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ABSTRACT

A fluid model including FLR effects, named Incompressible Finite Larmor Radius
MagnetoHydroDynamics, is presented and derived in this paper. It is an extension of ordinary,
incompressible MHD to include the Larmor radius effects due to ion gyroviscosity, Hall current
and electron diamagnetism. It is intended to use the model for stability analysis, on the Alfven
wave time scale, of a fusion plasma and it is consequently based on transport coefficients in the
collisionless limit.

It will be demonstrated that for a fairly dense and cool plasma, such as for the EXTRAP
z-pinch, all three Larmor radius effects may become important, that for a JET-type plasma no FLR
effect is pronounced, and that in a reactor plasma the Hall and electron diamagnetism terms may
play a role. For scaling lengths significantly smaller than the plasma radius the effect of the FLR
terms becomes enhanced.

To study the importance of the choice of equations of state for the model, the m=l
instabilicy in cylindrical geometry is given special attention for zero Larmor radius. The

full stability criterion of the double adiabatic model, including pressure anisotropy, is presented for
what we believe to be the first time. It is found that when p± > p^ stability can be reached for very
high plasma p±-values. We demonstrate that no less complicated energy conserving fluid model,
which takes into account pressure anisotropy, other than the double adiabatic model can be
obtained. Since pressure anisotropy generally only weakly affects stability, we can assume isotropy
in the Incompressible FLR MHD model. Also, the energy equation is replaced by the
incompressibility condition, making FLR terms appearing in the energy equation irrelevant.

The dispersion relation for a homogeneous plasma with the FLR terms included is solved
exactly and the modification of the shear and compressional Alfven waves is discussed.

The Perpendicular MHD model, earlier suggested by Freidberg, is discussed. When
adding gyroviscosity, instability of the homogeneous plasma is found for large perpendicular wave
numbers. This unphysical feature is not found in Incompressible FLR MHD.

A study of the m=l, short axial wavelength, internal mode stability of a cylinder plasma,
described by the Incompressible FLR MHD model, is treated in a subsequent paper.



1.INTRODUCTION

The subject of this paper is to deduce and present a fluid model, in which the Kadomtsev
criterion of ideal MHD can be generalized to include Finite Larmor Radius (FLR) effects. The
Kadomtsev criterion [1] states that a cylindrical z-pinch is susceptible to instabilities of the m=l,
k-»oo type near the axis, assuming equilibrium perturbations being oc exp(ime+ikz). Z-pinches
featuring a purely poloidal magnetic field, such as EXTRAP, seem to be stable against this mode,
however, once the free-boundary modes are stabilized [2]. In these devices the magnetic field
approaches zero in the vicinity of the central axis.

Correct treatment of instabilities in regions where the magnetic field is small, and the Larmor
radius large, naturally calls for a kinetic plasma description. It is, however, of considerable interest
to investigate the limits of alternative fluid theories, since these are more simple and their physics is
more transparent.

We will in this paper deduce a macroscopic model with the following characteristics:

* Collisionfree and isotropic
* Conserves particles, momentum and energy for vanishing FLR effects
* Includes ion magnetic viscosity, Hall effect and electron diamagnetism
* Suitable for studies of instabilities on the Alfven wave time scale.

We will demonstrate, that/or zero Larmor radius (LR-»O)

* The double-adiabatic plasma model (or the CGL model, after Chew, Goldberger and Low) is
the simplest possible anisotropic model with the properties given above.

* The full double adiabatic model is too complex for application of the linear mode-analysis
technique. As an example the Kadomtsev criterion is represented by 2 terms within ideal
MHD, whereas 37 terms are required for the corresponding criterion within the CGL
theory. The full CGL criterion is given, as we believe for the first time, in Section 4 of this
paper. The CGL theory with added FLR terms will prove to be unnecessarily complex.

* Increasing plasma p (p=2^op/B2) decreases the growth rate of cylindrical m=l modes in
the CGL theory for isotropic pressure, but internal kinks are not stabilized.

* Pressure anisotropy can stabilize in extreme cases! This occurs only when p±>p»and for
very high p±-values. The conditions for stability are scarcely met in a fusion device.

Asa consequence we will choose an isotropic model. For vanishing Larmor radius this model
becomes the well known incompiessible MHD model. In this model the plasma is assumed to be
collisionfree. The energy equation is substituted with the relation V • v=0. Let us, before going into
the details, shortly consider what this implies physically. As is well known, the most harmful
macroscopic plasma instabilities, such as the internal kinks, generally occur on the Alfven time
scale. A bit simplified, you may say that it is the Alfven wave which goes unstable. The Alfven
wave propagates without compressing the plasma, i.e. it can be derived even when assuming that the



density and pressure perturbations are incompressible, so that V-v=0. It represents a basic
oscillation between perpendicular (with respect to the magnetic field) plasma kinetic energy and
perpendicular line bending magnetic energy. The assumption of incompressibility implies that the
sound wave becomes suppressed; in consequence phenomena occuring parallel to the field lines are
poorly described; the parallel momentum equation is not reliable.

At an early stage of this study we intended to use the Perpendicular MHD model due to
Freidberg[3], generalized to include the FLR terms. In this collisionless and isotropic model an
energy equation (which becomes of the same form as that of incompressible collision-dominated
ideal MHD) is used, together with the assumption of incompressibility. The seemingly unnecessary
parallel momentum equation is dropped. Unphysical results were obtained[ll], however, both in a
homogeneous and a cylindrical plasma when gyroviscosity was included. In an isotropic,
homogeneous plasma no driving forces for macroinstabilities exist, so the instability result at large
perpendicular wavenumbers came as a surprise. A detailed discussion of this is presented in
Ref.[l 1] as well as in the Appendix of this paper. In a cylindrical plasma, described by this model,
the gyroviscosity FLR term always gave a destabilising effect.

There are other possibilities for reducing the complexity of the stability equations. The
collisionless MHD equations being heuristically derived in this paper can be simplified by ad-hoc
assumptions. Besides assuming incompressibility one can e.g. assume negligible parallel velocity on
the grounds that parallel dynamics should be irrelevant. If either or both of theses assumptions are
used, the parallel momentum equation and/or the energy equation must be omitted. We have found,
however, that the only reduction of the original equations which yield physically reasonable results
is to replace the energy equation with the incompressibility condition.

Let us discuss a homogeneous plasma without FLR terms; see also Section 5. If we take the
parallel velocity to be zero, incompressibility cannot be assumed, since the trivial cases v=0 or kj=0
would result. In this case both the parallel momentum equation and the energy equation have to be
dropped for determinacy of the equations. Using instead the parallel momentum equation together
with the assumption of negligible parallel velocity yields instability when the FLR terms are included
(just as for Perpendicular MHD) for large perpendicular wave numbers. Negligible parallel velocity
in combination with the energy equation does not reproduce the Kadomtsev criterion in a cylindrical
plasma except for y =0 (y is the polytropic, or adiabatic, index), which is unphysical. For non-zero
y a criterion which always predicts stability is obtained. Finally we are left with the choices of using
incompressibilty and the parallel momentum equation which is Incompressible MHD or to use
incompressibility and the energy equation, which is Perpendicular MHD.

In the following we will derive our model from the Maxwell-Boltzmann equations. In parallel,
comparisons with a collision-dominated model will be carried out Here it will also become apparent
what terms account for the FLR effects. We also derive particle-, momentum- and energy-
conservation in detail, and discuss why no simpler energy-conserving anisotropic fluid model than
the CGL model can be produced. For simplicity we will give our isotropic model the name
Incompressible FLR MHD. For reference the equations of the full model are given here:



dp/dt = O

= jxB-V-P

V v = O

E+vxB = (mi/(ep))(jxB-Vpe)

vxE=-aB/at

VXB=|JIQJ

V-B = O .

