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The investigation of scattering of a slow charged particle by a 
weak-bounded charged complex Is of a special Interest. The matter Is 
that the nonpolntlike pair charge distribution and the change of this 
distribution in the Coulomb field of the projectile cause an additio
nal effective Interaction decreasing as t ' when the distance * 
between the projectile and complex cm. increases. The power of decre
asing p and form of this interaction essentially depend on the geo
metry of the complex and on spectrum of its excited states' . In a 
low-energy limit С E = n K*/2/1 —0) elastic scattering of a particle 
by a charged complex with the same sign of charge Is generally deter
mined by a long-range behavior of the effective potential Veff . 
Therefore, the peculiarities of such scattering may be explored in 
the framework of the effectively two-body (particle + complex) ShrB-
dinger equation. A detailed analysis of phase-shift asymptotlcs as 

Б -» 0 for charged particle scattering by a superposition of the 
Coulomb and polarization V- (t) *• Г~* , г ->• **o , potentials 
was first performed in paper' ', An elegant method of the calculation 
of the leading phase-shift asymptotics for a slow particle scattering 
by the Coulomb field containing the power corrections Z~-P with an 
arbitrary power B> i • has reoently been built in paper' . In 
works , .for a pet -system it was first demonstrated that the pola
rization interaction must be taken into account in the problems of 
ultralow-energy ( ~1 keV) nuclear physics. In these papers it was 
shown that the 5 -wave phase shift for pd. -scattering at E£ 10 keV 
is defined by the polarisation instead of the nuclear interaction. As 
a result, the usual definition of the pd. -scattering length as a li
mit as £ -» 0 of the nuclear-Coulomb effective range function becomes 
meaningless. Modification of the effective range theory in the case of 
nuclear-Coulomb field including the polarization interaction has been 
considered in a recent paper' '. A rich bibliography on the theory of 
long-range potential scattering is presented in reviews' '. 

In the present work, the influence of the polarization interac
tion on the 5 -wave Si* d. -scattering at energies below 1 keV is 
studied within the framework of the two-body (Л * + d ) problem. The 
contents of the work is as follows: definition of the Interaction 
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range of the polarization potential, giving a Bain contribution to 
the 5t*d S -wave phase shift additional to the Coulomb one, esti
mation of the energy intervals when this phase-shift is formed by the 
pion-nuclear short-range potential or the polarization one, and esti
mation of a lower limit of distances Z when the SC+ *• a. -wave func
tion may be approximated with a required accuracy by its leading long-
rmge asymptotical term. 

So, we shall explore the influence of the deuteron polarizability 
on the S -wave X+d -scattering within the framework of effecti-
vely-two-body ShrOdinger equation. In the SI* a centre-of«mass system 
it has the following form 

{ d% + к 2 - %.(*>} u.a. к) = 0. < 1 ) 

The effective potential is the sum Vefc =V. + U of two terms. One 
term is the repulsive Coulomb potential \J cZ) = tn.f%., where 

п.- 2AI (e/fi)*=O.O096 fm and the other is the potential U= V. + V,• 
The pion-nuclear potential Vc decreases exponentially with increas
ing distance and has a finite range of action 1S which is of an 
order of the deuteron size, ~ 4 fm. The potential Vp additional to 

V- decreases as 0(t~*) with increasing distance and is due to the 
electric polarizability of the deuteron. For the polarization poten
tial we limit ourselves to the representation 

where et « 0.7 tar' ' is the constant of electric polarieablllty of 
the deuteron. We assume that the parameter 1- satisfies the rela
tions t . ftp"- R , where R = 4/П. • 104 fm is the Bohr radius of 
the St"1-a -system. Further, varying the parameter tp in wide limits, 
we show that our results weakly depend on a particular value of 1p . 
The asymptotic 

tffir.K) — Sin( вс(р,п} + Sc(K->+ Scio) (3) 
IT-»"" 

of the regular solution ot equation (1) contains the Coulomb phase 
shift Oc (КУ and phase shift 0<Ю due to the additional poten
tial U . Here we denote 



In the framework of the variable phase approach the phase shift О Г Ю 
is calculated as a limit tor J>-* oo of the phase function Stp, K ) . 
The latter is a solution of the following problem 

<3p Sep,<o = - K'Z Uy/MfctyycosSy.M + Gtty,!))sinStyK)], U) 
Sco, ю= О, 

where F0 and Q0 are, respectively, regular and irregular Coulomb 
functions, By the symbols 5,(р,Ю and 5p(p,K, In) w e denote, 
respectively solutions of equation (4) at st • 0, (/= \^ and at 
V.=ff, U-Vp . Let us study the phase function Op (p,K, *p ) i l«e. 
solutions of equation (4) with the boundary condition Sp (fa, K, *p)=0, 

