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ABSTRACT

In a previous report (Cook, 1986, 1967) on a formulation of

a quasl-relatlvistie quantum mechanical equation of motion for many particles,

little was said of the electromagnetic Interactions that keep a set of

particles in a bound state. That omission is to some extent repaired in

this report.

I have proposed (Cook, 1986, 1967) a quasl-relativistic quantum

mechanical equation of motion of DIrac's form for a bound system of many

particles not all of the sane mass, and have investigated some of Its

leading properties. The electromagnetic forces that hold the particles

together in molecules or condensed matter were included somevhat cursorily,

and It Is my purpose here to be rather more explicit. In the previous

vork, the electromagnetic potentials were handled on the lines set out by

Fock (19610 In his thorough discussion of the non-quantum relatlvlstic
h it

theory of many particles. Fock shoved that If terms of order v /e could

be neglected, the correct potentials were Just the classical retarded

potentials - that Is not surprising since they allow for the transit time

Of electromagnetic signals between particles. Fock further showed that by a

gauge transformation the scalar potential could be put into the unretarded

form with a corresponding change to the vector potential. In the present

report, two further steps are taken. First the prescription of charge and

current Is considered, though still not as completely as might be wished,

and secondly. It is shown (again following Fock's work) that the total

angular momentum of matter and field Is a constant for a bound system. The

second step is straightforward If only the scalar potential is included,

but to deal with the vector potentials Is more difficult, especially in the

quantum mechanical form. The spin-spin interaction will also be restated.

First, the geometry associated with Dlrac'fl equation will be stated.

In special relativity, the space-time interval between two events is

(Cartesian coordinates)

The equivalent linear form Is
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or, for many particles, (labelled a)



This shows that the product y y has the function of a velocity,

and Indeed In text books on Dlrac's equation. It la argued that It is 30.

The point to make here la that for the purpose of obtaining the retarded

potentials, the effective velocity in the geometry of Dirac's equation or

Its extension for many particles Is y y (the speed of light is suppressed

as djc° is cdt).

The charge-current density <4-vector for a single particle obeying

Dlrac'a equation for the electron has the components

tfi >
vhen jf la the field operator, and Y . Y are the usual eovarlant

components of the DIrac matrix operators. The charge-current density

satisfies the equation of continuity.

The field operator Is a functional of the field evaluated at some

point In l4-space; it is not confined to the position of the particle.

That construction of the charge-current density is nov extended to

a system of many particles obeying the equation T have proposed (cook, 1986,

1987) for a system of many particles- The equation is

(2)

where a labels the vectors y and i for the separate particles, m^ is

the mass of particle a, m Is the sum J^ m and E 1B mem and E Q 1B

Consider defining in the same way as for a single particle a charge-

current density operator vhich, in the classical approximation should

give the value e for the point charge in particle a and ce Y for the

current at a produced by the motion of a. That can be achieved by a suitable

choice of field operators.

The field operator must be a functional of the field of all particles,

the total field of the system. "The classical case corresponds to putting

1^(1

-3-

T denoting the volume of integration - all 3-space, so that f is Just

• f ^ ) . However, there is no reason to evaluate the functional with the

6-factor; in general a function can be used that gives an operator which

extends through all space but is concentrated around the particles.

Nonetheless, let

density operator becomes

be put equal to <^{r ) so that the charge

while the current density is

eft is the bare classical charge of the particle.

The charges and currents are localised on the particles when the

field operators are taken to be * ( ^ ) because the operators are non-zero only

on the particles.

The product * * is Independent of tine when the state Is an
a a

elgenstate of the system and so, if s is the space-time interval,

It will be seen from Eq.(1) that the interval ds for particle a is

(Y°d*° - y di1) so that d/ds is
flX & SI

the d'Alanbertian, correspondingly ia -5-j - | ~ - -1~\ . Accordingly

\ix \ix tx I



which is

13 zero

and the charge current density as defined for each particle, satisfies the

3-dimensional form of the equation of continuity.