Here v, j , B and E denote the fluid velocity, current density, magnetic and electric fields,
respectively. Also mt denotes ion mass, p mass density, p isotropic plasma pressure, n^ the ion
(gyroviscous) pressure tensor and I the unit tensor. Indices i and e stand for ions and elecrons,
respectively.

We will demonstrate in a later Section, that the model is valid over a large parameter regime. It
has, however, been developed to deal with stability analysis on the Alfven time scale. In particular
the effect of the FLR terms on the m=l internal kink modes will be investigated in a coming paper.
For disturbances (of a specified equilibrium) characterized by frequency to and wave number k, it
follows that ci)//fc=\/T=v A with X, T and v A being the wavelength, time scale and Alfven speed,

respectively. In consequence, the characteristic length scale becomes of order A for a homogeneous
plasma. In a more interesting geometry, like in a cylinder, the situation becomes less clear cut. Here
the gradients of the equilibrium parameters, which are of the order of the plasma radius a, compete
with the wavelength of the perturbation when determining the characteristic scale length. Actually the
amplitude of the perturbation can always be made sufficiently small to make their effect small, even
for short wavelengths. Also, as will be clear later, simple fluid models require the scale length to be
fairly large. Consequently, in a cylinder-like fusion plasma the characteristic equilibrium scale
length generally is of the order a, where a is the plasma radius.

In discussions of the m=l internal kink modes, it is commonly said that one takes the
limit. As can be seen from normal mode or energy method investigations of the cylindrical z-pinch
the stability criterion simplifies considerably in this interesting limit. We wish to point out here,
though, that it is in a strict sense not correct to take this limit. The wavelength of the disturbance
cannot be made arbitrarily small, as will soon be apparent. Actually it is easily seen from the m=l
criteria that it is the quantity kr, where r is the radial coordinate, which should be large compared to
unity. Depending on the choice of r, the condition can be fulfilled even for fairly large wavelengths
\åa.

In the present study no account has been taken of FLR-terms in the equilibrium state. We
generally assume static equilibria. It has been pointed out, however, that when including the
equilibrium diamagnetic drift velocity in the convective velocity derivative of the moment equation,
terms of the same order as the gyroviscous terms of the ion pressure tensor appear[12]. In a



homogeneous plasma the diamagnetic drift vanishes due to the absence of density gradients, so
corrections due to equilibrium diamagnetic drift play a role in inhomogeneous plasmas only. In our
forthcoming analysis of the m>l internal kink mode in a cylinder we will to a first approximation,
however, neglect this contribution. It can be demonstrated that the gyroviscous terms dominate when
equilibrium gradients are made sufficiently small, which approximation we will use.

Let us now briefly take a look at what the coming Sections will be devoted to. In Section 2 the
Incompressible FLR MHD model will be derived in parallel with the equations of ideal MHD. When
checking the conditions for validity of the two models with adequate plasma parameters, we will find
that ideal MHD generally is invalid. This is primarily due to that plasmas of fusion interest are
collisionfree rather than being collision-dominated. We will also find that the so-called FLR terms,
i.e. those due to ion magnetic viscosity in the moment equation, Hall effect and electron
diamagnetism of the generalized Ohm's law, all depend differently on plasma p. We find that ion
magnetic viscosity is cc rL/\/p~and that the Hall effect and electron diamagnetism as well as the ion

heat flux are a v^FrL > where rL is the ion Larmor radius and p is the plasma beta-value. As we
will see this means that different FLR terms are important for different types of plasmas.

In Section 3 we concentrate on possible forms of the equations of state as related to the
requirement of energy conservation. We demonstrate that inclusion of pressure anisotropy yield
complex equations, and that the Incompressible MHD equations (zero Larmor radius) indeed
conserves energy. The dropping of heat flux in the energy equation is proven in Section 2.5 to be
formally questionable in many cases. In a collisionless model, heat flux is the only quantity which
remains to be determined for closure of the equations. Fortunately we do not need the energy
equation in our model.

The question whether anisotropy can stabilize the m=l internal kinks in cylindrical geometry,
is addressed in Section 4. Using the CGL equations (without FLR effects) a quite involved
counterpart to the ideal MHD Kadomtsev criterion is produced. Taking the limit of isotropic pressure
gives a criterion which is only slightly less restrictive than the Kadomtsev criterion, indicating that
the energy equation has only a minor effect on stability in cylindrical geometry. Strong anisotropy
for high p can stabilize, however.

The problem of finding the effect of the FLR terms on stability in a cylinder is the subject for a
coming paper. In Section 5 we apply the Incompressible FLR equations to a homogeneous plasma
with a homogeneous magnetic field. Due to isotropy, there are no forces which can drive
instabilities, and the resulting dispersion relation yields stable branchings of the shear Alfven wave
due to FLR effects. Both the sound and the compressional Alfven waves become suppressed.

The main conclusions of this paper are summed up in Section 6.

All equations in this paper are expressed in Si-units, unless otherwise stated.



2. DERIVATION OF THE MODEL

We start from the Maxwell-Boltzmann equations

(1)

(2)

V-B=O (3)

(4)

These equations are adequate for non-relativistic velocities. All the information contained in the
more fundamental particle orbit equations in the absence of collisions is also contained in the
left-hand side of Eq.(l); the Vlasov operator. The collision term (dfa/dt)c contains the interaction
forces between the particles. We use standard notations above. Indices a denote particle species,
Vw is the gradient operator in velocity space and integrals are to be taken over the entire velocity
space.

To solve Eqs.(l)-(5) with proper boundary and initial conditions is an extremely difficult task.
A principal difficulty is that the boundary conditions of microscopic plasma quantities are generally
not known. It is here preferable to integrate in velocity-space to obtain macroscopic quantities which
are measurable and whose boundary and initial conditions are known. We obtain a more simple
model by assuming

* Isotropy
* Two-fluid (singly charged ions and electrons only)
* [ a / a / ac ] c =EC a p

* Fully ionized plasma.

The assumption of isotropy is made here only to simplify the derivation; a generalization to
anisotropy is trivial. We will discuss anisotropy further on in this paper. The two-fluid assumption
is also trivially generalized for additional panicle species. Effects of neutral gas or of impurities,
such as charge exchange and recombination, are not considered here. Finally the collision operator is
taken to be a linear superposition of interaction between individual species.



Taking moments

lQildfa/dt-[dfa/dt]c]d5u = 0

Ql = l

Q2=mau

Q3=l/2mat/2 ,

we obtain the exact, i.e. not truncated, two-fluid equations

n0Lm(1dva/dt-qana(E+vaxB)+V-Pa=Ra

VxE=-dB/dt

VxB=[LOe(nivi-neve)+\i.oeodE/dt

V-E=(e/eo)(nrne)

V-B=0 ,

where

p a s P a I + n a

a= l/2nama<w2w>

; pressure tensor

; scalar pressure

; heat flux

; momentum transfer in collisions

(6)

(7)

(8)

(9)

(10)

(11)

(12)

; collision-generated heat.



We have also defined

n a ( r , t ) s | / a d 3 u ; density

a a a ; fluid velocity .

T a = p a / n a ; temperature

In Eq.(8) (P-V)-va is equivalent to Ptjdvt/dXj where P ^ denotes components of the pressure
tensor and Zj denotes space coordinates. Averages <> are defined by < . > = \. / a diu/na The
fluid velocity can be written va=u-w, so that the random, or thermal, velocity satisfies <w>=0.
We note, that Eqs.(6)-(8), the so-called equations of mass, momentum and energy, respectively, are
not closed in the sense that we have generated more unknown moments than there are equations. The
solution to this problem will soon become clear. Of course the choice of taking just the three first
moments of the Boltzmann equation is quite arbitrary. The fourth moment (the energy flux equation)
and higher order moments have, however, difficult physical interpretations.

There remains now three steps of assumptions before we arrive at the final equations. These
are the asymptotic (the time derivative is eliminated) assumptions of low-frequency behaviour and
charge neutrality (Section 2.1), the one-fluid approximation (Section 2.2) and the elimination of
higher order terms (section 2.3).

