
COMMISSARIAT A L'ENERGIE ATOMIQUE 

f û QQr\A£3A 
CENTRE D'ETUDES NUCLEAIRES DE SACLAY CEA-CONF —9313 

Service de Documentation 
F9M91 GIF SUR YVETTE CEDEX 

L2 

IAGOLNITZER D. 

CEA Centre d'Etudes Nucléaireà de Saclay, 91 - G i f -sur -Yvet te (,FR). 
Service de Physique Théorique 

SCATTERING AND SHORT-DISTANCE PROPERTIES IN FIELD THEORY MODELS 

Communication présentée à : ^ Conference on Mathematical 
Quantum F ie ld Theory and re la ted top ics 

t 
Montreal (CA) 

1-6 Sep 1987 



Attention Microfiche User, 

TViç <̂ ri£riri'?-l document frcm y;̂  ~h "*"îio 
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SCATTERING AND SHORT-DISTANCE PROPERTIES IN FIELD THEORY MODELS 

D. Iagolnitzer 

ABSTRACT. A review of recent works, in particular with J. Magnen, 
on scattering and on short-distance properties in field theory 
models is presented. 

1. INTRODUCTION. 

The aim of constructive field theory is not only to define models but 
also to establish their general properties of physical interest. We here review 
recent works on scattering and on short-distance properties for weakly coupled 
theories with mass gap such as typically P(f) in dimension 2, <f in dimension 3 

and the (renormalizable, asymptotically free) massive Gross-Neveu (GN) model 
in dimension 2, recently constructed in [2,3]. Many of the ideas would apply 
similarly to other (possibly non renormalizable) theories that might be defined 
in a similar way via phase-space analysis. 

Although the two topics are different, the methods used are analogous 
and are in fact based in either case on the introduction of relevant 
"irreducible" kernels, defined in euclidean space-time via convergent 
expansions in terms of irreducible diagrams and linked (by graphical 
inspection) to Green functions via specified structural equations. Irreducible 
kernels are shown from their graphical definition to satisfy properties from 
which relevant results on Green functions are in turn derived. In the analysis 
of scattering, graphical irreducibility is with respect to propagator lines. It 
yields exponential decay of irreducible kernels in euclidean space-time 
depending on degrees of irreducibility, from which analyticitv in complex 
energy-momentum space in corresponding strips around euclidean space follows by 
Fourier-Laplace transformation. Results on the structure of Green functions 
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away from euclidean space, and of the S matrix, are then obtained via analytic 
continuation of relevant structure equations from euclidean to Minskowski 
energy-momentum space. In the analysis of short-distance properties, i.e. local 
properties in (euclidean) space-time, the graphical irreducibility of interest 
refers to the number of links between high and low momentum slices occurring in 
phase-space analysis. 

2. SCATTERING. 

2.1. General background. 

A first important result, established for all models mentioned in 

Section 1, is the proof of the Osterwalder-Schrader (OS) axioms in euclidean 
space-time. Via the OS analytic continuation from imaginary to real times (= 
from euclidean to Minkowski space-time), this allows one to reconstruct a 
theory satisfying the Wightman axioms. This result remains, however, of limited 
value in the absence of further information. A detailed assumption or the 
spectrum of the energy-momentum operator, inc]uding the existence of a mass gap 
and of one (or more) discrete hyperboloid(s) of > 0 mass, is added in axiomatic 
works. It yields the existence of a corresponding scattering operator. However, 
only weak results on the structure of multiparticle scattering functions are 
obtained at that stage. Partial more satisfactory results have been obtained in 

[4,5,6] 
low energy regions by assuming moreover from the outset asymptotic 
completeness (AC), considered as a supplementary axiom, and regularity 
conditions. Results one aims ultimately to establish are in particular a 
structure "in terms of particles" as can be extracted from heuristic arguments 
of perturbation theory and S matrix theory: Landau singularities, macrocausal 
properties, discontinuity formulae, asultiparticle dispersion relations, 
"holonomic" structure,... 

