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ABSTRACT

The Hamiltonian formulation of the supermembrane theory in eleven dimensions
is given. The covariant split of the first and second class constraints is exhibited, and
their Dirac brackets are computed. Gauge conditions are imposed in such a way that the
reparametrizations of the membrane with divergence free 2-vectors are unfixed.

MIRAMARE - TRIESTE

June 1987

To be submitted for publication.
Supported in part by INFN, Sezione di Trieste, Trieste, Italy.

1. INTRODUCTION

A supermembrane action in eleven dimensional spacetime with a. nontrivial
fermionic symmetry and manifest spacetime supersymmetry has been recently constructed
[l], A consistent truncation of this action on a circle has been shown to yield the action for
the type 1IA superstring coupled to the vectorlike N - 2 supergravity in ten dimensions
|2]. Furthermore, it has been recently shown that the vacuum energy of the semiclassically
quantized fluctuations around a topologically stabilized toroidal background is vanishing
[3]. Although these developments are encouraging in quest for finding massless states in
the spectrum of the supermembrane, several questions remain unanswered. In particular,
not much is known about the infinite dimensional rigid symmetries of the supermembranf
which are analogous to the super-Virasoro symmetries of the superstring. These symme-
tries are naturally expected to play an important role in the understanding of the spectrum
of the supermembrane.

A natural framework for studying the Virasoro-like symmetries of an extended
object is the Hamiltonian formalism. In string theory, the first class constraint given
by the traceless energy momentum tensor, T++ — 0, has the classical Poisson bracket.
{ T + + , r + + } — T+ + , with no field dependent "structure constants". The Fourier expansion
of r + + — Yln Ln e%ri<T defines the Virasoro generators, Ln, which obey the usual Virasoro
algebra.

In membrane theory, the first class constraints generate the rcparametrization of
the three dimensional world-volume swept by the membrane. Unlike in the string case,
the Poisson bracket of two first class constraints which generate time reparametrizationa
involve the field dependent factor d^X'^d^X^, where a = 1,2 labels the spacelike coor-
dinates of the world-volume, and X1' are the membrane coordinates [4]. Therefore, the
search for Virasoro-like symmetries will not only involve harmonic expansions in the two
dimensional membrane parameter space, but also finding an appropriate method to treat
the field dependent "structure constants".

The main goal of this paper is to find the explicit form of the full constrain!
algebra, and the super-Poincare generators. We show that the theory allows a natural
covariant (in the sense of the target space} split of the first and second class constraints
(the latter are those which do not generate any symmetries). We impose gauge conditions
which respect the reparametrization of the membrane by divergence free vectors. These
transformations have a unit Jacohian, and are the analogues of the constant a translations
of the closed superstring. We perform the reduction of the degrees of freedom down to K
bosonic X variables, 8 conjugate momentum variables, and 16 fermionic variables.

The results of this paper should provide a convenient starting point for the quan-
tization of the supermembrane, and the analysis of its spectrum.



This paper is organized as follows. In Sec. 2, we give the supermembrane action
and its invariances. In Sec. 3, '.he Hamiltonian formalism is set up, and the primary
and secondary constraints are found. In Sec. 4, we separate the first and second class
constraints in a covariant fashion, and we calculate their Dirac brackets. In Sec. 5, we fix
all the symmetries of the supermembrane but the ones which are generated by divergence
free 2-vectors, as mentioned above. In the same section, we also give the Dirac brackets
of the transverse degrees of freedom and their equations of motion. Sec. 6 is devoted to
conclusions. Our conventions are given in the Appendix.

2. THE SUPERMEMBRANE ACTION AND ITS SYMMETRIES

The action for the closed supermembrane in flat eleven dimensional spacetime

where Uf- = with

IIj* = di X"

(2.1)

(2.2)

(2.3)

and the membrane tension is set equal to unity. £' = (T,O,P}(\ = 1,2,3) are the
coordinates, and gij is the metric of the world-volume, 4>" is a 32-component Majorana
spinor. (X^^") are the coordinates of the eleven dimensional superspace. The super
3- form B is such that dB = H, with all components of H vanishing except H^ag —