2.1 Asymptotic assumptions

The displacement current in Eq.(lO) can be neglected for phenomena whose phase velocity

w/k«c , the velocity of light. To see this, note that |[i0e09E/3£| / |VXB| * (^oeou)E)/UB)

= (u)/(/fcc))2 if we take E*(a)//k)B.

The neglect of Poisson's equation is a more subtle point. By taking the charge neutrality
assumption n^n^n, one variable is eliminated and Eq.(ll) is traditionally neglected. The electric
field, or V-E, remains non-zero, however. The solution to this apparent contradiction is resolved,
however by noting that An/n e =(n e -n^) /n e « l although a strong electrostatic field may persist.
This approximation demands that the characteristic frequency is much less than the electron plasma
frequency; uK<u)r>e and that the characteristic scale length of the phenomena are much larger than

the Debye length; L » X D = Vg/(\/2~tUpe). Any associated wavelength \ must satisfy \>>XD. If
this were not the case, the concept of charge neutrality would be inapplicable.



2.2 One-fluid equations

We now want to simplify further by a transformation to one-fluid equations. Let us introduce
the following variables and approximations:

psm^nj+mgn^m^n (13)

vs{m.1yi+meve)/(mt+-m.e)~vi (14)

(15)

(16)

2T=(Ti+T(?) (17)

Consequently, taking Vmg/mt « l , we go from the two-fluid variables n.v^Vg.pg.p^Tg.T^ to

the one-fluid variables p,v J.p.T. The new set of equations become

ap/ac+v-(pv)=o (18)

pdv/dt=jxB-vp-v-[nt+ne] (19)

E+vx3=(mt/(ep))[(men/e)d(J/n)/dt+JxB-Vpe-V-ne+RJ (20)

V " V - / l r ( n f - V ) - v ] (21)

-y) (22)

(23)

(24)

V-B=0. (25)

In Eq.(19) we have used |7nivi|>>(7nevJ . This equation has been obtained by adding the two
moment equations (7) for the ions and the electrons, respectively. In the one-fluid limit the electric
field vanishes and a JxB-term appears in the moment equation. By subtracting the ion and electron
moment equations, Eq.(20), the generalized Ohm's law, is obtained. We have here used K^VpJ

» \neVpj\ and m(»Tn.e . The first rigl.t-hand term of Eq.(20), the Nernst term, we will neglect

since \{-men/e)d{J/ri)d6i / [/XB| « w/0Jce , which quantity generally is very small compared to
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unity.In Eqs.(21)-(22) we have used y=5/3 and the continuity equation. The relation
id/dt)s=d/dt+ve-V=d/dt-{j/en)-V has here also been used. The induction equation (23)
remains unchanged, whereas Eq.(24) is the low-frequency form of Ampere's law. The Poisson
equation is gone, so that the electric field is determined by the other equations. Finally we include
Eq.(25), although it is implicit in the induction equation (23). The reason for this is that elsewise it
would vanish when the equations describe a static equilibrium.

2.3 Ordering of terms

We now have reason to believe that the terms of Eqs.(18)-(25) are of considerably different
order for different applications. For example, the relatively simple ideal MagnetoHydroDynamic
(MHD) equations can be obtained from Eqs.(18)-(25) assuming collisions are very frequent and that
a strong magnetic field is present In the following we will introduce certain characteristic quantities,
so that the relative magnitude of the terms will become apparent. An ordering procedure of this kind
relies on that a) differential operators can be approximately represented by constants in regions of
interest and that b) dot- and cross-products are of the same order as the product of the associated
magnitudes of the vectors. In consequence we can only expect the following estimations to be
correct within one order of magnitude. We will make a comparison for two extreme cases, namely
when we can take the plasma to be either collision-dominated or collisionless. Later we will also see
what is the case for laboratory plasmas. For the time being, suffice it to say that in a
collision-dominated plasma transport coefficients containing coliisional parameters dominate over
terms not dependent on collisions. The primary aim of the ordering is to find out what terms give
rise to the Finite Larmor Radius (FLR) corrections to the ideal model.

With Lc, vc and TC=LC/VC as characteristic length, velocity and time scales for relevant

phenomena, we take e |v j = |v± | = i/Lc and \d/dt | * cu « 1/T^. Recall again, that in the

one-fluid limit |vj«jvf|. We will use the results from transport theory (see e.g. Ref.[4]) that in a

collision-dominated plasma \U^ « \fm^me |n J * nT^T^v^/Lc , where vt is the ion fluid velocity,

T ^ is the ion-ion collision time, and that in a collisionless plasma |n^| « Vrn^/m^ \ue\ ~

(pt/Qt){vt/Lc), where Qt is the ion Larmor frequency. Denote the Larmor radius by rL and the

mean free path between ion-ion collisions by X^w^^. Let us now determine the scalings of the
terms in the moment equation;
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The moment equation

collision-dominated collisionless

(rL/Lc)(vt/wt)

i/Pp i/Pp

Note the appearance of Pp=(B/Bp)2S. where ^=2[iQp/E2 and B p i s the poloidal
component of the magnetic field. Note also that for vanishing vt only the relation Vp=JxB
remains.

The correspondence between the two regions is striking; rL in the collisionless domain

replaces \ t in the collisional domain.

In the estimation of the terms of Ohm's law, the nature of the term R e is not clear yet. We find

from transport theory [5] that for a low-p plasma the dominant contribution comes from electrical

resistivity, so that for this case Rc«enr)J, where the resistivity r|=77ie/(ne2Te^). Below we use the
full expression as derived by Braginskii, also containing the effect of the thermal force. The relations
between the collision times of a plasma consisting of protons and electrons of same temperature are
approximately the following: T (9(?«22T^=950Tee= : l950Tei. By Te(, is meant the time for both

ions and electrons to reach isotropic velocity distributions with the same temperature, by T ^ and Tee

we mean the time needed for ions and electrons to establish isotropic (momentum exchange)
Maxwellian velocity distributions (energy exchange) within themselves, and by rei we mean the

characteristic time for moment transfer between electrons and ions. We find the following;
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Ohm's law

collision-dominated collisionless

Jv-n e / (en) | / |VXB| \/m^7ni(Ai/Lc)(rL/Lc) ^ Q

l/xB/(en)|/|vxB|

Here T=e+y/me/mi({ l +a)/a)(rL/Xf), where a=-\/ppl. In the last equation we estimated E from

the induction law. Note also that since we assume Tj=Te we have rLewe=rLlwi • Formally we

may only assume Tj=Te if the relation u j T e ? « 1 holds. This is the most strict collisionality

condition, since Teq~22Tii. Also here the substitution Xf*\ in the collision dominated terms yield
the collisionfree terms except for Re, which has no collisionfree counterpart.

In estimating the terms of the energy equations (21)-(22) we shall make use of

where index a denotes ions and electrons, respectively. The terms of the energy equation, the
transport terms, are the most difficult to estimate. It is here that the moment expansion is truncated.
Formally, in a collision-dominated plasma both heat flux and collision-generated heat have to be
determined by higher order moments, whereas in a collisionfree plasma only the heat flux becomes
of higher order. Transport coefficients for these quantities can only be obtained in certain limits and
for certain approximations. For nearly all plasmas of fusion interest (see next Section) the magnetic
field is strong enough so that rL/\i=l/(QiTii)« 1. In consequence we can use the Braginskii [4]
forms of the transport coefficients.
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Energy equation

collision-dominated collisionless

Qel /(tup) ir/oHrL/Lcnwt/vc) 0

e\/mi/me{\i/Lc){wi/vc)

| (ne-v)-v| /((upe)

|(ne-V)-U/en)|

i l/a(rL/Lc)(w f/vc)

The collisional heat terms Q a we add already at this stage for reasons of simplicity. The heat
flow term ha of a collisional plasma is dominated by parallel thermal conductivity; according to

Braginskii we have approximately hefi=-5.2'/m^/me(nTi'rit/mi)Vffli - Vmt/mghy/, so that
the ion heat flow is negligible in comparison with die electron heat flow. For a form of the
perpendicular ion heat flux in a collisionless plasma, we refer to e.g.[10]; ht

L =

= (5pi/{2eB))eQxVT=(mi/me)he
1- when the ions and electrons are both Maxwellians of the

same temperature. The ion heat flux dominates because of the larger Larmor radius of the ion.