The axiomatic results mentioned above are not of direct use so far in 
constructive theory, because there exists no direct way to obtain information 
on spectrum or to establish AC. The method used is then based on the 
introduction of irreducible kernels in a way that should yield in the same time 
information on spectrum and on multiparticle structure, including AC, in 
successive higher and higher energy regions. Works in the seventies and the 
beginning of the eighties have treated P{f), models in the 2-particle 

[7,8,9,10] 
region , and (with some restrictions) in the 3-pârticle region for an 
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even theory without 2-particle bound states . In the 2-particle region, the 
analysis is made in two steps, as we outline e.g. for an even theory: 

[7] 
(i) definition of the Bethe-Salpeter (BS) kernel G, in a given 

2 —* 2 channel 1,2 —» 3,4, in euclidean space-time. G (which is perturba'.ively 
the sum of Feynman graphs that are 2-particle irreducible in the graphical 
sense in the channel considered, i.e. cannot be separated into two parts, with 
1,2 and 3,4 on each side, by cutting 2 lines or less) satisfies the BS 
equation: 

(1) F = G + G o F 

where F is the connected, amputated 4-point Green function and the last term is 
a Feynman-type convolution integral with 2-point Green functions H on internal 
lines. On the other hand, G is shown to satisfy "4-particle exponential decay" 
in euclidean space-time, and hence to be analytic in complex energy-momentum 
space in a strip around euclidean space that goes up to (4n)2-£ in Minkowski 
space in the squared center of mass energy variable s of the channel; a is the 
bare mass, close to the physical mass (see below) at small coupling A, and 
i —> 0 as A —* 0. 

Related properties are established for the 2-point function H , namely 
analyticity up to (3a)2-£ apart from a pole whose position defines in fact the 
basic physical mass /*(A). 

[4,8] Ciij These properties of G and H when reinjected in eq.(1) yield 
informerions on F: 

- analyticity in a 2-sheeted domain around the 2-particle threshold 
singularity (s = 4/z2), apart from possible poles 

- 2-particle AC 
[9] 

- mote precisely , existence of one pole at s = i? real, t* less than 
B B 

Ip (and close to 2p at small A). This pole lies either in the physical sheet 
(e.g. for (^-f) ) or in the second sheet (e.g. for <?). It corresponds in the 
first case to a 2-particle bound state. 

The derivation of results (i) (ii) will be explained below in the more 
general approach developed in recent works. In fact, previous ways of 

[7,10,12,13,14] introducing irreducible kernels all have the:.r own interest but 
do not seem well adapted, as they stand, to the analysis of more central nnprov 
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regions: they do not provide the general irreducible kernels and structure 

equations that seem needed, according to the heuristic analysis of [15].On the 

other hand, the extension to theories with renormalization, in dimension ^ 2, 

also involves new problems. 

[16] 
2.2. Irreducible kernels and structure equations in P(<p) models 

The definition of irreducible kernels given in [16] is based on the 

introduction of cluster expansions "of order p", p>l, that are a simple 

generalization of previous ones (corresponding to p = 1) The choice of p will 

depend on the energy region one wishes to explore in Minkowski space; e.g. 

p = 4 for the 2-particle region in an even theory. Being given a box A in 

euclidean space-time and a given lattice (of size of the order of 1/m), these 

cluster expansions and a Mayer procedure lead to expansions of FA(x , ... ,x ) 

(or more general Appoint functions) as sums of contributions associated with 

diagrams relating squares û ,...ù , q arbitrary, of the lattice. These diagrams 

include two types of lines joining the squares Ù , ,& : propagator lines with 

at most p lines between any pair of squares, and Mayer lines. A , J vary 

independently in the lattice except that they roust contain the external points 

x ,—,x and that 2 squares joined by a Mayer line must have the same position 

in the lattice. The diagrams are connected with respect to the squares when 

both types of lines are taken into account. For any given p , these expansions 

can be shown to be convergent uniformly in A and the A —» oo limit exists. 

Irreducible kernels are then defined by restricting the sum in the 

expansion of F to diagrams with corresponding graphical irreducibility with 

respect to propagator lines (Mayer lines cannot be cut). Their exponential 
-(ffl-f)I (X ,...,X) 

decay in euclidean space-time, as e l r r , follows from the 
decay of propagators (J is the minimal length of all graphs joining 

if r 

x , ,x and possibly intermediate points and satisfying the same 
irreducibility). 

