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ABSTRACT

Vie study the unsteady free convection flow near a moving inf ini te f la t

plate in a rotat ing medium by imposing a time dependent perturbation on a

constant plate temperature. The temperatures involved are assumed to be very

large so that radiat ive heat t ransfer i s s ignif icant , which renders the problem

very nonlinear even on the assumption of a different ial approximation for the

radiative flux. When the perturbation i s small, the t ransient flow is tackled

by the Laplace transform technique. Complete f i r s t order solutions are

deduced for an impulsive motion.
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1. INTRODUCTION

The study of free convection heat transfer to hydromagnetic rotating • flow

has a variety of applications in cosmical and geophysical fluid dynamics,

meteorology and engineering , As a result, a lot of work in the area has been

reported in the literature. For example, the flow past a horizontal plate has been

studied by Debnath (1972,1974, 1975), Puri and Kulshrestha (1976) and Tokis and

Geroyannis (1981). Investigations on the flow past a vertical plate have been

carried out by Singh (1983,1984), Tokis (1986) and most recently by Kythe and Puri

(1987).

In all these investigations, the problem of radiative heat transfer has been

ignored. Unfortunately high temperature phenomenon abound in solar physics -

particularly in astrophysica! studies. This paper therefore incorporates radiative

transfer into the studies thereby widening the applicability of the results.

A primary difficulty in thermal radiative heat transfer studies stems from

the fact that the radiative flux is governed by an integral expression and one

generally has to handle a nonlinear integro-differential equation, and this is a

very difficult task. However, under fairly broad realistic assumptions, the

integral expression may be replaced by a differential approximation for radiation.

Thus in one space coordinate z, the radiative flux Q' satisfies the nonlinear

differential equation (see Cheng (1964)).

3 a
(1)

in which T is the temperature of the fluid, CT is the Stefan-Boltzmann constant

and a is the absorption coefficient which will be assumed constant in the

analysis. For an optically thin gas, which is appropriate for a transparent

medium, a » 1 and equation (1) is approximated by
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where subscript •» will be used to denote conditions in the undisturbed fluid.

Eventhough (1) and (2) are nonlinear, the problem may now be reduced to a set

of differential equations and these are much easier to handle than

integro-differerttial equations.

In the subsequent analysis, the formulation of the problem for a

transparent medium is presented in Section 2 for the case in which the

temperature of the plate suffers a time, t', perturbation. When this perturbation

is small, the nonlinear system is tackled by asymptotic approximation so that the

first order transient problem is solved by the Laplace transform technique. These

results are obtained in Section 3. In Section 4 a discussion of the results of the

previous sections is given.

2. MATHEMATICAL FORMULATION

We consider the three-dimensional incompressible flow past a vertical flat

plate which moves in its own plane with velocity UQ and rotates about the

z'-axis with angular velocity 12. The platels maintained at temperature Tw (1 + e

f(t')) in which Tw » 1, f(t') is an arbitrary fiunction of time and e is a

parameter. Following the arguments in Tokis (1986) and employing equation (2),

the governing equations for a transparent medium are

"Si.1
I.J (3)
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(4)

(5)

z '
where

u1 - Uo, v' = 0, T = Tw[l + e f(t')] on z' = 0

u1 = 0, v' = 0, T = TM as 1 -* (6)

and (u1, v', o) is the velocity component, k is the thermal conductivity, g is the

gravitational acceleration, a c is the electrical conductivity, (i is the permeability ,

n is the kinematic viscosity, p is the coefficient of volumetric thermal expansion,

and Cp is the specific heat at constant pressure. For simplicity we shall take f(t')

= H(t') the Heaviside step function.

It is now convenient to introduce the following non-dimensional

quantities

p

E *
"OJ

(7)

in which case equations (3) - (6) become

(8)
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ê = £e -R {f- (9)

such that

(10)

and q = u+iv, i = V(-l). E is the rotation parameter, P is Prandtl number, M2 is

magnetic parameter, G is the free convection parameter and R is the radiation

parameter.

The mathematical statement of the problem embodies the solution of

equations (8) and (9) subject to equation (10).

3. METHOD OF SOLUTION

The problem posed above is very-nonlinear and generally will involve a

step by step numerical integration by (say) the explicit finite difference scheme. If

however E is small, analytical solutions could be possible by adopting regular

perturbation. A great physical insight could be shed on the whole structure of the

flow by such a perturbation scheme and this is the procedure we shall pursue in

this study.

We write

(ID
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Substituttng (11) in (8) - (10) we have the sequence of approximations

dz1

o = d

and

>= 0 (12)

it

z = 0 :
"w

t > 0

, z > 0 (13)

By asymptotic approximation, the problem now splits into a steady flow on which

is superimposed a first order transient component.