It is now appropriate to establish in what domain (collision-dominated or collision-free) fusion
plasmas of interest fall. So, before using the above scalings to determine our final equations, let us
devote the next Section to a discussion on collisionality.
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2.4 Collisionality

The timn required for a particle species to establish isotropy, or a Maxwellian velocity
distribution, within itself, is called the self-collision time. It is given by [6]

Taa=((4TTe0)2ma
2(3^Ta/ma)

3/2)/(za
4na0.714-8TTi7iA) (26)

Here z a denotes charge , In A is the Coulomb logarithm. For a monatomic plasma we find

Taa-l.l0-l031v/maTa
3/2(KeV)/(na/7iA). (27)

A common criterion when discussing the collisionality of a plasma is

(28)

where Qt is the ion Larmor frequency. It says that the number of collisions during a Larmor period
must be substantially less than one. We find for a JET-type plasma (T=10KeV, n=3.1019m"3,
In A=19, B=3T) Q^T^» 107, implying a very low collisionality. For an EXTRAP z-pinch plasma

(T=20eV, n=5.1021m"3, In A=15, B=1T) fyT^= 1. It is obvious that already moderately hot and
fairly dense plasmas fall into the collisionless regime according to this criterion.

A more appropriate collisionality condition for our purposes is

{rL/a)QtTU « 1 (29)

which condition shall be fulfilled for a collision dominated plasma. Let us dwell on this for a
moment.

A collision-dominated plasma is characterized by its boundary conditions. These are that the
mean free path must be much smaller than a characteristic length in the direction parallel to the
magnetic field; X^«L^, and that in the perpendicular direction either the mean free path QT the
gyroradius is much smaller than a characteristic perpendicular length. In common transport theory it
is usually formally assumed that both the latter conditions hold; X j « L x and r L « L ± . Taking

LJJ, LL~ a we can write the resulting condition X i=rLQ iT i i<<a, which in its turn gives the
condition (29). This condition is, for all plasmas of fusion interest, more restrictive than the
conditions T\^l^^ r L / a « l since fyT^s i.

Reality and transport theory demands that Q^a = 1, whereas a collision dominated plasma
demands (r^/a)Q^r^« l. In consequence, for a collision dominated plasma ofpractical interest
we must have the inequality
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1 s QjTjj << a/rL . (30)

A consequence is that although the ion does not experience collisions for several Larmor periods,
the plasma can still be regarded as collision-dominated if the Larmor radius is small enough. We
will find, however, that condition (29) is not satisfied for most cases of interest.

When condition (29) is violated, the collisional transport terms used above are not valid, and
the plasma can be considered collisionless in the sense that transport terms derived from the Vlasov
equation dominate. The Incompressible FLR MHD model falls into this region. Here there is no
mechanism that can preserve a fluid-like character parallel to the magnetic field. There is simply no
way to treat parallel dynamics properly in a collisionless macroscopic plasma model.

Ideal MHD has been and is used succesfully for stability analysis of plasmas for which
condition (29) is severly violated, i.e. for cases where the parallel fluid-like character is gone. The
reason for its success is apparently that the parallel dynamics is unimportant for a large pan of
stability analysis. Formally, ideal MHD cannot be justified for these plasmas.

The Incompressible FLR MHD model, however, is valid for studies of perpendicular
phenomena on the Alfven time scale in collisionless plasmas, as will be shown soon. The point is
to replace the unnecessary energy equation by the incompressibility condition.

2.5 Regions of validity

To investigate what terms are required in the models, we will use the scalings derived in
Section 2.3. We start with a few definitions.

Aiming at stability analysis, we denote the characteristic frequency and wave number by
U)=2TT/TC and £=2TT/X, respectively. As a result the characteristic length scale of a homogeneous
plasma becomes LL=vcTc=(iu/k)rc= X, the wavelength of the perturbation. As was mentioned
in the introduction, we will now demonstrate that in a cylinder plasma it is generally the equilibrium
gradients, which determine the characteristic length scale, so that L±~ a. A host of instabilities

develop on the Alfven wave time scale; in consequence we let vc=Vj=vA=B/\/p.Qp . The
plasma beta can be written

2 = ^ 2 / v A
2 . (31)

We now recall the assumptions being made when deriving the one-fluid equations of Section
2.2. Suinming up, the following conditions have to be fulfilled for any modeU being it collisional
oi collisionless:
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rL « a , Lc for fluid character

u)A:=vA<< c neglect of displacement current
u ) « tu_e neglect of Poissons equation

2 as well as charge neutrality

i . , neglect of Nernst term.

In the following we will refer to three types of plasmas of fusion interest, namely those of
EXTRAP (unconventional z-pinch), JET (large Tokamak) and REACTOR (imagined future D->D
reactor device). We chose the following plasma parameters:

a(m)

n (irf3)

T(keV)

B(T)

EXTRAP

0.01

5-1021

0.05

0.2-2

JET

1

5-1019

5

0.2-5

REACTOR

1

1-1021

30

0.2-5

We take the ratio of characteristic scale lengths e = Lx/L^=0.1 as well as pp= l.

All of the assumptions above are satisfied within several orders of magnitude for the three
devices. A snag is that the Larmor radius can be uncomfortably large in regions of low magnetic
field, such as close to the axis in EX FRAP. Taking an equilibrium magnetic field with the simple
radial dependence B=Bc(r/rc)a, where r is the radial coordinate, rc « a ) a characteristic radius

and a an arbitrary constant, we readily obtain, from r L « a , the condition r»^^/^ 1/'oc a,

where r ^ is the Larmor radius at rc We only study cases for which this condition is satisfied.

Regarding collisionality, we find the mean free path \~a for EXTRAP and X^»a for the
other concepts, making e.g. ideal MHD questionable for EXTRAP and formally invalid for the
others. A condition we have not emphasized is that for energy equipartition (making Tj=Te as

required); iore(.~y/m^/ne Q j T ^ « l. This very strict criterion is far from satisfied in any of the
devices, but we will not consider it further since, as is experimentally known, it is not necessary
for energy equipartition.

The last we will say about collisional MHD is a few interesting facts regarding the EXTRAP
plasma. Here we find, that for a low magnetic field (B=O.2T, p* 1, rL/a = 0.3) the off-diagonal
ion pressure tensor gives a correction of ^/a»0.5 to the moment equation, and that the Hall and
electron diamagnetism (FLR) terms give corrections as r^/a to Ohm's law. In the energy equation

the heat flux becomes of the same order as the main terms even though we take e-0.1. There is
consequently no real justification for the simple, adiabatic energy equation of ideal MHD in this
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case. With a higher magnetic field ( B=2T, p=0.01, rL/a=0.03) the correction due to the ion
pressure tensor becomes considerable. Resistivity is not important.

Let us now test the validity of the Incompressible MHD model and investigate for what cases
the more refined Incompressible FLR MHD model is required. For this purpose it is convenient to
rewrite

=1.9-10-17nrL2=wi
2/vc

2 . (32)

The scaling relations of Section 2.2 are again studied. The most pregnant conditions now become

Lc >> rL/vf^ neglect of ion magnetic viscosity

Lc >> v1TrL neglect of Hall term, electron diamagnetism and ion heat flux

Lc » rL /%/p~ neglect of ion pressure tensor in energy equation

Lc » rL neglect of current density term in energy equation .