Pp - Kip snd potential (/ = Vp . For a hight accuracy calcu
lation of the Coulomb functions we have used a method, described in 
paper' '. Setting *p=2( R. and choosing the value of parameter 

Y •0,1,1.0,10 we have calculated the phase function Sp(p,K,*p) 
for E » 0.01, 0.1, 1 keV. The fourth significant digits of these 
functione do not change with increasing J> in the regionJ> >, 4Sj>c i 
where p = Ktc and * С = П / К г = б 2 / Б is the Coulomb classical 
turning point corresponding to a given energy E . The relative ac
curacy ~ 10 is quite enough for our aims, therfore, everywhere 
we use the values of phase functione O p (iSpc, K, *p) as the values 
of the corresponding phase shifts 5p fK.tp) . Table 1 demonstrates a 
weak dependence of these phase shifts on the parameter t p at suf
ficiently low energies. The graphs of the function 

BtJ>,K,*p) = S>p(p,K,lp)/Sp(K,tp) (5) 

are plotted in Fig. 1. The values of the variable p = Kt in units 
pe = К t c , where \ = Bz/E ia the Coulomb classical turning point, 
corresponding to a given energy, are given along the abscissa. The 
solid lines are graphs of the function (5) at E • 1 keV. The num
bers near these lines are the values of the parameter ?. in units 
of R .If the energy is decreased, then the dependence of the 
phase function and function C5) on parameter t« becomes more weak. 
So, if E «0.1 keV, then the functione (5) corresponding to three 
different values of parameter T p = у R , if » 0.1, 1, 10 are equal 
to each other is the region p > 0.7 p e with relative accuracy 
- 1 0 . The dashed line is their common graph. As follows from Pig. 1, 
the role of region p 4 0.8 J>c (i.e. t 4 0.8 Te ) in forming of 
the phase shift S(K, t p ) is small. If E ^1 keV, and ч р %.0.1 R 
these phase shifts are formed generally on the intervals ( O.Spc,2j>(), 
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T a b l e 1. The phase s h i f t s Sp (K.tp) (radian) as function 
of the energy E (keV) and parameter 1p Cfm ) 

am iOR 

0.01 2.0141 10-15 2.0141 Ю - 1 5 2.0141 10-15 

0.1 7.5129 10-13 7.5129 io-i3 7.5129 10-13 

0.2 4.3480 ю - 1 2 
4.3479 1 0 - 1 2 4.3470 10-13 

0.4 2.6058 ю - 1 1 
2.5948 ю - " 2.5774 ю - 1 1 

0.6 7.9769 1 С " 1 1 7.6569 I D " 1 1 7.1999 ю - " 

0.8 1.9417 ю - 1 0 

1.7003 ю-ю 1.3951 io - i ° 

1.0 4.1678 ю-ю 3.2091 10-1° 2.1325 ю - 1 0 

Fig.1. function (5) at В = 1 JceV (so
lid lines), В - 0.1 keV (dashed line). 
Numbers near solid lines are the va
lues of parameter Tp in units of R. 
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i.e. in the interval (0.8 l c , 2 Xe ). Both the boundaries of this 
region depend on the energy and shift with decreasing energy to larger 
diotancee. If E 4 1 keV and ZB efflfR, iOR] , then the region 
J)»2j) e is asymptotical for the phase function Op (J), K,tp). Here 

it is necessary to point out that the asymptotical representation 

upcz,K) = F0<p,t))cos5p(K,?p) + G<,y>,9> sinSp(K, *p> (6) 
for the regular solution of equation (1) at U- Vn and a given 
energy E ia valid only in the region Xb2lc = 2e^/£. As calcu
lations show, the asymptotical representation Up (t, K^Jirti^+O^+cy 
is valid with relative accuracy ~ 0.01 in the region t Ъ-Ю%с . The 
calculation of phase shifts Op by solving the ShrBdinger equation 
is a very complicated problem. Really, if E • 1 keV, then phase 
shifts 0£ and On are equal respectively to ~ 1 and ~ 10~ , the 
value of ?.he Coulomb turning point is Zc • 1440 fm. Thus, the cal
culation of the phase shift On at this energy requires solution — 10 of equation (1) with the relative accuracy ~ 10 in the interval 

0 £ X $ \0 t . " 1 4 , 400 fm and subsequent extraction of phase shift 
Sip from a rapidly oscillating asymptotioa.The calculation of the 
wave-function in the interval (0, 10 t c ) becomes with decreasing 
energy a more complicated problem. Numerical solution of phase equa
tion (4) for E6[o.l, 1] keV has no difficulties. Moreover, if E4 
1 keV and Tn^O.iR , then a first iteration of this equation, i.e. 
the Born approximation . 

