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ABSTRACT

The problem considers the single blood vessel model in pulmonary

circulation in the presence of gravitation and mass transfer. The tissue

surrounding the Mood vessel is modelled as a permeable medium distinct

from the blood vessel which is a normal free space. On the assumption

that the mass concentration varies slowly at the interface between the

blood vessel and the tissue, the problem is tackled ty asymptotic

approximation. A crucial point of the analysis is the dependence of the

flow variables on the permeability K of the tissue in a completely arbitrary

manner. A primary conjecture of the study is the intimacy of the pathological

pulmonary edema and the parameter K.
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1. INTRODUCTION

Dinnar [1],[2] has proposed a model of a
single capillary type for flow in the lymphatic
circulation in which the blood vessel and the
tissue are assumed to be the same medium so that
the Sterling condition is invoked to match the
pressures at the interface. References of various
modifications of this model are cited in [2]. In
these quoted works, gravitation and mass transfer
are neglected. Indeed mass transfer is very
important in pulmonary circulation since it is
in this process that CO2 is expelled from the
deoxiginated blood during respiration.

In this paper the effect of mass transfer is
studied in the single lymphatic model in the
spirit of the channel flow model for multi-
capillary systems recently enunciated by
Bestman [3]. In short the paper is addressed to
the flow in concentric cylinders established by
steady forcing pressures at the two ends of the
inner cylinder. The two cylinders are rigid such
that the inner cylinder which is a free space
represents the blood vessel while the outer
cylinder is permeable with permeability
coefficient K and models the tissue. In the
presence of mass transfer and gravitation, this
is an extremely difficult problem. However
changes in physiological flows as well as the
flow velocities are small so that the flow
Reynolds number is of order 0(1).

Hence if the mass concentration at the
interface between the tissue and the blood
vessel varies slowly, with a suitably defined
slowly varying parameter E, a remarkable
progress could be made with the analysis. The
whole analysis centres around a perturbation
scheme for small e and solutions up to order
0(E) are presented and discussed briefly. For
algebraic convenience, no chemical reaction is
considered, as was done in [3].
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2. STATEMENT OF PROBLEM

We consider the flow between concentric
cylinders such that the inner cylinder,
designated subscript 1, is a free space of
radius ro- This represents the blood vessel.
The outer cylinder is a permeable medium with
permeability coefficient K and represents the
tissue. Let (u',v',w') be the velocity components
in the cylindrical polar coordinates (rf,*p,zr)
in which case the tissue, designated region 2,
lies within the region TQ £ r' £ rj_. Next we
assume that the mass concentration e1 at the
interface between the blood vessel and the
tissue varies like c'=cos(ez'/rQ), in which e<<l.
The assumption is tantamount to a slow variation
of this mass concentration at the interface.
Denoting the mass diffusivity by D, the equations
of continuity, momentum and mass concentration

are
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where j = 1,-2.; Ri = Re, R2 = 0; xi = 0 , X2 = X •
V =g2/3r2 + x/r 3/8r + i/r2 32/3^2, Also,
eliminating the pressure gradients in (2a) and
(2b) we have the additional relation
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These equations are to be solved subject to the
boundary conditions

v1 = 0 = W1,

U1'V1)W1'C1

v2 = 0 = W2,

s(z) on r » 1;

o n r = 0

s(z) on r = 1;

o n r =

Pl = Lpa ° n z

Ul = U2 o n r =

> Pi = Lp on z = L,

(5)
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In the above equations, subscript °° refers to
condition in a reservoir which we take as that in
the right ventricle while p a and pv are the
arterial and venous pressures in the blood vessel
of length L. The non-dimensional concentration,
the Schmidt number and the porosity parameter are
defined as c = c'/cQ) SC = v/D, x = TQ/K-^/^
while R = r^/ro. The free convection parameter
Gc corresponds to that arising from a change in
concentration as a result of buoyancy. All the
other parameters have been defined in Bestman [4]
and we shall continue to assume that the Reynolds
number Re is of order 0(1). However we
neglect the inertia terms in the momentum
equations to conform with flows in porous media.

The mathematical statement of the problem
given by equations (l)-(5) is now complete.
This problem is very nonlinear but since z is
small, progress can be made with the analysis by
seeking the asymptotic expansions

u = u ... etc., (6a)

for the velocity components and the species
concentration and

1 (0) , (1) , (2) ,
p = - p + p + e p + . . . , ( 6 b )

for the pressure. We shall consider the solutions
of the various approximations in the subsequent
sections.