)^,0. Solving for B, one finds

— o ,

where ( r ' '^) t t = F ^ ^ '
into (2.1), one obtains

(2.4)

(2.5)

(2.6)

'J. (For our conventions, see the Appendix). Subsituting (2.4-2.6)

(2.7)

(2.8)

The action (2.7) is invariant under the following fermionic transformations [1]

SX" = xW"(l + T)K -

3

(2.9)

+
2i

(2.10)

where K — K{T,<J,P) is the parameter of the local fenrrionic transformation, and e is the

constant parameter of rigid supersymmetry transformations, K and £ are 32-component

Majorana spinors and world volume scalars [5|. The function T is defined by

F — (2.H)

On-shell F satisfies the relation F2 = 1, and therefore ^(l±F) become projection operators.

The action (2.7) is also invariant under the bosonic transformations given by

(2.12)

(2.13)

'*[idkri'\ (2.14)

where r; = I){T,O,P) is the parameter of the general coordinate transformations (i.e.
reparametrizations) of the world-volume, and {t^,, = — tvli, a**) are the constant parame-
ters of the d = 11 rigid Poincar£ transformations.

The algebra of the ^-transformations closes on-shell. For a detailed discussion
of this and several other properties of the supermembrane theory, we refer the reader to
the second reference in [l].

3. THE COVARIANT HAMILTONIAN FORMALISM

In the Hamiltonian formulation of reparametrization invariant systems, it is con-
venient to parametrize the metric in terms of a shift vector Na, and a lapse function N as
follows (see for example [6]).

ffoo = -N2 + labN
aNb, goa = gao = iabN»,

9ab — "Vat, (3.1)

gab = (3.2)



Here, -yaj,(a = 1,2) is a 2-metric, Y'Siw = 6", and all variables depend on r , c and p. In

terms of these variables the action (2.7) is readily found to be

^ J d3ti

where = 1.

The canonical variables are (X1'

fV,/5,,,!!,!!,,,!!^), which are given by

P.. ~ -

dN

(3.3)

, N, Ar",7")>) and their conjugate momenta,

'IW + ^ (3A)

(3.5)

(3.6)

(3.7)

(3.8)

- Sa

where

S,, := 2Ea>'n*nZ

(3.9)

(3.10)

We can solve for the velocity X1' from (3.4), but we cannot solve for the velocities rji",N,Na

and -7"'' from (3.5)-(3.8). Therefore we have the primary constraints [7],[6]

Fn := Pa + i(il>

n := IT ss 0

n,, := n,, « 0

(3.11)

(3.12)

(3.13)

(3.14)

These constraints are "weakly zero", meaning that they may have nonvanishing Poisson
brackets with some canonical variables (7],[6j. We must now require that the constraints

(3.11)-(3.14) are maintained in time, i.e. their Poisson brackets with the Hamiltonian is

weakly zero. The Hamiltonian is given by

H : ̂  / dodp(PliX" + P,,xp" - £) + E"F,, + EH + E"fl,, •+• E"''n,i;,

/* r iv i
•-- / rftrrf^ (K, 5 J ( / " 1 5") 4 -J

- sIL) (3.15)

where the K's are Lagrange multipliers. The Poisson brackets of two arbitrary functions,
A and B, of the canonical variables is defined by

\yli? + n SB SA

p^ + SN su
SA SB SA SB

(3,16)

where the grading A = 0 for bosons, and A = 1 for fermions. In particular,

where the brackets are evaluated at equal times, and therefore £ stands for a and p.

Requiring that the Hamiltonian, (3.15), has weakly vanishing Poisson brackets
with the primary constraints £!,£!,, and fl,,;,, defined in (3.12) (3.14), one readily finds the
secondary constraints.

<p : - i ( "- - S") ]--,f"''U',t U,,lt -
 ]- 0. ( 3 . I K )

o.