The solution for 9 ^ ' in equation (12) is straightforward and has been

deduced by Bestman (1985). It is

(M)



The equation for q

convenient form

f L

now becomes linear and its solution can be written in the

( r - s

To solve (13), it is convenient to take the Laplace transform with respect to

time. Denoting the transformed variable by s and placing a bar over the

transformed function, the equation satisfied by q ^ and 6 ' ' are

- c

~ ai» (16)

We first consider the solution for 8 ̂ ' . A very simple solution for 6 ^ '

is possible if 6 w is possible if 9 w - 1 is of order 0 (1), that is when the

difference between T w and T«, is very small, then

5)2]
Hence

" = LT- j ^ -
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= 1. For this case

(18)

such that LT 1 denotes the inverse Laplace transform. Next we consider when

9 w is arbitrary and approximate 9 '*" by

The value of (i is then accurately determined by computing and comparing (14)

and (19). By virtue of (19) the solution for 6 ^ ' now reduces to

e.
(20)

s

where y= 4 R( G3
W - D/P and Jn(x) and In(x) are Bessel function and modified

Bessel function of the first kind respectively. Equation (20) has a simple pole at

s=0 and a branch point at s = - 4R/P, in which case this equation could be

inverted in the celebrated Bromwich contour with a suitable branch cut.

We obtain

Jt.

Because of the complexity of equation (21) we find it expedient to consider

limiting values. Since

J ) ~ J _ l e x
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we can show that

which is of the form (17). Hence

—9 (22)

(23a)

when 4R/P is large. If however 4R/P is of order 0(1), then

fi" (23b)

Also for n-> 0

(see Watson (1981)) where KQ(X) is now the modified Bessel function of the

second kind of order zero. Therefore

which on inversion gives

l
p

(210
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It is now on easy matter to obtain solution for

Putting ^ = s + M2 + i2E, we get

in equation (16).

Now

'

~ c. •

So by convolution theorem, we can deduce that

(25)

The solution is now complete.

4. DISCUSSION

The problem of three-dimensional magnetohydrodynamic

free-convection flow, with radiative heat transfer, past an infinite moving plate

in a rotating incompressible viscous and optically transparent medium has been
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solved making fairly realistic assumptions. For a small time-dependent

perturbation of the plate temperature, the non-linear problem is tackled by

asymptotic approximation, giving solutions for steady-state flow on which a first

order transient component is superimposed.

Equations (14) and (15) give solutions for the steady-state components of

the temperature ( 9*°') and velocity (q(°>) fields. Equation (14) has been evaluated

by numerical integration using two values of R, {0.5 and 1.5.) to show the

dependence of 8 ^ on z. This is shown by the thick curves in figs 1 and 2. It can

be seen from the curves that (6^°03 approaches 1 asymptotically. Equation (19)

gives art approximate expression for (fl^)3 when Gw is arbitrary. It is found

The authors would like to thank Professor Abdus Salon, the
International Atomic Energy Agency and UNESCO for hospitality at the
International Centre for Theoretical Physics, Trieste.

that for p = 12, the variation of ( 9 ^ ) 3 with z for steady-state flow as given by
(19) is almost identical to that deduced from (14). This is illustrated by the dashed
curves in figs. 1 and 2. The agreement" iS be t te r for H^O<S

It is interesting to note from (18) that for the case where 9 ^ = 1, the

transient component of the temperature field exhibits a standing wave structure.

This structure is also shown by (23a) for the case when (4R/P) is large (is for

intense radiation), however, when 4R/P is of order 0(1), i.e. for relatively low

radiation, (23b) shows that the standing wave structure is no longer exhibited by

the temperature field. Equation (25) gives a complete solution of the transient

component of the velocity field.

The study has shown that for a small perturbation of the temperature of

the moving plate, analytical solutions can be obtained for both the temperature

and velocity fields, in the case where radiative heat transfer through the rotating

medium is taken into account. The incorporation of radiative heat transfer is of

particular relevance to astrophyskal and cosmic bodies whose temperatures are

usually very high and which radiate a lot of heat through the media which

surround them.
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FIGURE CAPTIOUS.

ITO. I t PLOT oy(TVESSOS Z PROM EQUATIONS (I4> AHD (19) FOR S-O.5

FTQ. 2 : PLOT OP ^VERSUS Z ITHOH EQDATIOHS ( 1 4 ) AHD (19 ) K>R R - I . 5

1OOO

800

600

400

200

Variation of 8 with z from equation(14)

Variation of 0 with z from equation (i9)

0 Q02 OJ04 0.06 0.08 0.10 0.12 0.14 0.16 0J8
z

Fis.l

-13-

Variation of €T with z from equation(i4)

Jo?
Variation of en with z from equationftt)
with

0 0.02 Q04 0J06 0.08 OIO 0.12 O.M 0J6 0.18

z

Fir;.:

-1!*-