3. SOLUTION OF LEADING APPROXIMATION
Substituting (6) in (l)-(5) we find that the

equations governing the leading approximation
are
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A prime over a function, from now on, will
indicate differentiation with respect to z.
We shall now consider this problem in detail
since the higher approximate solutions could be
derived on similar arguments.

Now ex 2 a n^ wl 2 a r e iridePendent of H>
so that their solutions are straightforward and
are given by
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in which the pressures p.. ~ will be

determined subsequently. I and K are the

modified Bessel functions of order n. For the

remaining velocity components we put
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First of all the equations for f.. „ could be
integrated once so that '

,(0).
(0)"

0(xr)-[I0(x)-I0(xR)]K0(xt)

rQ(x)K0(xR)-I0(xR)K0(x)

2R

(9)

Next to solve the coupled gi 2 anc* ni 2
equations, we integrate the momentum equations
once and then solve these simultaneously with
the continuity equations. The results, after a
protracted calculation, could be expressed in the
compact form

|W(r)-;oH<
r°»(r) + 2-rJ ,

0H^
0)(r) + 2-2rj . (10)

B and C are arbitrary constants of integration
while

{0,2ix) = r f2 T xll1(xx)dx,

DIRT

STRT

D(R) = G

In deriving equations (8)-(10), all the
boundary conditions in (7) have been used except
the matching condition u|0,)=u(0) On r = 1 and
the pressure conditions. First from the matching
condition we have

(0)" (0)"
pl ~ P2

16
2

IK0(xR)-K0(xJ][Rl1(xR)-i1(x)]

XEI 0(X)K 0(XR)-I 0(XR)K 0(X)]

while putting,

then C = -3/2. To solve (11), we may integrate
twice and invoke the pressure boundary condition.
Thus
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Now we set
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then following Bestman [3J, the third equation
in (12) which is a linear Fredholm integral
equation of the first kind could be inverted to
give

p2

p " ) 1 - -,

AT7
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exp[X(x)(L-z). (13)

The solution is now complete.

A. HIGHER APPROXIMATION

If we continue the expansion started in the
previous section, then for the concentration the
order 0(c) problem is governed by the equations
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The solutions of these equations under the
appropriate homogeneous boundary conditions are
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Next, the equations governing the same order
of the axial velocity components are given by
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 a r e known functions. Putting

we can deduce that
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where

Ml = r

The.equation for W2 is similar to that of
w\ ' and the solutions are necessarily similar.

Finally, with

Bl!"2(r'z)
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then
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3Nn
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while f_ is similar to f? . The remaining
terms are now governed by the equations

,(1)(r,z)
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(2)
, = 0

and again the coefficients on the right-hand
side of these equations are known functions.
These equations could now be solved in exactly
the same way as the corresponding equations in the
previous section, while the Fredholm equation of
the first kind for the pressure could be reduced
to that of. a second kind with degenerate kernel
as was done in [3]. The details are not written
down for the sake of brevity but are used in the
computations.

5. DISCUSSION

The comparison of the present solutions with
those of the channel model in [3] depicts that
in the order 0(1) velocity components of the
present study, free convection gives rise to
velocity rolls. These rolls are absent in a
channel. If we take cos <f = 0 and compare the
present results with those of [3], for Re of
order 0(1) while the other parameters are the
same, we find that the axial and transverse
velocities w, u and u, v respectively, are
of comparable order when chemical reaction is
neglected latter. When cos 0 , the maximum
change is about 5%. Apart from this, there is

-13-



complete similarity in the behaviour of these
velocity components and the concentration,
particularly with variations in K. Since the
details have been given quantitatively in [3],
they will not be repeated here.

It is therefore safe to conclude that the
channel model is quite appropriate for a multi-
capillary system in lymphatic circulation.

ACKNOWLEDGMENTS

The author is indebted to Professor Abdus
Salam, the International Atomic Energy Agency
and UNESCO for hospitality at the International
Centre for Theoretical Physics, Trieste.

REFERENCES

[1] U. Dinnar, "Simplified model for the exchange
of fluid accross the wall of a permeable
capillary in blood circulation", Israel J.
Technol. 10, 315-320, 1972.

[2] U. Dinnar, "Cardiovascular fluid dynamics",
Florida: CRC Press Inc., 1981.

[3] A.R. Bestman, "Fluid transport across
capillary walls in lymphatic circulation: I",
ICTP, Trieste, preprint IC/87/250, 1987.

[4] A.R. Bestman, "Low Reynolds number flow in a
heated tube of varying section", J.Austral.
Math.Soc. B, 25, 244-260, 1983.


