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ABSTRACT

The magnetization and the magnetic field distribution inside

(outside) an anisotropic type II superconducting ellipsoid, with

filamentary structure, is formulated. We have shown that the

magnetic field in this case Is different from that of the general

anise-tropic one. The nucleations of the flux lines for specimens

with large demagnetization factors are theoretically studied. We

have shown that the nucleations of the flux lines,for specimens with

large demagnetization factor, appears at a field larger than that of

ellipsoidal shape.
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Recently, it is well known that the layered and filamentary
materials exist as flat platelets and ribbons, which may be approximated

by ellipsoids. Moreover, ellipsoids are the only known nonhysteretic
finite bodies that become homogieneously magnetized when placed in a uni-

form applied field. It was shown that a multifilament superconductor,

made up of a bundle of twisted filaments embedded in a normal matrix, can

be treated as a new state of matter with anisotropic electrical and magnetic

properties [1]. In a recent series of papers (2-7] the effects of aniso-

tropy on the magnetic properties of type-II superconductors was considered.

The demagnetization factors for an isotropic material of general ellipsoidal

shape were given long ago [8,9].

Recently, the demagnetization factors for an anisotropic ellipsoid

was considered in the case of normal conductor • [10] as well as in the case

of superconductor [11]. In this work, the magnetostatic of an homogeneous

anisotropic type II superconducting ellipsoid, with filamentary structure,

will be analyzed.

II. THEORY

For a quasistatic current-density distribution t, confined to an

anisotropic superconducting ellipsoid of volume v, the total magnetic field

H is given by

3 = 3Q + curl 1 , (2.1)

where H- is the applied magnetic field and the vector potential A at

any point r1 relative to r measured from the centre of the ellipsoid

is given by

(2.2)

The magnetic induction S(r')

BfO = <H*>

(2.3)

where d(r') is a generalized depolarization tensor whose components in

cartesian co-ordinates x^, x2 and x 3 are given by [12]

(2.4)
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when r' is an interior point, d becomes the usual demagnetizing tensor

6 with (trace 3 = lj.

The total magnetic field of the filamentary matter can be written

in the form [1]

4
\r- r'i

(2.5)

where the macroscopic current density J » ( t ) , B(r') is the magnetization

at any point r', S is the surface, fi is the magnetization of the sample,

7' operates on r1 and j obeys Maxwell's equation

T= £. Cur/ H
4V

(2.6)

It is well known that the magnetization in anistropic superconductors is

not always parallel to the applied magnetic field. In the general non-

hysteretic anistropic case, I? will be a single-valued vector function

of S, i.e.

(2.7)

From Eq.(2.5), it then follows that

- V
\r-7'\

(2.8)

Eq.(2.8) is the integral equation that uniquely determines S. We now try

the following solution:

= H + X -
0

. K

_ f T^(7^-rJ

(2.9)

(2.10)

As D is constant for ellipsoids, M(H) becomes a constant vector

for interior points and may thus be taken outside the integral sign in

(3.8), thus
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H(r') =

Therefore

\7-
(2.11)

Using the identity

Eq.(2.12) takes the form

iV X* -f- jr«^ at. -X.

Her*') = T ^ + K - * 7

From Eqs.(2.8) and (2.14) we get

(2.12)

(2.13)

(2.14)

(2.15)

Thus the total magnetic field of the filamentary structure of an homogeneous

anisotropic superconducting ellipsoid is given by

(2.16)

Therefore the magnetic behaviour of the filamentary matter differs from

ordinary matter only through the source functions J and 3. Moreover,

due to the fact that the demagnetizing tensor is constant for ellipsoids,

it follows that the magnetization and the interior field are functions of

the sources J and S.

For small ac magnetic fields (which may be superimposed upon a

large bias) it may be expected that 3 and 2 depend linearly on l5, thus

H may be approximated by
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(2.17)

where x is the magnetic susceptibility tensor.

When the applied field exceeds the lower penetration field of the

superconductor, magnetic flux enters the specimen which fills the specimen

homogeneously and yields a constant induction, and we can write,

X "•' / H
o - (̂  is constant)

Then eq.(2.15) may be solved for 8 giving

= v * - v *"•

(2.18)

(2.2o)

where m and a are the - body's - total magnetic dipole moment and

magnetic polarizability tensor, respectively.

From Eqs.(2.14) and (2.17) to (2.19) we have

& ?5]

]

From (2.13) we can write .

<>K =
. -tr Tj* .

H f j H°^Ai?
- r'

— -1

(2.22)

By using ellipsoidal co-ordinates (p.y.v), the bulk magnetic fields inside

and outside the sample can be written in the form [13]

(2.23)

H = -
"Hp - - v ^ . \

Using £q,(Z.14), we can write the magnetization in the form

where can be taken to have the form [131

(2.2A)
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(2.25)

where a, b and c are the semi-axis of the ellipsoid, a ?i b i c. A, B

and C are constants which are determined by equating the normal components

of 2 at the boundary [11], and

with

U2.26)

(2.27)

and

(2.28)

H_ , Hn_) in cartesian co-ordinates.
t1 n0y*

III. NUCLEATION OF THE FLUX LINES

According to the macroscopic thermodynamic theory the magnetization

curve of a type II superconducting specimen with demagnetization factor

5 is charcterized by a Meissner phase in the field range 0 ̂  H Q v< H c l >

where the local magnetization, M, is homogeneous and given by

•JSJIl - no ( 3 1 }

The nucleation of the flux lines appears when the external field approaches

the value i
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(3.2)

with

= H - H (3.3)

these equations are valid if the specimens are of ellipsoidal shape. How-

ever, in specimens with large 5 values the nucleation of the flux lines

appears vhen the external field approaches the value H , > H . Here,

we are dealing with the determination of the value of H , .

