA « 2.5, Js = 0.39. The shape of these curves is not

sensitive to the parameter values.

Varying the ratio tl U, we find the phase diagram shown in Fig. 3. At low

concentrations the SC and AF coexist and its concentration range increases wilh the decrease of

the Hubbard energy. At higher concentrations the AF phase is energetically favored. Since we

fix the phase boundary between these phases by comparing the free energy and the

corresponding order parameters are not zero at the boundary, the phase transition is of first

order in the MFA. At further increase of the doping concentration, the AF phase becomes

paramagnetic through a second order phase transition in the MFA. We should point out,

however, that the energy difference and the order parameter are rather small in this region, so it

may be within the error bar of the MFA.

As mentioned in the beginning, Inui et al.10 also did similar calculations on the

coexistence of AF and SC within the extended Hubbard model. These authors used the slave

boson technique and considered both 5 -wave and d- wave pairing. Their general conclusion,

namely the possibiliy of the coexistence of the AF and SC phases, agrees with ours.

However, the phase diagram they obtained somewhat differs from ours. In particular, the s-

wave superconductivity transition temperature increases with S even at high concentrations in

their calculations which we find very difficult to understand.

The phase diagram of the Hubbard model has also been studied by using the quantum

Monte Carlo method6 as well as the variational Monte Carlo technique and the Gutzwiller-type

trial wave functions.7'* An AF phase has also been found in these simulations. It was also

found that the energies of the AF and the RVB states are rather close. The question of possible

SC phase in this model is still controversial. Different groups came to different conclutions.

To our knowledge, nobody has yet studied the possible coexistence of AF and SC using these

powerful techniques. It would be very interesting to check to which extent the results of the

MFA will survive the Gutzwiller projection (the constraint of no-double-occupancy).

Regarding the comparison with experiments, the current results9 seem to indicate the

absence of AF long range order in the high Tc superconductors. However, one cannot rule out

ihe possibility of phase separation and the existence of AF short range order or strong AF spin

- 5 -

fluctuations. The question whether the coexistence of AF and SC is an implication of the

Hubbard model itself or an artifact of the MFA, is still open.
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Fig. 1 Free energy as a function of
doping concentration for super-
conducting (broken line), anti-
ferromagnetic (solid line ) and
coexisung(dotted line) phases.
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Fig. 2 Singlet pairing parameter (broken line) and stcggered magnetization (solid
line) as functions of doping concentration in the coexistence phase.
Triangles and crosses are their corresponding values in single superconduct-
ing and antiferromagnetic phases, respectively.
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Fig. 3 Phase diagram in the plane till versus doping concentration. The upper
left part is the possible coexistence phase.
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