On the other hand, direct graphical inspection yields structure 

equations such as (1) in the simplest case, or its Neumann series 

(2) F=G+GoG+GoGoG+... 

which is convergent at small coupling in euclidean space. One obtains more 

generally structure equations of the type proposed in [15 J that are 

generalizations of (2) and express Green functions F as sums of Feynman-type 
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convolution integrals with suitable irreducible kernels at each vertex and 

suitable 2-point functions on internal lines. (Adequate sets of integral 

equations are not known so far in the general case). Irreducible kernels 

involved have various degrees of irreducibility (or in some cases of 

reducibility) in various channels. 

These expansions are again convergent at small enough coupling in 

euclidean space. The introduction of irreducible kernels and structure 

equations is thus a way of regrouping terms in the pth order expansions of 

connected functions that preserves convergence properties. This way is well 

suited, following [15], to obtain results on scattering via analytic 

continuation from euclidean to Minkowski energy-momentum space, relevant 

structure equations depending on the energy region one wishes to explore. In 

fact, in view of the analyticity of irreducible kernels involved, each 

Feynn>:»n-type integral (wich is analytic in euclidean energy-momentum space) 

should have, after analytic continuation, a structure close to that of a 

Feynman integral in the energy region of interest, arising from the pole 

singularities of 2-point functions on internal lines. (In the simplest cases, 

the latter are, as in (1) (2), the 2-point Green function H , equal by graphical 

inspection to f/^+Œ2-£(/>)|-1 where K is the 1 particle irreducible 2-point 

function, shown to be analytic up to (3m)2-£ and to be bounded in modulus by 

cst|A|. The isolated pole singularity of H , whose position defines the 

physical mass n, follows). 

The previous structure equations provide expansions of the generally 

non holonomic Green functions and 5 matrix in terms of well specified 
117] 

contributions, expected to be regular holonomic (as Feynman integrals ) in 

the energy region of interest. (Holonomicity is understood in the sense of M. 

Sato). On the other hand, as explained in [15], discontinuity formulae that 

characterize AC, or also those involved in multiparticle dispersion relatiors, 

can be derived formally from corresponding conjectures on discontinuities of 

individual Feynman-type integrals (at least for theories without bound states). 

Problems in this approach are the following. First, the analysis of the 

multisheeted structure of individual Feynman-type integrals and of their 

discontinuity formulae is still based in general on conjectures. Progress of 

this point, in particular on the derivation of discontinuity formulae related 

to AC, should follow from an adaptation of methods used in previous works of H. 

Epstein, V. Glaser on the one hand, J. Bros on the other hand. Secondly, 
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convergence of the structure equations has not so far been established in 

general away from euclidean space. In fact, even in the simplest case of the 

series (2), specific kinematical factors in dimension 2 (as will also be the 

case in dimension 3) yield divergence in the neighborhood of the 2-particle 

threshold, at the origin of the presence of the pole at s = ^ mentioned in 

Section 2.1: see more on this topic in Section 2.4. (The series (2) is 

otherwise convergent in large domains, depending on the coupling A). Finally, 

the coupling may nave in the present approach to be smaller and smaller as the 

energy region increases. 

2.3. Theories with renormalization. 

Theories involving «normalization, such as the Gross-Neveu model, are 

defined through phase-space analysis. We first outline below the construction 

of this model, following the presentation of [18J which is essentially that of 

[2] with some modifications adapted to present purposes. An ultraviolet cut off 

is introduced in the theory, e.g. the propagator C(p) in euclidean 

energy-momentum space is replaced by C (p) = C(p) expl-ZT^^+jn 2 )j, M > 1 

fixed. C (p) is itself decomposed as Là C* n (p) with e.g. "d l ) = C , and 
i=l,...,p 

~tn(p) = C{p) /expf-^'C^+fl 2)] - exp (-tT2i '-»>(/ +*?.)]} 

for i > 1. Cluster expansions in each "momentum slice" i with respect to 

conveniently scaled lattices (with size M~'), followed by Mayer procedures then 

lead to an expansion of e.g. the 4-point function F as a sum of contributions 

analogous to those of section 2.2 except that diagrams involve 3 types of 

lines: propagator and Mayer lines in each slice and further lines joining 

squares of different slices (that contain a common interaction vertex). After a 

rearrangement of terms (=renorrnalization procedure), this leads to a new 

expansion with an effective coupling A in each momentum slice i (A = A is the 

bare coupling). Suitable choices of A, depending on ç>, of the form 

A = [-(0 ln/f)/>+/3 lnp+P]"1 ensure uniform convergence and the existence of 

p —• co limit for large D, with moreover X % A z 1/D different from VS«ÏO in 
r 1 ret 

that limit (non triviality). 