The Poisson bracket {Fit,H} is far more complicated. We find that it docs
not lead to any new constraints, but it enables us to solve for the Lagrange multiplier
^(1 —r)tJD'' = S". Muitiplying the secondary constraints tp,<p,i and tp,,i, with the !,arrange
multipliers A,A,, and A,,;,, respectively, and adding them to the Hamiit.onian. (3.15), wo
obtain the total Hamiltonian

' = ^ ^ A")¥=„•*• s o + E-ri,,-t E + , , F ;



W + + £_aJF«)] . (3.21)

One should now verify that the secondary constraints (3.18)-(3.2O) are also

maintained in time, i.e. their Poisson bracket with H' vanishes weakly. We find that

{<P,ii,,II'} « 0 enables us to solve for the Lagrange multiplier Eab, while the requirement

that {fj>,,ij,H'} ss 0 enables us to determine the Lagrange multiplier A ĵ,. The Poisson

brackets of the Hamiltonian / / ' with the remaining constraints are weakly zero. Thus,

there are no new (tertiary) constraints and the constraints (S.ll)-(8.14) and (8.18)-(S,20)

form a complete set. In the next section we shall separate them into first and second class

constraints and calculate their Dirac brackets [7|.

Note that in the Hamiltonian (3.21), the Lagrange multipliers A, \ a , £,S,,, and
S + 1, are still undetermined. This is a consequence of the reparametrization and fermionic
iuvariances of the theory.

4. THE FIRST AND SECOND CLASS CONSTRAINTS AND THEIR
DIRAC BRACKETS

The first class constraints are those which generate infinitesimal transformations

that are the symmetries of the theory. Denoting the first class constraints by $R, their

Poisson brackets are weakly zero, {^JI ,^ .S} » 0, which means that the right hand side

is proportional to constraints. Any other constraint is second class. Denoting the second

class constraints by Xn their Poisson bracket is of the form

{Xr,X.}*Cr,, (4.1)

where "ss" means "modulo constraints", and Cr, is an even dimensional nonsingular matrix
which is a function of the canonical variables. Our task is to compute C r f . We can then
compute the Dirac brackets of any two canonical variables, A and B, which is defined as

'71

i'dZ"{A,Xr(O}C-u'{i\n{xM'%B) (4.2)

Note that the Dirac bracket is defined such that {A,\T}* w °> for a ny A. In fact,

it is this property which allows us to take C~t
l to be modulo constraints in (4.1) and (4.2).

After a long calculation we find that the second and first class constraints of the
theory are the foilowing:

Second Class Constraints:

n,lh := n o ( l « o

o.

(4.3)

(4.4)

(4.5)

First Class Constraints:

na := na

A+ := i (
2

Ta •=

T)(P « o

- S") +

- Sp) + i ^ » o

(4.6}

(4.7)

(4.8)

(4.9)

+ 2~l
h°dbnca. + da$\ « 0, (4.10)

where A = A+ + A_. The term proportional to the constraint Clab in (4.5), and the terms

proportional to the constraint A+ in (4.9),(4.10) are added for convenience, while the terms

proportional to the constraint fl^, in (4.8) and the terms proportional to the constraints

Clab and A_ in (4.9), (4.10) are necessary to render the constraint T,Ta and A+ first class.

The matrix T is defined in (2.11). It can be written in terms of the canonical variables as

(4-H)r = ~**{P*

and it satisfies the relation

r 2 = 1 - 2-y-lT + 7 ~ 1 r T o + second class constraints. (4.12)

that

Note that the fermionic first and second class constraints are separated in an

, l) covariant manner. This separation deserves some comments. First, one finds

(4.13)

From this equation it is clear how to separate the first and second class fermionic

constraints covariantly. Defining F± = | ( l ± T)F, from (4.13) it readily follows that

{F+,F+} ss 0, while {F_,F_} is an invertible matrix of rank 16. Thus, F_ are sec-

ond class constraints, and F+ are fist class constraints provided that they have weakly

vanishing Poisson brackets also with the other first class constraints. This last property

is easily obtained by adding to F+ the term proportional to the constraint D"6, as in

(4.8). Similar features have been encountered before in the Hamiltonian formulation of

the Green-Schwarz superstring [8].