The argument given in most textbooks for the conservation of charge

and current cannot be used for more than one particle, because the mass

factors in the equation of motion do not equal the charge factors in the

charges and currents as defined for the separate particles. However, the

usual argument also depends on the state being an eigenstate of the equation

of motion. More attention should also be given than 13 commonly done in

brief derivations, to the definition of field operators and the behaviour of

the integrals involved in them when differentiated.

The components of the charge-current vector may thus be written as

provided it is clearly understood that e is not the charge of the

isolated electron but is a function of the total field of all the particles.

Foek derived his equations of motion from a Lagranglan which may be

written as

L - -ft

Here T is the classical quadratic form of the kinetic energy.

-5-

The following steps lead to the corresponding Lagrangian for a

quantum mechanical system. First, this linear form of the kinetic energy

is used, and as usual the momentum is replaced 'by (p + — A] where A is
rv C ~ •*

the vector potential. Thus the Lagrangian becomes

where V is the total unretarded scalar potential.

Rext, A is taken to be
"•a

(5)

(6)

where, in Fock's expression, the velocity ^ n a B teen replaced by

Accordingly, the Lagranglan becomes

The total angular momentum corresponding to that Lagrangian is

(8)



There are various ways In vhlch it may be shown that the total

angular momentum is a constant. The direct way is to form the commutator

with the Hamiltonian, but it is very cumbersome. It is simpler to make

use of the fact that if the Lagranglan is invariant under a change of the

origin of rotation about an axis, then the angular momentum is a constant

of the system.

When, as here, an operator involves y operators, a change of origin

changes those operators. Consequently, if the origin of rotation about some

axis is moved through an angle o, the change in the function will be

?8

where 3/38 operates on the coordinates or functions of them and S(a)

on y-operators. The transformation operators belong to a Lie group - that

of rotation in 3-space and one form at the origin is

_ L <r: )

vhen a is the spin operator with reapect to the e-azls. It is of course
a

well known that J commutes with £*j) in Dirac's equation whereas 3/ae
or (r« g ) e does not.

'By Lie algebra theory, the operator for a finite rotation, a,

is exp(jfla).

Of the terns in the Lagrangian, those that depend on the coordinates

are all invariant under change of origin of rotation, but only if, as with

the scalar potential, sums of Jft and jfe for pairs of particles (a,b)

are used, because if Just one of J_a or Jb »ere taken, it could imply

that only one of the two particles and not both was subject to the rotation.

A little more care is needed with the operators Y and y , for

they depend on 9, and 3/3 8 and may not then comnite. However, as

they occur in a scalar product, or products of projections along (r -r.),

the net effect of a rotation is nil.

In summary, the Lagrangian 1B independent of the origin of rotation

and the total angular momentum of all particles and the whole electromagnetic

field, is conserved, but not that of separate components.

-7-

It was seen before (Cook 1<>86, 19&7) that if the Foldy-Wouthuysen

transformation is applied to the Kamiltonlan with the vector potentials in

the form set out here, then there will be, In the transformed Hamiltonian,

terms proportional to

(9)

which are equivalent to

(10)

or

which is the usual spin-spin interaction for particles of spin j .

That result should however be treated cautiously, as indeed should

the whole approach in which a velocity of y y^ is assigned to a particle,

for as was seen, the magnitude of such a velocity is c, yet terms of order

v /c have been ignored throughout. Although the formal results correspond

to more empirical theories, the physical basig seems incomplete.

ACKNOWLEDGMENTS

This note was written while I was visiting the International Centre

for Theoretical Physics, Trieste and I an grateful to the Director

Proressor Abdus Salam, the International Atomic Energy Agency and UBESCO for

hospitality and facilities.

-R.



REFERENCES

Cook A.H., 1986, "A Harailtonain with linear kinetic energy for systems of

many bodies", ICTP, Trieste, Internal Report IC/86/306.'

Cook A.H., 1987, "A Hamiltonlan with linear kinetic energy for systems of

many bodies", In press, Proc. Boy. Soc. London A.

Fock V., 196U, The Theory of Space Time and Gravitation (Pergsmon Press,

Oxford) xil + W 8 pp.




