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ABSTRACT

A Ward-Takahashi type identity is obtained for two insertions of

the energy-momentum tensor of the non-linear sigma model on an arbitrary

Riemann surface. The identity shows explicitly how the Virasoro algebra

is violated by spurious terms generated by the trace anomaly. Requiring

these terms to vanish leads to a set of constraints on the graviton and

dilaton background fields, which are necessary for the algebra to be

restored. Although the modular parameters play an important role in the

computation, the background field equations turn out to be genus independent

up to order a'.
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1 Introduction

The Virasoro algebra appears to be one of the basic ingredients in the
construction of a consistent theory of strings. At the string tree level, it
is well understood that the physical Hilbert space of string theory consists
of the highest weight states of this algebra with zero central charge. These
states lead to unitary representation of the algebra, ensuring the unitarity
of the scattering amplitudes from the start [1].

In the non-linear sigma model approach to strings [2], the massless states
of the string are identified with the two dimensional field theory coupling
constants. Such coupling constants are background fields depending on the
coordinates of the string. The fulfi llment of the Virasoro algebra leads to re-
strictions on the possible backgrounds. It turns out that the central charge
of the algebra provides a space-time action from which these constraints
can be obtained as dynamical equations [3]. The same constraints can also
be derived by a direct evaluation of the S-matrix of the string, therefore
this action can be interpreted as an effective theory which reproduces the
low energy limit of the string.

Different approaches have been suggested to extract the low energy
behaviour of the string. A possible way is to study the finiteness of the
non linear sigma model i.e the vanishing of the renormalization group ft
functions [4j. Beyond the tree level this method leads to a set of string
loop corrected equations for the background fields [5j. It is plausible that
these equations could be interpreted as the conformal invariance conditions
of some two dimensional quantum field theory, obtained by summing up all
the string loops.

On the other hand, conformal invariance can be thought of as a neces-
sary condition to be imposed on each Riemann surface separately in order to
ensure unitarity loop by loop. Although this procedure is somewhat ill de-
fined for the bosonic string due to the divergences coming from integrations
over moduli space, it should be a consistent treatment in supersymmetric
models (if finite).

It has been shown that a classically conformaly invariant theory on a
Riemann surface generates a Virasoro algebra with non-vanishing central
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charge (6,7] which is essentially the conformal anomally. Conformal invari-
ance at the quantum level is obtained by requiring the central charge to
vanish. As it is well known this fixes the dimension D = 26 (D=10) for the
bosonic (fermkmic) string propagating in a flat background.

The situation is rather different when we consider a non-linear sigma
model with dilaton coupling, which is not conformally invariant even at
the classical level. In fact the Virasoro algebra is broken not only by the
central charge term, but also by a series of other anomalous background
dependent terms (coining from both the classically noninvariant part of the
action and the path integral measure). The symmetry could in principle
be restored by restricting such fields. The physical meaning of the central
charge, and the exact connection between these anomalous terms and the
total quantum mechanical trace are problems which need a careful study.

This note is devoted to the study of a bosonic non-linear sigma model
with the target space metric and dilaton fields defined on a two dimensional
compact Riemann surface. Generalizing the results of Ref. [6,7j we derive
a Ward-Takahashi type identity connecting the expectation value of two
energy-momentum tensors with the formal expression of their trace. By
doing a sigma model perturbative analysis up to order a', we show how
the trace niters into the Virasoro algebra to generate various anomalous
terms which are, in general, non-analytic and moduli dependent. An ex-
plicit calculation of < T^zTw > allows us to determine the form of these
terms as functions of the background fields up to order a'. Requiring the
Virasoro algebra to hold specifies the conditions on the background fields.
We find that our result agrees with Ref.[8] showing that (up to order a')
the conditions of conformal invariance are genus independent.

In section 2 we introduce our model and derive the Ward-Takahashi type
identity. In section 3 we write the background field expansion in terms of
Riemann normal coordinates for the action, the energy momentum ten^
sor and its trace; we also include some additional basic facts on Riemann
surfaces. In section 4 we study our Ward-Takahashi type identity pertur-
batively to order a'. For the sake of clearness we first consider the torus
case in detail, then derive a general result for arbitrary Riemann surfaces.
Finally we conclude the work with a brief discussion of the results.
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2 Ward-Takahashi type identity

The action of the non-linear sigma model, involving the target space gravi-
ton and dilaton fields is

(1)

The fields Xv(x)(i = l,...D) which embed the world-sheet M} into a
D-dimensionat manifold, are the dynamical variables of the theory. We
choose D = 26 from the start, this will cancel the contribution to the
anomaly coming from the ghosts. S is invariant under the diffeomorphism
group of the world-sheet which we take to be a compact Riemann surface
of genus g. While the graviton part of this action is invariant under Weyl
scalings of the metric, the dilaton term explicitly breaks this symmetry. In
fact, when quantizing the theory in the path integral formalism, we define
a measure which preserves worldsheet diffeomorphisms but is not Weyl
invariant. An infinitesimal Weyl transformation will induce a change in the
effective action W(g) of the form