These conditions, apart from those required for the energy equation are required for validity of the
simple Incompressible MHD model. Note the interesting result that the FLR terms depend
differently on /3. For p « 1 the ion magnetic viscosity term must be included, for p » l (see the
definition of (3) the Hall and electron diamagnetism terms become important, and when p -1 ajl
FLR terms may give important contributions for a moderate Larmor radius. The conditions above
can, from Eq.(32), be written in terms of density and Larmor radius only:

Lc

Lc » 4.4-

L c » 2.3- 108MT

In Extrap FLR terms generally contribute considerably. This manifests itself in the
requirement of a large characteristic length in the corresponding relation above. Since the scaling
length due to equilibrium gradients is of the order of the plasma radius or less, we must have
LQåa. Letting the scale length equal the plasma radius, the inequalities above are most easily
satisfied. We find that for B>0.3T only ion magnetic viscosity becomes important, and that for
B<0.3T also the Hall effect and electron diamagnetism ought to be included. For B<0.3T the heat
flux is always comparable to the other terms of the energy equation and should, strictly speaking,
be included.
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In JET no FLR term is of any significant importance. This is due to the small ion Larmor
radius> (rL/a=0.01) and moderate density in JET. Maintaining Lc=a we also find that it is correct
to neglect heat flux.

Due to the high density and large Larmor radius of the REACTOR device the clearly
dominating FLR terms become those due to Hall effect and electron diamagnetism , which terms
are of considerable importance for low fields (B=0.2-0.5T). Heat flux can generally not be
neglected in this case.

The three concepts we have studied above lead us to an important conclusion. If we want to
perform, say, a stability analysis of a collisionless plasma we do not necessarily need to include all
three FLR terms in the analysis; we simply define the parameter region ofinförest at the outset, and
include only the FLR terms which contribute. In a study where the parameter space is large, all the
terms of Perpendicular FLR MHD may have to be included, however.

Above we have taken Lc=a, which assumption is violated for disturbances with wavelengths
X«a. The importance of the FLR terms may consequently become strongly enhanced for short
perturbation wavelengths.
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3. ANISQTROPY AND CONSERVATION LAWS

3.1 Possible forms of the energy equation.

The derivation of the fluid equations above did not take into account anisotropic plasma
pressure. A collision-dominated plasma is, for natural reasons, generally both Maxwellian and
isotropic. A collisionless plasma may not be so. However, a derivation including p^ and pL,
extending from the Vlasov equation, can be performed as before with the important difference that
the undisturbed, or lowest order, particle distribution function remains undetermined. Since the
equations of an anisotropic plasma are trivial extensions of the equations above, we will not take
space for a derivation here.

Essential, though, is the closure of the moment equations. In a collisionless and. anisotropic
plasma the energy equations are given by [S]

dp///dt+dh/'///dl+ l/B(dB/dZ)l2hx
/rh/f,,]+p/f[\7- v±+3V • v;/]=0 (33)

/ / ]=o, (34)

where h-1^ and hff/f are the fluxes of perpendicular and parallel energy along the field lines. In the
limit of vanishing heat flux, the CGL, or double adiabatic, equations can be obtained by using the
equation of continuity, Amperes and Ohm's law ;

d(p±/pB)dt=0 (35)

d(,p//B
2/p5)/dt=0 . (36)

If we now assume isotropy, the same energy equation as that of ideal MHD is the result;

0. (37)

It is important to realize that a stability analysis within the CGL-theory does noj give the same result
as that of ideal MHD for P//=p±=p, the pressure perturbations are anisotropic even for isotropic
pressure! Equilibria, even non-static, are identical in the isotropic limit, though.

By taking V • v=0, the energy equation of Perpendicular MHD results;

dp/dt=o. (38)

An interesting fact is that the energy equation [38] can be obtained also in the limit of infinite
parallel heat flow. Such situations imply that the velocity distribution is strongly asymmetric with
respect to v/f. It is required in this case that the parallel gradients of the heat flow and magnetic field
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are small, oj that the heat flow is proportional to the magnetic field. This can be seen by adding the
Eqs.(33)+2(34) and noting that with pressure isotropy ^x//=^///=^//-

3.2 Energy Conservation

A plasma model is not physically sound if the conservation laws for mass, moment and energy
are not fulfilled. Our starting point, the Boltzmann equation, of course has these properties.We have,
however, made a number of approximations to obtain the final equations, and it is therefore
necessary that we formally prove that the conservation laws prevail.

A general anisotropic plasma will be considered, because there are some interesting relations
for this case. Only local conservation is treated here; global conservation is a simple extension [3].
Since the FLR-terms are by definition small, we will only consider conservation laws in the limit
LR-H).

Suppose given the equations

3p/3t+V-(pv)=0 (39)

V-P (40)

As we have seen earlier, these equations hold for collisional and collisionless one-fluid plasmas in
the small Larmor Radius limit. Eq.(39) has exactly the form, which is required for conservation of
mass (or particle density). The conservation of momentum may now be easily derived from
Eqs.(39)-(40) plus Ampere's law.We have

= pdV/dt + Vdp/dt=pdV/dt-p{V'V)V+Vdp/dt=

=. /xB-V-P-p(vV)v- \rV-(pv) (41)

Now, since

equation (41) becomes, for the mass movement,

2 * = 0 (42)

which exactly formulates conservation of momentum. Here B* denotes the unity matrix, and terms

xx denote dyadics, for which (xx)ij=xiXj.

As for energy conservation, we obviously want to derive an equation of the form
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d/dt[l/2pv2+<t>] + V-[l/2pv2v+A] = 0 , (43)

where <t> and A are expressions to be determined. To this end, use the moment equation (40)
together with Ampere's law to obtain

pav/d£=-p(v-V)V+(l/pL0)(VxB)xB-V-P (44)

A scalar multiplication with v yields

pa/at(v2/2) = ( l /H 0 )V(VxB)xB-V(V-P)-pv[(v-V)v] (45)

Now use Eq.(39) to obtain

V-(pv2V/2) = V(v2/2)-pV+v2/2V-(pv) = pW(v 2 /2 ) -v 2 /2ap/ac . (46)

so that

pa/a£(v 2 /2)=a/ac(pv 2 /2)+v-(pv 2v/2)-pw(v 2 /2) . (47)

Eq.(45) now becomes

3/a£(pv2/2)=V-(VxB)xB-V-(V-P)-V-(pv2V/2) + pv-V(v2/2) +

-pV-[(V-V)v]. (48)

The last two terms identically cancel oneother. Now use the laws of Ohm and Faraday to obtain

V-(VxB)xB=-(VxB)-(vxB)=(VxB)-E=-V-(ExB)+B-(VxE)=

=-V-(ExB)-B-aB/a£=-V-(ExB)-a/at(B2/2). (49)

Let us sum up these manipulations:

2 V - ( V - P ) = 0 (50)

We are now close to our goal. We have used the equations of continuity and momentum together
with the law of induction and Faraday's and Ohm's laws. We have so far not used any energy
equation.This is indicated by zeroes in Eq.(50). In this sense Eq.(50) is general. We now want to
investigate what type of equation, describing the time evolution of plasma energy, should be added
to Eq.(SO) so that its last term can be included into the divergence and a proper energy conservation
law like Eq.(43) is obtained.