O f n 

S p <p. K .V = ~K"2 jfy VpCp'/ю F0 (j>itj) (7) 
reproduces the corresponding phase function with a relative accuracy 
not worse than **10" . Therefore the behavior of functions (5) with 
increasing p is explained so as the dependence of integrals (7) on 
their upper limit. The asymptotical representation^ fp,IJ)= С0(П)-р ли 
is valid in the region p<Zi . The factor Cglrft={Zn^/(efp(ZTi^-i)\ 
rapidly decreases as K-+0 • Therefore the contrloution of this 
region to the integral (7) is small, and the value of the Born phase 
shift 5 p (15j)e, K, *p) slightly depends on the value of parameter 
at sufficient low energies when the inequality К "Гр <¥ 1 is valid. 
Л main contribution to integral (7) comes from the region (0.8pc,2jX\ 
where the function Fo has a first local maximum, of an 
order of O(ty^)- I* i a known' 1 1', that the representation of Cou
lomb funtions in this region does not contain the factor Сл (Л). There
fore, the leading term of the Born-phase-shift asymptotics ' 

6 



also doee not contain the function Cg (rj) . The phase shift O^OCi 
owing to a rapid decrease of the potential \^ as t — •" , is formed 
in a finite distance range t £ t s independently of the energy. If 
the energy is sufficiently low, i.e. if J>s = K * S « 1 , then from 
the asymptotics f̂  "- C0-p , Q0 "- C~ in the region p 4J>S <& 1 
there follows the representation 

8S<K) = -asK Cg(ij) (9) 

where a, is the pion-nuclear scattering length. In the framework 
of the variable phase approach and our assumptions tr - ̂ p ~~ R 
on the values of parameter tp , the calculation of the phase shift 

5 V K ) in the general case U=Vs+Vp ', VS,V„ 4 0 is possible 
without knowing a concrete shape of the potential Vj . Really, the 
phase function S(p,Kt at point J>=J>$ Is equal to the phase 
shift (9), which we calculate using the experimental value a s « 
=• 0.079 fn/ 1 2 /. The inequality I V $ « } | & I Vp(i>l is valid for Ъ^Тр. 
Therefore, for РЪ-Рр w e substitute (J= Vp into equation (4)and 
further solve this equation with the boundary condition 5(J>p,K,tp) = 
= &t f Ю . Thus, we have calculated the phase shift S< К,*») = 
= $( 15рсt K, *p ) . The value of phase shift (9), at point Jip , i.e. 
the boundary value of the phase function 8V_p, K,Tp) . is suffici
ently small, - j0~ at energies below one keV. Therefore if E * 1 keV 
and T. >0.1 R , then the phase shifts о^к.Гр) are approximated 
with a relative accuracy not worse than ~ 1 0 _ J by the corresponding 
sums S^ff)*- Sp fK,*p) , where <S"pOf,*p)ie the value of integral 
(7) at point p = 15j)c . Both the phase shifts 57к.*р> and 5p(Kt*f) 
slightly depend on the parameter tp . Obviously, the same properties 
are characteristic of the functions of phase shifts 5̂  (к, lO^for 
instance, 

/WE,«t) = - К.~*(Е,*) = -{кС*(ус1а5(К,1рЪ+п\1(*)-)] (ю) 
and the $ -wave cross section of 3C*d. -scattering, connected with 
the amplitude f < Ю = (21кУ*{ехр C?i (Sc *• 8) - f } by the equality 
<rm= tX IfCKlW 

Following works'*', we consider the behavior of function (10) 
as E — 0 . The solid line in Fig. 2 is a common graph of three 
functions (10) calculated at 1p=}(R. , % - 0.1, 1, 10. The dash-
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dotted line is a graph of function (10), calculated in our previous 
work''13'' by the WKB-method. If the polarisation potential ie swit
ched off ( d. m o, S = 5, ), then A (E,0) is the negative of the 
inverse effective-range Coulomb function. This function slightly de
pends on the energy in the considered energy region and has at point 

E « 0 a finite limit equal to 0CS . The graph of the function 
A(E,0) is plotted in Pig. 2 by the dashed line. If d * О , then 
the graph of the function А(Е,Ы~) (10)at 0.8 keV deviates from 
its horizontal asymptote A(E,0)~ CZs . It means that the upper boun
dary of the energy interval, where polarization effects occur in the 