On the basis of the Ginzburg-Landau theory, the energy difference

AGs between the normal and the superconducting state can be written as [14]

= ] vi-M)1-

(3.4)

is the modulus of the order parameter, is the vector potential.

One can write the Gibbs free energy per unit volume more explicitly

from (3.4). At b • H/ H
c i *• t h e t o tal free energy can be written as the

sum of a self-energy term, fs> and a sum of (let it be called) a

magnetization energy term, fH> and a sum of the binding energy ffi, and afH

sum of the pinning energy term, f , i.e.
fi,

(3.5)

The self-energy term f does not depend on the lattice structure

(near the lower critical field H , ) , one has

t H ̂

(3.6)

(3.7)

where v is the volume of the superconducting region.

The magnetization energy term fM,

I (3.8)
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the first term in Eq.(3.8) is the energy, due to the magnetization in the

applied field S Q, the second term is the energy due to the stray field

3 (resulting from volume and surface poles), and the last term is the local

self-energy of the magnetization.

For ideal type II superconducting the binding energy of the vortex-

vortex interaction can be written in the form fg [15]

(3.9)

where the sums are over all flux lines and the integrals are line integrals

along the FLs (curved or straight) and a is the superconducting area.

This potential can be written as integrals over z by writing

= f *,.
(3.10)

The first term of Eq.(3.9) describes the magnetic repulsion of the vortex

line elements with range X' = A(l-b) and the second term is the

attraction of the vortex cores with the range £' = £(2-2b) , where

b = H/H ,, H c 2 is the second critical field and A and t are the

penetration depth and the coherence length, respectively. In the sum (3.9)

the term i = j can be omitted, which yields the self-energy of a

curved (straight) vortex.

For straight and parallel Fls of constant length the integrals in

(3.9) can be performed and yield, per unit length,

X S

where r. = (x,,y.) is two-dimensional, and KQC?) is a modified Bessel

function.

For inhomogeneous (imperfect) type II superconductors which contains

fixed pinning structure, the potential energy of the Fls-pins interaction

f can be written in the form [15]



(3.12)

This pinning energy (3.12) describes a scalar interaction of the pins with

the vortex cores. The pinning potential U (r) may be an ensemble of

sharp peaks (point pinning) or it may be a smooth function (on the scale

of the vortex core radius ~* >/2 E,), depending on the concentration of

material defects.

For straight and parallel Fls of constant length the integrals in

(3.12) can be performed and yield, per unit length,

= S f (3.13;

where T^ = (x± yiJ is two-dimensional. The magnetic induction 3 can

be written as

(3.14)

The stray field 3 s can be represented as the sum of two fields H ,

(resulting from voluese and surface poles) and H _ due to the presence of the

curved flux lines near the surface of the sample (H _ exhibits a jump in

its normal components just sufficient to compensate the jump in the normal

components of the flux line field). These fields obey

Hst = 0 ,

= 0

(inside the sample)

(outside the sample) ]

(3.15)

(3.16)

with the Maxwell equation

d<V H = O . (3.17)

From the magnetic equilibrium equation for the vector potential 1.,

J - - . ft) .

(3.18)

(3.19)
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and

Since from (3.1) we can write

the volume integral in Eq.(3.8) takes the form,

and Eq.(3.5)

+ K t8+ % >

Minimizing this energy with respect to v , we have

(3.ZO)

(3.21)

(3.22)

(3.23)

where

is the magnetic binding interaction force

f -*rf t

is the pinning force

iT - a'1

Let

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)
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and from Eq.(3.22)

For vanishing pinning forces with a^ = 0, we get

(3.29)

(3.30)

The same result is given by (3.2). For vanishing pinning forces with

= TT

(3.31)

(3.32)

For

thus

= A Ha « f<o > (3.33)

(3.34)

Thus the nucleation of the flux lines in type-II superconducting specimen,

with large value of the demagnetization factor, appears at a field H ,>H

the field that for the specimens of ellipsoidal shape.

IV. SUMMARY AND CONCLUSIONS

The demagnetizing tensor formalism for the evaluation of

magnetization and internal field in an anisotropic ellipsoidal body Is

extended to the case with the filamentary structure. We show that the

macroscopic magnetic field at any point r', in the case with filamentary

structure,is different from that for the general anisotropic one [12]

by "K- » where ")-( is given by (2.10). In our calculation, instead of

using the cumbersome method of separation of variables in ellipsoidal

co-ordinates, an integral equation (2.5) of S was used. A vectorial

function (2.9) as shown satisfies the integral equation (2.5), thus being

the sought after solution.
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The body's magnetization S is completely determined from Eq.(2.15)

or from the linear approximation (2.19) or from (2.24). The distribution

of the magnetic fields Inside and outside the sample, with filamentary

structure, is also determined by Eq.(2.16) as long as the generalized de-

polarization tensor d and the usual demagnetizing tensor 5 are known.

The interior (or exterior) values of d nay be found from (2.4), while the

values of D have already been determined In [11]. Moreover the potential

is also determined both inside and outside the sample in [13].

The nucleations of the flux lines for specimens.with large

demagnetization factor, appears at a field larger than that for specimens of
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