When the pressure tensor is anisotropic;
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where 6 j ,• is the usual Kronecker 6, the divergence of the pressure becomes

V-P=Vp i+B[B-V((p / /-p±) /B2)]+(p / /-px) /B2(B-V)B. (52)

We now come to an essential point. Since the term v • (V -P) in Eq.(50) is not being differentiated
with respect to v, such a term has to be added to v-(V-P) in order to obtain a proper energy
equation like Eq.(43). By e.g. using tensor operations, one can show that

v(V-P)+(p / /-p±) /B 2B-[(B-V)v]sv-Vp x+V-[(p / /-p x) /B 2(v-B)B] (53)

The new term on the left hand side of the identity (S3) can be obtained from the energy equations of
the CGL-theory,

apx /a£+V-Vp±+2pxV-V-(px /B2)B-[(B-V)v]=0 (54)

ap / //3i+V-Vp / /+p / /V-V+(2p / //B
2)B-[(B-V)v]=0. (55)

By taking (54)+1/2(55), and inserting into Eq.(50), we can write the full energy conservation law
for the CGL-theory

3/a£[pV2/2+B2/2pL0+(px+p / //2)]+

V-{[pv2/2+(2px+p///2)]v+(p//-pJL)/B2B(V-B)+ExB) = 0 . (56)

Not unexpectedly the ideal MHD energy conservation law (y=5/3) is obtained in the isotropic limit
ofEq.(56).

The CGL-theory is unnecessarily complicated for our purposes, however. As we will see in
the next section, normal mode analysis becomes very complicated due to the extreme length of the
stability equations. The question arises: Is there a simpler anisotropic plasma model, which still
conserves energy?

A common simplification is to study disturbances that do not compress the plasma; V • v=C
then takes the place of the energy equation and Incompressible MHD results. Formally one can
obtain the same result by using the adiabatic law d/dt(pp">0=O as an energy equation, and let the
polytropic index y->oo. An alternative step is to replace the parallel momentum equation by this
condition [3], i.e. to obtain v^ from the »compressibility rather than from the momentum equation.
The motivation for this procedure we have already considered in the introduction.The derivation of
particle and perpendicular momentum conservation still hold; we skip the the parallel component of
:he momentum equation.The energy conservation derivation must be performed with the
perpendicular components of the moment equation. Through a scalar multiplication of Eq.(44) with
v j instead of v, an analogous computation can be performed. If we leave out the energy equation,
we find
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p ^ p 0 x - ( V - P ) = 0 (57)

where, according to Eq.(52)

2 (58)

The last term is non-vanishing. The question arises: Which are the simplest perceivable energy
equations that, in combination with Eq.(58), give energy conservation? Obviously they cannot be
simpler than the CGL energy equations, since additional terms are needed to write the last term as a
term of a divergence.

We come to the conclusion that the simplest anisotropic fluid theory that conserves energy is
the CGL theory. Since we are interested in the effect of anisotropy on the m=l internal kink
criterion, we will use the CGL theory to determine this in the case of absent FLR-effects; a normal
mode analysis of the CGL equations including FLR-terms is a hopeless task. For the analysis we
refer to the next Section.

To investigate the effect of finite Larmor radius on the m=l kink instability we instead choose
the isotropic and divergence-free model being derived in this paper. We will refer to it as the
Incompressible Finite Larmor Radius MHD model. For the case of vanishing Larmor radius, the
equations then conserve energy. Upon insertion of V-v=O into Eq.(50) and taking isotropy, the
energy conservation equation becomes

a/3£[pv2/2+B2/(2^0)]+V-{[pv2/2+p]v+ExB/pL0} = 0. (59)
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4. m 2 1 KINK CRITERION IN ANISOTROPIC MODELS

In this section we will demonstrate that the m>l internal kink instability is only weakly
dependent on the choice of equation of state and that anisotropic plasma models can stabilize the
m=l internal kinks only for very high plasma £ These results motivate our neglect of anisotropy in
the Incompressible FLR MHD model of this paper.

The Kadomtsev criterion for arbitrary m, short axial wavelength internal kinks .within ideal
MHD theory, states that

2[i0rp'+m2B2 S 0 (60)

is necessary for the stability of a circularly cylindrical z-pinch with no axial field. Prime denotes here
differentiation with respect to the radial coordinate r. This criterion is almost always violated by
z-pinches, since it demands that the current density profile should be extremely peaked on the axis.
A certain class of z-pinches, called the EXTRAP concept [2], seems to be stable against these
modes. The explanation for this behaviour can be that either ideal MHD theory fails to model these
perturbations, or that the current density profile in EXTRAP is sufficiently peaked to satisfy
Eq.(60). To show that the latter is not the case, we insert the radial equilibrium equation

B(rB)'+n0rp'=0 (61)

into Eq.(60). We study the m=l case only, since this mode can be shown to be the most unstable.
The result is

(rB2)'l0 (62)

for stability. Assuming now, that B=B o r a in the centre of the pinch, we find through substitution

into Eq.(62) that a s - 1 / 2 for stability. Very close to the axis the current density must be constant
for reasons of symmetry, yielding ct= 1 in this region. Just off the axis the condition on a implies a
current density profile which is nearly singular at the axis, which is unphysical.

If we instead take the current density to be constant in a region near the axis, so that B=BQr
here, we can instead find out how much the stabilizing term of the inequality (60) has to be raised so
as to fulfill the criterion. So, instead of Eq.(60), we assume we have a model which yields

2n0rp'+yB2S0 • (63)

On inserting the equilibrium equation (61) and B=BQr into Eq.(63), we find y £4 for stability. Let
us now see whether this can be obtained in collisionless, zero LR plasma models.

A simple, anisotropic model [7] with the energy equations

dp±/dt=0 (64)

O (65)
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yields the following internal kink criterion;

^ 0 r (p x ' +p / / )+B 2 + l a 0 (p 1 -p / / ) S 0. (66)

In the isotropic limit this condition coincides with the one of ideal MHD as well as with that of the
Incompressible MHD model. In deriving Eq.(66) the important restrictions of neglecting the parallel
momentum equation and taking V-v=0 were made; yet Eq.(60) was obtained by the author in the
isotropic limit!

A collisionless/7«jrf model can never properly model the dynamics along a field line, since
this is kinetic to its nature. The CGL model, however, has more detailed equations of state than
those of Ref. [7]. Let us perform a normal mode analysis within the CGL model to see whether or
not its equations of state with anisotropic pressure yield better stabilility. The analysis, which is
extremely lengthy, will not be presented here [8], only the resulting condition. We find, for marginal
stability,

fi0{-3B4px
2p / /+24B4pJLp / /

2+9B4p / /
3+^0B2px

4-17|^0B2px
3p / /+

-15^ 0
2 p x

4 p / / -H59^ 0
2 p x

3 p / /
2 -27^ 0

2 p x
2 p / / 3-18^ 0

2 p x p/} % 0 (67)

This obscure expression has some interesting special limits. To see the effect of the
(collisionless) energy equations for the anisotropic pressure, we may actually choose pL=P//-p and
compare this with the Kadomtsev criterion (60). We find

2p.0rp'+B2{m2+10p/(6+5p)} ä 0 , (68)

where (3s2fjLop/B2 . In the low-p limit we get exactly the same criterion as that of ideal MHD.
For m=l and p= 1, however, a small increase of the stabilizing term due to magnetic pressure
occurs. Put differently, y of Eq.(63) increases from 1 to 21/11. Thus increasing p has a stabilizing
influence on the m=l kink modes in this model, but does not stabilize the modes, not even |3-*oo.

Being curious whether or not extreme anisotropy can provide stabilization, we can put p±=C

and P//-0, respectively, in Eq.(67). When P//=0 the following criterion is obtained:
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+ (m2+l)(B2+|jL0px) S O . (69)

Since the radial force balance of an anisotropic plasma is given by

B(rBY/(\xQr) + p_L'+(pJL-p//)/r = 0 , (70)

we can put the inequality (69) in the form, for B=BQr (i.e. for constant current density),

m2(l+pj_/2) - 1 I 0 (71)

where p x = 2 p . o p x / B 2 . Thus, for m% 1 we have stability for all p x . This result, although
seemingly surprising, is a consequence of the unphysical limit we have taken. Depending on the
form of the energy equations, all anisotropic plasma models yield a 'mirror instability' condition,
which puts an upper limit to the ratio p±/P//- In the CGL model, this limit is given by

+2p± ä p x
2 / 3 P / / (72)

A more careful investigation gives interesting results. Let us define pressure anisotropy by
b-p///pXr and maintain B=BQT. On inserting this for m=l, together with the equilibrium relation
(70) into the dispersion relation (67) we find the following. For strong anisotropy, but still allowed
according to (72) and high px- /alues (>2), stabilization of the m=l modes can be achieved. As an
example we mention that for I?=0.4 it is required that px> 3. For moderate anisotropy very high px

values are required for stability; I?=0.9 demands that p x > 15. The physical ieason for the
stabilization is that kinking of the field lines with their frozen-in plasma is counteracted by a
sufficient perpendicular plasma pressure, which tends to stiffen the plasma.