-Six.*]

-H

where • is the Laplace-Beltrami operator on M9. The last term in the
exponent arises from the variation of the action S, while the A* and AG

pieces are the possible terms induced by the variation of the measure. We
want to derive a Ward-Takahashi type identity for our theory involving the
energy momentum tensor. We follow similar steps and notations of Ref |5|.
Notice that under an infinitesimal metric transformation



(3)

with

the following identity can be obtained

where

V = - ^
Differentiating (4) with respect to the metric and switching to complex

notation we obtain:

T

j > + & \
( 6 )

where we have taken f

kernel of the operator V",

= 0. We now choose f" = G^(z,w) to be the

iTMh1to
where h and 7} are respectively the quadratic differentials and their duals
i.e. the Beltrami differentials . (N=0 for the sphere, N=l for the torus and
N=3g-3 if g > 2). Inserting G™t(z,w) into (6) yields the following identity
for the energy momentum tensor:
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(terms which are finite when z —> w) i (6)

which is the generalization of formula (45) in Ref. (71 to the case of the
sigma-model on an arbitrary compact Riemann surface. If the terms on
the right hand side of equation (8) conspire to cancel among themselves,
we arrive at

in the limit z w. Where we have used

We want to point out that (9) is only a necessary condition for the Virasoro
algebra to hold.

This leads us to a possible way of calculating the necessary conditions
which should be imposed on the background fields for the theory to be
conformaly invariant. In fact the right-hand side of (8) shows us that the
expectation value of < T,,Tmm > generates, apart from the terms in (9),
a series of divergent terms which in general will be non-analytic and ex-
plicitly depend on modular parameters. The requirement that these terms
vanish yields the desired equations for the background fields. To gain a
better understanding of the role of the conformal anomaly we study eq.(8)
more closely in the following sections. To do this we use background field
perturbation theory.

3 Background field expansions

We start by introducing some of the elements needed for our computations.
As we said before we will consider an expansion of our quantum fields X*{x)
around a classical background X'g(x) in terms of normal coordinates £* to

(9 )
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(13)

order a'. For clearness we quote here the terms needed in the expansions
of the action, the energy-momentum tensor and its trace.

JT
(10)

Ltxj- T(x.) - ^

with G( the kernel of the Laplace-Beltrami operator.

The world sheet is a compact Riemann surface of genus g. The unifo-
rmization theorem indicates that the diffeomorphism and conformal trans-
formation can bring an arbitrary Riemann surface into a standard one with
the Poincare metric

where

t i t

T*. 'i Mr J'
(11)

T/tx)=T/

(12)

where

It is convenient for our computation to introduce a locally orthonormal
frame for the target space through the Veilbein E'a, and regard the fields
£" = Eff? as our dynamical variables. Now the free propagator for these
fields is denned by

The two dimensional curvature

is a constant given by

The kernel CLon the surface is defined by the equation

Q GrjU, v>) - - 4^ SX1*) + A (14)

where A = } cPx^/g is the area of the surface (A = w for the sphere,
J4 = 4-T(S — 1) for g > 1, A = rs for the torus) Formal solutions of (14) can
be read off from Ref. [7].

For the sake of clearness we first consider our two dimensional manifold
as a genus g=l Riemann surface (torus). We will discuss the extension to
higher genus later on.
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4 Conformal invariance on a two dimensio-
nal manifold

The torus can be described by a parallelogram in the complex plane, with
coordinates z — x + ry and a flat metric. Where x and y take values in
the region 0 < x,y < 1. We begin by stating some basic properties of the
torus. The quadratic and Beltrarai differentials are

Some straightforward calculations lead us to

then equation (7) reads

In this case, G™,(z,w) = -2VkGi(e,w) where

6 , U n ) = _ _L , ie,<*-n|xjp [(t-)-(t-S))'
+TT 1 y w 1 !U

is the free propagator on the torus.

Consider first the right hand side of equation (8). We compute this side
in perturbation theory up to order a'; first expanding the fields in terms of
normal coordinates, and then doing the contractions with the propagator
(15).

We only consider the leading divergence in z — w when z —> w, and the
next leading divergence depending on the modular parameter explicitly.
Most of the integrals are ultraviolet finite, hence need no regularization;
the divergent ones can be manipulated into finite integrals plus pieces con-
taining the first derivative of the propagator at the coincidence limit. It
can be shown [6] that

and for the torus, a = 0.

(15)

( 1 6 )

hhere a l l the fields are calculated at the middle point (s,s) —
((* + w)/2,(* + iB)/2)

Let us pause for a moment to compute < T£ > in (S). Using normal
coordinate expansion (12), we obtain

Tf £;
It can be shown that

+regularization scheme dependent divergences

(The regularization of the first formula is quite subtle, for details see Ref.|6|)

- 9 -
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Inserting this formula into (17) results in

(18.a)
= £$•>«

3 . b )

(18.c)

where the equation of motion for the background field Xg has been
used. We want to point out that (18) is valid on any Riemann surface.