5 -wave X+d -scattering, ie equal to s 0.8 keV. With further de
creasing energy the phase shift Op decreases more slowly than the 
phase shift 5j of opposite sign. Therefore, the phase shift S 
and function A vanish at E s 0.4 keV. At the elastic scattering 
threshold, the conditions S» Sp» 5^ are valid owing to diffe
rent asymptotice (8) and (9). The function Aff.oO approaches 
negative infinity as F-*C . Let us study the influence of the 
polarization potential on the X*d S -wave cross section. The 
latter may be represented by the sum 

&<E) = &C(.E)* -^f sinScsinS'cos(^.*S') +dsp(E) 

of three terms. The first term is the Coulomb cross section. When 
£-» 0 it, oscillating, tends to infinity as 1/E. The second, 
also oscillating, term has a threshold behavior Оскъ~> . The third 
term, i.e. a smooth part of the total cross section, or the nuclear-
Coulomb-polarization cross section O^pCE) = (45L/KZ )sin z Scк,>p)is 
plotted in Fig.3 by the solid line. If E •* 0.35 keV, then Sp»Ss 

8 ~ Sn . Therefore scattering on the polarization potential gives 
a dominant contribution to the cross section vsp , The cross section 
of the polarization potential scattering dp = «-Я/к* )sin*£,i.e plott
ed in Fig.3. by the dash-dotted line. In the interval 0.35 keV<E< 
0.8 keV the values of phase shifts op and <5̂  are comparable, 

and both the potentials Vj and Vn give a comparable contribution 
to the scattering. If E * 0.8 keV, then the cross section 6^. is 
equal to the cross section &s =fr3i/Kz) sin2Ss , plotted in K.g.3 by 
the dashed line. The relations S *: S$ ~>> 5^ take place in this 
energy region, and therefore the influence ot deutron polarlzabillty 
on %*d-scattering is negligible. 
Studying the phase shifts SVtc.tp) we have established that they 
slightly depend on a single free parameter tp used, by us. The 
phase shift 5" was normalized to its experimental value (9) in the 
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Pig. 2. Function (10). calculated at oi » 0.7 inr in the frame
works of variable phase approach (solid line) and of WKB-
method (dash-dotten line). The graph of function (10) at 

oC • 0 plotted by dashed line. 

A(E,oO«HH/m) 

' 9 
' / / 

W 
б"5р(В) ltl6) 
6{C£)(n6) 
б"р (E)(nt>), 

0.1 E(Kev) 0.8 0.3 E(Kev) US 

Fig. 3. Nonoscillating part of S-wave Jt^d cross section. Solid 
line - 6ln (E) i dash-dotted line <rsp(E-> 
dashed line. 

(Гр(Е) erscE)-

energy region Б %• 0.6 keV, when one may neglect the polarization 
interaction. Therefore we believe that the above determined energy 
intervale, where a dominant contribution to the 6^ p cross section 
comes from the polarization potential or short-range potential, are 
quite exact. The most Interesting result is the existence of a deep 
and sharp minimum of the cross section S"sp (E) at E ~ 0.4 keV; 
this mlniimim is due to the interference of scattering on potentials 

V, and Vp . The same phenomenon in atomic physics is known as г /is/ the Ramaauer effect' ' 

In conclusion we point out the existence of such a minimum of 
the б^р cross section is evidently a common property of scatter
ing of an arbitrary positive-charged particle (for axample, the pro
ton) on the H -nucleus if of course the phase shifts &s and Sp 
at low energies opposite in sign. The experimental investigation of 
the cross section б^р at sufficiently low energies should allow to 
directly define a value of constant d. , I.e. electric polarisabl-
lity of deuteron. 

"*• I 
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Пупышев В.В., Соловцова О.П. Е4-87-467 
Поляризуемость дейтрона и S-волновое 
n+d-pacceHHHe при энергиях ниже 1 кэВ 

Методом фазовых функций исследуется влияние поляризуе
мости дейтрона на S-волновое n+d-pacceHHHe в пределе низ
ких энергий. Показано, что неосциллирующая часть S-волно-
вого сечения тт*^-рассеяния имеет глубокий резкий минимум 
в области энзргий — 0,4 кэВ. 

Работа выполнена в Лаборатории теоретической физики 
ОИЯИ. 
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Pupyshev V.V., Solovtsova O.P. E4-87-467 
Deuteron Polarizability and S-Wave 
n+d-Scattering at Energies Below 1 keV 

The influence of deuteron polarizability on the S-wave 
п+d-scattering in a low-energy limit is explored in the 
framework of the variable phase method. It is shown that 
the nonoscillating part of the S-wave cross section of 
n+d-scattering has a deep and sharp minimum in the energy 
region ~ 0.4 keV. 

The investigation has been performed at the Laboratory 
of Theoretical Physics, JINR. 
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