If we instead take f?> 1, that is p// > p x we must be careful not to go below the lower limit of

the ratio p±/P//, thus inducing 'fire-hose' instability. The condition for fire-hose instability is
independent of the equations of state (it is driven by the Alfven wave) and is, in contrast to the
mirror criterion, the same for all anisotropic models;

B2/(JLO + (p±-p/f) 5 0 . (73)

For given pn and p x , the mirror and fire hose conditions obviously set a lower limit to the
stabilizing magnetic field. Nevertheless, for all I?> 1 instability to the m=l mode is maintained, as
can be found from (67). In line with the previous argument an increase of the parallel pressure
increases the tendency of the plasma to wriggle.

As mentioned earlier, no collisionless fluid model properly models the flow of electrons along
the field lines. Efforts have been made, however [9] to improve on the energy equations through
more accurate modelling of the parallel heat flow. The resulting model is extremely complicated even
though it assumes vanishing LR effects and its validity has sofar not been proved, except for certain
applications with respect to the solar wind.
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We have shown in this Section, however, that the stability criteria being derived for m=l
internal kink, short axial wavelength modes are fairly insensitive to the forms of the equations of
state. This is due to that the instability is driven by the Alfven wave, which does not compress the
plasma and therefore is insensitive to pressure perturbations. We have also demonstrated that
pressure anisotropy can strengthen the stabilizing terms of the stability conditions, but that stability
can only be achieved for very high plasma beta. For this reason we consider only the isotropic
Incompressible FLR MHD model henceforth, in studying the effect of finite Larmor radius on the
internal kink criterion.
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5. LINEARIZED EQUATIONS FOR A HOMOGENEOUS PLASMA

In order to study the dynamical behaviour of a homogeneous, collisionless plasma with FLR
terms included, we use the Incompressible FLR MHD equations. The linearized equations are
obtained by assuming that the perturbed quantities can be Fourier decomposed in the form
~exp(£(u)£+A:-r)). Without loss of generality, the wave vector /fc=(O, k±, fy) is assumed to lie in
the y,z-plane.

It will be assumed that the plasma is unbounded and uniform in the steady state. The external
magnetic field, which is also uniform, is directed along the z axis. The linearized equations are
obtained by using the following equilibrium conditions

v=0 , E=0 , J=0 , B=Be2 , p0=const., p=const. (74)

Since the medium is homogeneous, the equilibrium FLR term (due to diamagnetic drift) vanishes
and the equilibrium can be considered to be static. We obtain

coPl=O (75)

M:-n1 ( 7 6 )

*-V=0 (77)

, a=mt/(ep0), y=Pg/p (78)

^ ^ (79)

lkxbl=p.QJl ( 8 0 )

Pert trbed quantities are here denoted with small letters or index Y- Notable here is that density
perturbations vanish. Also the diamagnetic contribution to Ohm's law (78) vanishes when applying
the induction law (79). The finite Larmor radius effect in the stress tensor is represented by the
collisionless viscosity jA=pil/Q^, where p±± is the ion perpendicular pressure and Q̂  is the ion
Larmor frequency. A general expression for the gyroviscous tensor is
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- 2/3

Here 6 a B denotes the Kronecker delta, £a3-y is the antisymmetric permutation tensor, ha is a unit
vector directed along the magnetic field and sa denote the geometrical scale factors. In component
form the divergence becomes

(82)

(83)

(84)

The equations become, in component form,

(85)

(86)

(87)

(88)

(89)

(90)
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Eq.(85) is independent of the pressure perturbation. It describes motion perpendicular to the
wave vector plane and corresponds to the Alfven wave. Eq.(86), which also describes motion
perpendicular to the equilibrium magnetic field, generally corresponds to the compressible Alfven
wave.

Eqs.(88) - (90) can be solved for the perturbed magnetic field;

bx = V-oZkf, (lio">vx+ iBak2vy)/(v0
2w2 - B2a2kf/

2k2) (92)

by = \ioBk//(v.ouvy - inaktt2vx)rt\L0
2to2 - B2a2k.2k2) (93)

bz = -\icBk±{\x0itiVy - iBa/t / /
2vz)/(pi0

2cD2 - B2a2kf/
2k2) (94)

where k2= kf/
2 + k±

2.

Upon combining Eqs. (85)-(87) and (92)-(94) an eight order equation in ID results. Two roots
are immediately obtained as (D2=0, whereas the remaining roots are obtained from the dispersion
relation

a 6 u 6 + a^u)4 + a 2w 2 + a 0 = 0 (95)

where

a 6

aA = -\i0
2k,2 [ 8p 0 B 2 * 2 (^ 0 ^p 0 a 2 * 2 ) + ^ 0

2 ^ J L 2 ( 2 ^ 2 - * X
2 ) 2 ] (97)

a 2 = 2B2/fc//
4/fc2[2B2(|JL0+p0a

2/^:2)2-^JL0
2^ia(2fc//

2-Ä:±
2)(2E-^a(2fc//

2--fc_L
2))] (98)

a0 = - B 4 a % M [ 2 B - \}.a(2k//
2-k1

2)]2 (99)

The dispersion relation (95) is a third order algebraic equation in cu2. The product of the zeroes (in
ID2) equals -aQ/a^, which quantity is positive in consistence with the requirement of positive, i.e.
stable, roots. Two interesting special cases we obtain by either neglecting \if the gyroviscous
parameter, or by neglecting a, the Hall parameter.

When (JL=O the dispersion relation becomes of exactly the same form as that for the ideal case,
without FLR effects. The parameter a can be viewed only as a modification to the equilibrium
magnetic field. Hence the Hall term does not principally alter the ideal dispersion relation and does
not affect stability.
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For ot=0 we solve the dispersion and obtain the three roots

1^2 = 0 (100)

The two last roots are stable, which can easily be seen by e.g. squaring the first two terms
within square brackets. Furthermore we note that these roots represent a branching, due to
gyroviscosity, of the ideal shear Alfven wave. The two fundamental macroscopic plasma waves -
the sound (or slow) wave and the compressional (or fast) wave - are excluded by the model. The
sound wave vanishes due to the assumption of incompressibility. The compressional wave vanishes
because the pressure is being perturbed so that that it exactly cancels the term due to magnetic
compression in the moment equation. In Perpendicular MHD, however, the pressure is not
perturbed and the compressional wave persists.

In conclusion we note that the Incompressible FLR MHD model exclusively describes the
modification of the shear Alfven wave due to finite Larmor radius effects. Since the medium is
homogeneous, the electron diamagnetism term of Ohm's law vanishes here. Only stable solutions to
the dispersion relation are obtained, as is also required in an isotropic and homogeneous medium
where no driving forces for instability exist A comparison with the Perpendicular MHD model with
FLR terms included is given in the Appendix. The latter model yields unstable solutions for large
perpendicular wavenumbers when gyroviscosity is included [11].
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6. CONCLUSIONS

The purpose of the present investigation was to derive macroscopic equations for stability
analysis of a fusion plasma, which adequately contain terms due to the influence of a finite Larmor
radius. Because of the low collisionality in plasmas of fusion interest, it was necessary that the
model should use transport coefficients for the collisionless regime. This is gratifying, since having
normal mode analysis in mind, it is highly desirable to obtain simple equations. The stress tensor
becomes greatly simplified in this limit, and contains as off-diagonal elements only the effect of ion
magnetic viscosity. The other FLR effects included are those of the Hall current and electron
diamagnetism in the generalized Ohm's law.