We now turn to the evaluation of Cr,. The only nonvanishing Poisson brackets

between the second class constraints, (4.3)-(4.5), are

O (4-14)

(4.15)



A simple calculation yields the result,

[{Pp. - sM)r*(i - r ) ] - ' « i - y " 1 ! ^ - s>)r"( i - r)], (4.16)

which can be used together with (4.1), (4.2) and (4.14)-(4.15) to find the Dirac bracket

{A, BY = {A,B}~ I dodp{A,nab}~l
ar

1'"'{<pl.d,B}

dudp{A, <pab}-taa"tM{O<:d, B}

1 f - i
4 J

The second class constraints, (4.3)-(4.5), have weakly vanishing Dirac brackets
with any canonical variable. Therefore they can be set strongly equal to zero. Thus,
we are left with the task of evaluating the Dirac brackets of the first class constraints,
{4.6)-(4.10). On the right-hand-side of (4.17), after computing the Poisson brackets, any
second class constraint encountered can be set strongly equal to zero. Moreover, since the
Poisson bracket of a first class constraint with a second class constraint yields combination
of constraints, the last three terras in (4.17) are quadratic in constraints, when A and B are
first class constraints. However, any quadratic constraint evidently has weakly vanishing
Poisson brackets with any canonical variables, and therefore is second class. Thus, in
evaluating the Dirac brackets of two first class constraints the last three terms in (4.17)
can be set strongly equal to zero.

The only nonvanishing Dirac brackets of the first class constraints (4.6)-(4.10),
which we find are the following:

(4.18)

(4.19)

(4.20)

(4.21)

(4.22)

-«{ (

(4.23)

Clearly T and Ta generate the general coordinate transformations in the three di-
mensional world-volume of the supermembrane,and A+ the local fermionic transformations
The content of (4.18)-(4.23) can be expressed schematically as

(4.24)

(4.25)

(4.26)

The notation is self-explanatory. The second term on the right hand side of (4.25)
arises because of the admixture of the first class constraint A+ in the definition of the first
class constraint T, as in (4.9).

The supermembrane theory is also invariant under the rigid d = 11 super-
Poincare transformations. The generators of these transformations are the momentum
Pfj,, the Lorentz generators M^ and the supercharge Qa which can be computed by stan-
dard methods. The result is

= j (4.27)

Q =

nz + j (4.28)

10



5. GAUGE FIXING AND THE REDUCTION OF DEGREES

OF FREEDOM

In the Hamiltonian formalism gauge fixing is done by imposing new constraints,
GR, such that all the first class constraints, $R, become second class. This means that the
gauge conditions must satisfy the relation { G J I , $ S } 96 0. Consequently, alt the constraints
in the theory become second class, and therefore all of them can be imposed as strong
equations, provided that we use Dirac brackets. In this procedure the zero modes, if any,
must be handled with care. They correspond to the unfixed (residual) rigid symmetries.

A convenient set of gauge conditions which are similar to the light-cone gauge
conditions for the Green-Schwarz superstings are

:= X+ - P+T « 0, G2 := « 0, (5.1)

c := • + i -

G := JV - 1 S3 0, (5.2)

Ga := N" w 0, (5.3)

p(. - s(.)(r
+r"A_)n + V ' ( P , . - 5Ji)(r

+r"A+)- (5.4)

where P ^ is the constant mode of P + . The iast two terms in (5.4) are added so that the
only nonvanishing Poisson bracket of Ga is with the first class constraint A+Q. In practice
this does not complicate matters: Since the second class constraints are set strongly equal
to zero after brackets are evaluated, effectively we will be working with the simple gauge
condition T+i[> * 0.

The only nonvanishing Poisson brackets of the gauge conditions (5.l)-(5.4), with
any other constraints are

n (5.5)

• - O (5.6)

r ) )^ 2 (£-£ ' ) (5-7)
(5.8)

From these brackets, the nature of the symmetries fixed by the gauge conditions
ia rather transparent. Actually not all symmetries are fixed by the gauge conditions, (5.1)-
(5.4). This is so because the curl of the first class constraint drops out of (5.6). Therefore
while VnT" is second class, c"''V,,Ti, is still a first class constraint. From,

(5.10)

n

where f[r,a,p) is an arbitrary transformation parameter, we
constraint E"''V,,T[, generates the reparametrizations 6X'1' = JJ*

see that the first class
diX", with v° = 0 and

" = -f-ri" =

Finally, if the membrane is connected but not simply connected, there will be
certain global constraints which remain first class. They arise as follows. According to
Hodge theorem (see for example [10]) a vector or an arbitrary compact manifold can be
decomposed into divergence free, curl free and harmonic parts. Harmonic vectors are
curl and divergence free vectors, and there are as many harmonic vectors as the first
Betti number of the manifold. Now, a compact Riemann surface of genus g, which is the
membrane we are considering here, has the Retti number 2g. Therefore considering the
Hodge decomposition of ipa we see that there am 2g global constraints § Tndtl, where (. is
any one of the 2g noncontractible loops on the membrane. Note that the part proportional
to VaT" drops out in the integral, so that one is left with the harmonic part of T", provided
that s"bVaTb = 0.