We restrict below our presentation of recent results to those 

concerning the 2-particle region. Two methods have been proposed: 
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- a; The first method starts from the expansion of the 4-point 
function F obtained from cluster expansions of order 4 in the lowest momentum 
slice and of order 1 in higher slices. A kernel GM is then defined by 
restricting the sum to diagrams that are 2-particle irreducible with respect to 
propagator lines of the lowest slice: diagrams that can be separated into two 
parts (with 1,2 and 3,4 on each side) by cutting 2 propagator lines or less are 
not excluded \t at least one of these belongs to a slice > 1. This does not 
prevent 4-particle exponential decay of G because propagators Cin, i > 1, 

decay faster than any exponential (absence of pole of C i n in complex 
energy-momentum space). 

A. 

Although G does not have a simple perturbative contest, it satisfies a 
simple regularized version of (1) : 

(3) F = G + G o F 
M MM 

where o denotes Feynman-type convolution with modified 2-point functions tf w > 

on internal lines. The latter (i) have an exponential fall-off (linked to M] in 
euclidean energy-momentum space (due in particular to the exponential cut-off 
in C (p)) and (ii) have analyticity analogous to H , including the same pole at 
the physical mass fx with the same residue there as H2 . Eq.(3), to be 
distinguished from the BS equation in the theory with cut-off p {F is in (3) 
the 4-point. function at p infinite and M is fixed) is of a type previously 
introduced (in the scalar case) fiom an axiomatic viewpoint in [4]. The general 
analysis given there via a suitable extension of Fredholm theory in complex 
space yields directly the meromorphy of F in a two-sheeted (d even) or 
infinitely-sheeted (d odd) domain around s = 4//, as a consequence of the 
analyticity properties of G and //* "* in (complex) energy-momentum space. 
Property (i> of if-w> eliminates in fact ultraviolet problems. Moreover, 
2-particle AC also follows as in [4], in view of property (ii), apart from 
possible poles of Fori the real s-axis at \p? < s < 16^-£. This is established 
in the form of the discontinuity formula F -F = F * F , where * is 
on-mass-shell convolution. Poles of F at 4/^ < s < 16^ - £ can be excluded by a 
general argument (which thus completes the proof of 2-particle AC) given in 
[19], where a further analysis of other possible poles in weakly coupled 
theories is given: see Section 2.4. 

[20] 
- b) A second method introduces again the BS kernel G. At finite 

values of p,, G (perturbatively the sum of 2 p.i. non renormalized Feynman 
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graphs with bare coupling A ) is now defined before renormalization by 
restricting the expansion of F obtained from cluster expansions of order 4 in 
all momentum slices to diagrams that are 2 p.i. (in the channel 1,2 —• 3,4) 
with respect to all propagator lines (of all slices). In models like the G.N. 
model, it can be shown that G is well defined in the p —• oo limit and still 
satisfies the BS equation (1) in that limit. However, the convergence of the 
last integral in (1) at p infinite is due only to a weak decrease (in powers of 
1/ln) of G and F in euclidean energy-momentum space arising from asymptotic 
freedom (Â  —» 0 as 1/i as i —» oo). As a consequence, previous methods for the 
subsequent derivation of properties of F break down: properties of F can still 
be established for any finite p but the p — -» oo limit Cannot be controlled 
without further analysis (e.g. an accumulation of poles of the second sheet on 
the real axis in that limit is not a priori excluded). Following heuristic 
ideas of [21], the method of [20] then relies on the analysis of short-distance 
properties of G (decrease properties in euclidean energy-momentum soace of the 

0 
difference G-G of G and of its values at k = 0, where k is the energy-momentum 
of the channel: see Section 3) on an equation that expresses F away from 

0 
euclidean space in terms of its euclidean values (at k = 0) and of G-G. 