The model which results we name Incompressible FLR MHD, since it is an extension of the
well known incompressible MHD model. Since the assumption of incompressibility takes the place
of the energy equation, we do not have to bother about the FLR terms of the latter. The somewhat
simpler Perpendicular MHD [3] model, with patched on FLR terms, gives unphysical results and
cannot be used for the present analysis. We believe that the present model represent an opumum of
simplicity and physical reasonableness.

At tlie outset we wanted to perform a study of the possibly stabilizing effect of the FLR terms
on the m=l kink, short axial wavelength instability in cylindrical geometry. Having concluded that
the model should be collisionfree, it was felt necessary to get a picture of the effect of anisotropy on
the m=l stability criterion. Therefore a study within the full double adiabatic model was performed.
It was concluded that the resulting criterion was not much different to its counterparts in (isotropic)
ideal MHD, the so-called Kadomtsev criterion, except that for very high perpendicular plasma beta
stability could be achieved for sufficiently large perpendicular pressure. For nearly isotropic
pressure, high beta was demonstrated to have a stabilizing effect, but not sufficient to stabilize. As a
consequence we have taken the pressure to be isotropic in our model.

The derivation of the model is carried out from the Boltzmann equation and all assumptions
have been thoroughly discussed. A comparison between the terms in the dynamic equations has been
carried out for three different plasmas of fusion interest. Assuming a characteristic equilibrium scale
length of the order the plasma radius, it was found that for a dense and fairly cold z-pinch, such as
EXTRAP, all FLR terms may play a role, that for a JET-type plasma FLR terms are unimportant and
that in a hot and dense reactor plasma the Hall and electron diamagnetism effects may contribute. A
conclusion to be drawn is apparently that when performing a stability analysis within the present
model, only those FLR terms which are large in the parameter regime considered, need be included.
It should be remembered that for small wavelength perturbations the scale length can become smaller
and the influence of the FLR terms strongly enhanced.

The paper ends with a derivation of the exact dispersion relation when applying the
Incompressible FLR MHD model to a homogeneous plasma. The sound and compressional Alfven
waves become suppressed and the shear Alfven wave becomes modified.
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APPENDIX: PERPENDICULAR FLR MHD;

LINEARIZED EQUATIONS FOR A HOMOGENEOUS PLASMA

A.I Dispersion relation

In this Section we will refer to the Perpendicular MHD model of Freidberg[3], with FLR terms
added, as the Perpendicular FLR MHD model. The linearized equations of the model in a
homogeneous plasma, characterized by the following equilibrium conditions

v=0 , E=0 , J=0 , B=Be2 , p0=const., p=const., (Al)

then become

(A2)

(A3)

(A4)

(A5)

j j (A6)

lkxbl=\ioji (A7)

tup^O (A8)

k-b{=0. (A9)

Notable here is that both density and pressure perturbations vanish. The linearized equations are
obtained by substituting the equilibrium variables and by assuming that the perturbed quantities can
be Fourier decomposed in the form ~exp(i(iat+k-r)). The wave vector *=(0, £ x , k//) is
assumed to lie in the y,z-plane. For the gyroviscous tensor we obtain

(A10)
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(All)

(A12)

After substitutions and eliminations the resulting equations are the perpendicular momentum
equations

(A13)

(A14)

and the induction components

(A15)

(A16)

It may be relevant at this point to note that the general solution of the ideal MHD equations give
rise to a dispersion relation which always contains eight real roots. The characteristic equations
which give the eigen-values GO are

cu2=O (A17)

u)2 = (k/f2k2/Qt
2)vA

4 + * 2 v A
2 (A18)

and

4 2 4 2 4 4 2 2 2 4 2 4 (A19)

)wi
2)] = 0

where v A =B o /vV o Po . ^i=^PpPo . Qi~eb/mt and k2=k//2+kx
2 . The solutions to the latter

equation are
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^1 = (-VQ + RVCöQ^) (A20)

?>, (A21)

where

Q=

fc//
4/fcx

2Qf
2vA

2wf
2(4vA

2+^2)+8/fc//
2ifc±

6vA
4wf

4+/l:x
8^8

+16k /^kx
AQ i

2vA
2(2vA

A-w i
A)+8kx\2vA

2(2Q i
2vA

2-k1
2VJ i

4) (A22)

and

R =

A.2 Discussion of results

The linear stability analysis of the homogeneous configuration is a determination of stability of
the basic waves which propagate in the MHD plasma. The dispersion relations (A18)-(A19) give the
modified Perpendicular MHD waves by the presence of of FLR effect in an incompressible,
collisionless plasma. When a=pt=O Eq.(A19) reduces to the dispersion relation of Perpendicular
MHD, which gives rise to two branches; the first branch of the dispersion relation is the shear
Alfven wave w2=kii2v A

2, the second branch describes the compressional Alfven wave

M2=(k/j2+k1
2)vA

2. Both waves result even though equilibrium density and pressure are not
perturbed.

For £//=0 the modes of Eq.(A19) are marginally stable, and for kL=0 the stability condition

becomes (Q^-k^w^2)2 ? 0, where the equal sign represents the marginality. For ̂ = 0 , <x*0 the

solutions are exponentially stable, whereas instability is found for large £± when p^O, ct=O; see

Ref[l 1] for a detailed discussion. The electron diamagnetic term vanishes in this configuration.
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INCOMPRESSIBLE FLR MHD - A FLUID MODEL
FOR STABILITY ANALYSIS OF FUSION PLASMAS

J. Scheffel and M. Faghihi, October 1986,29 p. in English

A fluid model including FLR effects, named Incompressible Finite Larmor Radius
MagnetoHydroDynamics, is presented and derived in this paper. It is an extension of ordinary,
incompressible MHD to include the Larmor radius effects due to ion gyroviscosity, Hall current and
electron diamagnetism. It is intended to use the model for stability analysis, on the Alfven wave time
scale, of a fusion plasma and it is consequently based on transport coefficients in the collisionless
limit.

It will be demonstrated that for a fairly dense and cool plasma, such as for the EXTRAP
z-pinch, all three Larmor radius effects may become important, that for a JET-type plasma no FLR
effect is pronounced, and that in a reactor plasma the Hall and electron diamagnetism terms may play
a role. For scaling lengths significantly smaller than the plasma radius the effect of the FLR terms
becomes enhanced.

To study the importance of the choice of equations of state for the model, the m=l
instability in cylindrical geometry is given special attention for zero Larmor radius. The full stability
criterion of the double adiabatic model, including pressure anisotropy, is presented for what we
believe to be the first time. It is found that when p ± > pff stability can be reached for very high
plasma p±-values. We demonstrate that no less complicated energy conserving fluid model, which
takes into account pressure anisotropy, other than the double adiabatic model can be obtained. Since
pressure anisotropy generally only weakly affects stability, we can assume isotropy in the
Incompressible FLR MHD model. Also, the energy equation is replaced by the incompressibility
condition, making FLR terms appearing in the energy equation irrelevant.

The dispersion relation for a homogeneous plasma with the FLR terms included is solved
exactly and the modification of the shear and compressional Alfven waves is discussed.

The Perpendicular MHD model, earlier suggested by Freidberg, is discussed. When adding
gyroviscosity, instability of the homogeneous plasma is found for large perpendicular wave
numbers. This unphysical feature is not found in Incompressible FLR MHD.

A study of the m=l, short axial wavelength, internal mode stability of a cylinder plasma,
described by the Incompressible FLR MHD model, is treated in a subsequent paper.

Key words: Finite Larmor radius, stability, Perpendicular MHD, Incompressible MHD, z-pinch,
EXTRAP.