In summary, given the gauge conditions (5.1)-(5.4), the only first class constraints
remaining in the theory are

d := c"''V.sT,, « 0, (5.11)

C2:= (5.12)

Note that (5.12) has the same content as (5.11) for r.ontractible loops. Of course,
this situation is also encountered in the Lagrangian formulation [3].

At this stage the constraints (4.3)-(4.9), VnT" « 0, and (5.1)-(5.<J) are second
class, and therefore they can be set strongly equal to zero. Consequently, the total Hamil-
tonian, (3.21), reduces to

r

- /

• '

T,, +

+ JT

,,, f

P. - sjnj (5.13)

where f(r,o,p) is an arbitrary function, and the harmonic part of A" denoted by A'/, is
multiplied by 2g arbitrary constant coefficients <;„,.

We could consider fixing the diffeomorphisms generated by Ci. This can be
achieved, for example, by the gauge conditions J f ' - p s s O and P1 !„_„„ ss 0. However, in
that case the Dirac brackets become enormously complicated. Therefore, we choose not to
fix the symmetries generated by C\. The price one has to pay is the necessity to impose
the constraints Ci and C2 on the states as physical conditions; CJphys) = C2|phys) = 0.

12



From the second class constraints (4.3)-(4.5) , (4.8) and (5.l)-(5.4), all of which
are now set strongly equal to zero, we solve for the unphysical variables,

0, (5.14)

N" = o, N = 1, (5.15)

"lab — da.X ' dfrX, (5.16)

where the arrow indicates the nine dimensional transverse directions. From T = 0 we solve
forP":

(5.17)
2PJ

while, from V^X" = 0 we solve for X :

X' =X~ + A-^ ±ajt • P\, (5.18)

where Xo is an integration constant and A — Vda. There remains the second class
constraint X = 0, which determines the conjugate momentum P completely,

P = iP^Vii - S. (5.19)

In summary, the independent canonical variables are X,P,X0 ,PQ~ and F+F tji.
Imposing the first class constraints (5.11), (5.12) on a physical state in X-space (the
wave function) leads to 8 independent X-variabtes. The Fourier transform of the state
then yields a function of 8 independent P-variables. Therefore, the physical phase space
actually consists of 8 X-variables, 8 P-variables and 16 fermionic variables P, half of which
behave as a conjugate fermionic momenta since {T+T~ip,T+T~i{)} 56 0.

With the second class constraints given in (4.3)-(4.9), V^T" ns 0 and (5.l)-(5.4),
we find that for the gauge fixed theory the Dirac bracket (4.2) is given by

{A, B}' ={A, B}- J dodp[{A, B}

A+,fl} - {-i)AB{A - B)}. (5.20)

In order to put the basic Dirac brackets into simple form, we make the following
field redefinitions

Xo :— Xo Po T (5.21)

(5.22)

13

With these redefinitions, the only nonvanishing Dirac brackets between the canon-
ical variables are

},*•„(£')}• = 6?6*U - f ) , p,v* ±, (5.23)

(5.24)

(5.25)

The equations of motion for an arbitrary function A of canonical variables and
time are given by

(5.26)

!£'M.¥'(£')}(/'o+)~1{Gi(0.i3r} + -£- (5.27)

[ 2ff I - „

- ^ - i / V ^ f c / + Y" c ^ A ^ 1 \daA + / rf2e'{A,p(£')} + ^ - (5.28)

It is important to note that in (5.26) the Hamiltonian is the one given in (3.21)
since the Poisson bracket is used. However, in (5.27), since we have rewritten (5.26) in such
a way that we have a Dirac bracket, all the second class constraints can be set strongly
equal to zero in the Hamiltonian, which therefore reduces to the expression (5.13). Note
also that, of all second class constraints, only Gj survives in (S.27), due to the fact that it
is the only constraint which contains an explicit time dependence.