The first method is simpler than the second one (ultraviolet problems, 
which are here unessential, are eliminated from the outset), and it can be 
adapted to the treatment of more general energy regions in the same way (and 
with the same problems) as in Section 2.2, with now regularized structure 
equations. "Particle analysis" can be made as before, and for the same reason, 
in the lowes- momentum slice only. The more detailed analysis shows, however, 
that this will be at the origin of another cause of restriction of results to 
smaller and smaller coupling constants as the energy region increases. This 
might lead to consider "particle analysis" in more and more slices, or to have 
recourse directly to an extension of the second method ("particle analysis" in 
all slices from the outset) . 

2.4. Bound states and resonances in weakly coupled theories -
the low-energy region. 

We here give some brief indications or. methods and results of [19]. In 
contrast to previous methods, based on methods of functional analysis 
introducing auxiliary spaces of analytic functions and limited as they stand to 
scalar models at d - 2, those of [19], in the line of [4], rely on a direct 
geometrical analysis of distorted contours in complex space, taking directly 
into account analyticity properties of. the Green functions or irreducible 
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kernels involved. (The 2 p.i. kernel used below is either G in theories without 

renormalization, or the kernel G introduced in Section 2.3 otherwise). 

Possible poles of F are first excluded in a large domain, depending on the 

coupling A, apart (in dimensions 2 and 3) from a neighborhood of the 2-particle 

threshold: the Newmann series of F in terms of G or G is in fact convergent at 

small coupling outside such a neighborhood. Divergence there, however small A 

is, is due to specific kinematical iactors <rl/2, cr = 4^-s at d = 2 or ln<r at 

d = 3. Such factors would not appear in dimension 4. The problem can be 

treated, either by a suitable decomposition of G (or G ) into a rank one 

operator and a complement whose Neumann series is convergent (the decomposition 

of [191 seems better adapted to the geometrical situation than previous ones), 
[22] 

or by an alternative method based on the introduction of a kernel U , which 
is at d even an off shell extension of the standard "K-matrix" of the sixties 

and is at d odd a suitable analogue of the latter. U is well defined in terms 

of G (or G ) in the neighborhood of the 2-particle threshold, is shown to be 

locally analytic as G (at small coupling) in either parity case, is equal to G 

at first order in A and is now linked to / via the equation 

(4) F = U + a{a) U * F 

where * is as already mentioned on-mass-shell convolution and a(a) = 1/2 (d 

even), a(o) = {2iit,'s lncr (d odd). 

At d = 2, the mass shell is trivial (p +p = p+pA => p = P., P, = P. 
1 2 3 4 1 J Z H 

or vice versa), and * reduces to a mere multiplication with a kinematical 

factor C{s)<r1/2, C(s) regular. On-shell, (4) reduces to 
T(s) = U{s) il - - C(s)<fl/2U(s) \ l . Poles of T, and in turn of F, are the 

1 2 J 
zeroes of the denominator. Results of [9] (recalled in Section 2.1) for P(<ft 
are reobtained and the method extends e.g. to the non scalar case at d - 2 
(Gross-Neveu model) or to d = 3 (<? 1. 

3. SHORT-DISTANCE PROPERTIES. 

Ve give here a brief introduction to the recent works [20,23]. 

Wilson-Zimmerman short-distance expansion of products of field operators is 

essentially equivalent at first order (see e.g. [24,21]) to results on (AM-2) 

point Green functions FN>2, S/N Ï 2, as the difference xx -x2 of the first two 

points x ,x tends to zero in euclidean space-time. More precisely, it is 
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explicit expressions for A and R . The latter allow one to derive desired 

results. E.g. at * = 0, N - 2: 

(6) R = A + AoA + AoAoA+... 

0 0 

where A = G-Gg. Previous bounds on A ensure convergence of individual integrals 

and in turn of the series (6) at small coupling with decrease in l/|z| of R. 

[23] 
The second method is closely related, but ma>.es a more direct use 

of an "irreducible" kernel K , (deper. ling on upper and lower momentum slices 

1,1') defined graphically directly in terms of the number of links between high 

and low momentum slices. In this approach, Feynman-type integrals such as these 

involved in (6) are replaced by integrals in which a specified order (from the 

first to the last bubble) with respect to momentum slices is included. 
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