Comparison of (16) with (18) shows us that /?* is exactly the central
charge of the theory up to order a' and 0'j generates the other anomalous
terms in the operator product expansion. It is also interesting to notice that
there are no divergent pieces in (16). This means that even if the individual
diagrams in < T,,Tmm > can be divergent, when all the contributions are
summed up, we should obtain a finite result.

We now turn to the evaluation of the vacuum expectation value
< T,,TWV/ >. First consider diagrams contributing to d^X'd^X* shown
in fig.l. Their contribution reads

Diagrams in fig.2 give the contributions to the central charge and the
dependent terms of (16). Some careful calculations lead us to

in'

Comparing (19) and (20) with (16) we determine the coefficients
and A* uniquely.

(19)

(20)

Inserting (21) into (18) produces the total quantum mechanical trace of
the energy-momentum tensor up to a' order. Our result agrees with that
of Ref [8|, obtained by a direct calculation of the effective action.

In order for the Virasoro algebra to hold, it is necessary to require that
the background fields satisfy

— + J L V - I

We now turn to the arbitrary genus case. Although the calculation is
rather similar to the torus case, there are some new features. Because the
two dimensional manifold is no longer fiat, two dimensional connections
enter the game, and the dilaton part J/x*jR»'l> in the action also gives
contributions.

Inserting the propagator in the right hand side of (8) we obtain the
following expression (up to order a'):

J
As expected,we get different kinds of spurious terms. These terms

depend on the two-dimensional connections and modular parameters. We
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want to point out that we have not used yet the explicit form of the Poincare
metric in (23); therefore it is true for arbitrary genus. It can be checked
out that (23) reduces to (16) when g=l .

The terms in (23) are respectively proportional to

with /?* and @f;, the coefficients appearing in the trace anomaly (18). It
is obvious that when we require 0* — 0 — /3̂ J, ail the terms in (21) vanish
identically.

To determine /}* and f3^ we do not need to go through the whole calcu-
lation of the vacuum expectation value < TZXTKVI > on the left hand side of
(8). In fact it is sufficient to consider only the leading divergent term in the
central charge and the contributions of the type (z — w)/(z — w)sdiXd,X.
However, as a check of (8) we have worked out both < TtlTwm > and (23)
explicitly to the next leading divergence, we obtain

TTA?, - R)

^

( V

where F(s) is a moduli dependent function. Its explicit form is not
important to us. From (24) we can see that the conditions (22) ensure the
vanishing of all the anomalous terms in < TztT^,w > up to order a'. This
restores the conformal invariance of our non linear a model on an arbitrary
Riemann surface (up to the order a').

( 2 4 )

5 Conclusions

The purpose of this work is to gain some understanding of the conformal
properties of non-linear bosonic sigma-models on general two dimensional
compact manifolds.

We are able to derive a generalized Ward-Takahashi type identity for
the energy-momentum tensor. This identity involves conformal invariance
breaking terms, which arise from both the non conformaly invariant part
of the action and the path integral measure. By studying this identity
perturbatively we established the precise connection between the conformal
anomaly and these spurious terms. When such terms vanish, it reduces to
the Virasoro algebra in its operator product expansion form.

The requirement of the Virasoro algebra to be valid loop by loop seems
to be a possible way of ensuring the unitarity of the theory. The constraints
on the background fields derived in this way coincide with the ones obtained
in Ref. [8] and turn out to be genus independent. This result is hardly
surprising and can be interpreted as a consistency check of the theory.

However, if non-linear sigma-models should describe the massiess modes
interactions of the string even for higher genus, and the conformal con-
straints govern the background field dynamics, our result is hard to un-
derstand. In fact,we would expect that the effective theory of the string
should in principle receive loop corrections. Indeed, this has been shown to
be true for the heterotic string and type II superstring [10].

A possible way to determine the low energy effective theory of strings
could be the approach suggested in Ref.[5], where finiteness of the theory
is required, taking into account the interrelations between the non-linear
sigma-model divergences and string loop infinities.
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On the other hand, the rather well established equivalence between the
nonlinear sigma-model and string mass less modes interactions at the tree
level, should be reexamined for higher loops.
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FTGUHI: CAPTIO.N::.

Fij^.l Diagrams contributing to ĴX ̂ .X terms;

Fig.2 Diagram:; contributing to the central charge;

• denotes vertices from the noii-dilaton part of the enorgy-

moitLeiitum t e n s o r ;

® denotes vertices involving the dilaton;

^=r— ..=_:_ denotes; .̂X or tiie product 4-X3»X;

—<<^^— denotes u quantum line.
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