From (5.28) we then find the following field equations:

X = AndaX + P,

P = kadap + aa(Ty*afcx) + e°*floxf

x~ = o,
p+ = o,

X = Jiad«X - ieabdaX • fdbX,

(5.29)

(5.30)

(5.31)

(5.32)

(5.33)

where f denotes the F-matrices in 9 transverse dimensions, and VaA" = 0 , whose solution
is

iff

A- = --,-W^dif + £ e.Aj(">. (5.34)
u , = l

Here, AJf is the harmonic part of A™.

14



6. CONCLUSIONS

In this paper we have computed the algebra of constraints in the eleven dimen-
sional superrnembrane theory. We have shown explicitly how to separate the first and
second class fermionic constraints in a covariant fashion. We have imposed gauge condi-
tions which fix all the symmetries of the theory (i.e. reparametrization and the fermionic
symmetry) except the reparametrizations 6£" obeying the relation,

= 0, - 0. (6.1)

It was convenient to preserve this residual symmetry of the Hamiltonian (fixing them
leads to exceedingly complicated Dirac brackets), and to impose the constraints implied
by (6.1) on states. We have performed the reduction of the degrees of freedom down
to 8X-variables, 8 associated canonical momenta, and 16 fermionic variables. We have
computed the Dirac brackets of the transverse degrees of freedom and their equations of
motion .

The results of this paper should provide a convenient starting point for the quan-
tization of the supermembrane, as mentioned in the introduction. Solving the theory
exactly at the quantum level seems to be rather difficult, at present, mainly due to the
nonlinearities in the field equations and in the constraint algebra. Nonetheless, one can
utilize semiclassical quantization methods, as in Ref. (3], to probe the theory. We believe
that already at that level the theory is likely to exhibit rich structures.

One of the basic problems involved in the quantization is the normal ordering
problem. Suppose that we work with the gauge unfixed theory. We must show that with a
certain normal ordering scheme the constraint algebra and the super-Poincare algebra are
maintained at the quantum level. (In string theory, the latter symmetry would be manifest
in the covariant formalism but not in the supermembrane theory due to the nonlinearities
in the generators). Of course, one must take into account the ghost contributions to the
constraints. Instead, if we chose to work in the light cone gauge in which all symmetries
apart from (6.1) are fixed, than we must show that the rigid super-Poincare algebra and
the residual symmetry algebra,

hold at the quantum level. Here, the ghost contribution to the constraint must be taken
into account.

The nontrivial commutators of the super-Poincare algebra are [Mr~,M*~] = 0,
and { r_ r + Q , r_r + (3} = F + P~ . The expressions for the generators Mr~ and r _ r + Q
are furnished by equations (4.27), (4.28), (5.14) and (5.16)-(5.19).

Any nonclosure in the constraint or super-Poincare algebra should signal the
presence of anomalies in local or global reparametrizations and/or fermionic invariances of

15

the theory. In this context, we note that it is not clear how to write down a Lagrangian
for massive regulator fields which would respect a fermionic invariancc.

As far as the Virasoro-like symmetries of the supermembrane are concerned,
although a lot remains to be done, we note that iloppe [9] has already interpreted the
reparametrizations of the bosonic membrane by divergence free 2-vectors as infinite pa-
rameter symmetries which are related to the SU(N) algebra for N —> oo. Note that the
closed string analogue of these transformations are the constant ^-translations generated
by / Tndl" = §[T++ - T--)da = N - 77 = 0, where ,V and 77 are the number operators
for the left and right movers.
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Signature of gi} = ( - + +), g = det gtj
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eol2 = -l, - i r rew* is a tensor.

™i> = j ^ V V P + 3 more)

••••"• A)t = -jr""-""A for any n.

(Anti)symmetrizations are with unit strength, e.g. I""" = i f T " -

( r" ) a ( J , ( r ' " ' } a / , are symmetric, (r"""),,^ is antisymmetric.
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