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STELLINGEN

1. Ten onrechte beweren Cahn et.al. dat in het standaard model de
ongerenormaliseerde correctie op de foton-Z-Higgs Interactie
eindig is.

R.N. Cahn, M.S. Chanowitz, N.Fleiehon, Phye.Lett. B82 (1979)
113.

2. Indien de massa van het Higgs boson beneden de drempelwaarde
voor het verval in twee vector bosonen ligt, vervalt het
voornamelijk in zware quark-antiquark paren en dient men bij
de berekening van de productiesnelheid van Higgs bosonen via
het gluonfusie-mechanisme rekening te houden met interferentie
effecten.

Hoofdstuk III van dit proefschrift.

3. Het is mogelijk voor het één dimensionale Schrödinger probleem
met Hamiltoniaan

jt 2 2
2n

een reflectie coëfficiënt te definiëren. De waarde hiervan is

1
2-nE

1 + e -ftu

waarbij E de energie van de inkomende deeltjes is.

4. De soortelijke warmte c van een ensemble klassieke systemen
beschreven door de Hamiltoniaan

H = j- ±£kx2 + tSx* k,*,m > 0

wordt bij temperatuur T gegeven door

c/k „ 2 , 3 . ^ I3/4(Z> * I-3/4 ( z )

waarbij z - J L . |_
D



5. Davydov ziet, bij de bespreking van de toevallige ontaardingen
in het spectrum van een deeltje opgesloten in een kubusvormige
doos, een belangrijke bron van toevallige ontaardingen over
het hoofd.

A.S. Davydov, Quantum Ueahanias (Pergamon Press, Oxford, 2n"-
ed., 1976), par. 25.

6. De wijze waarop Zeilinger en Svozll limieten bepalen op de
dimensie van ruimte-tijd uit het anomaal magnetisch moment van
het electron is zonder betekenis.

A. Zeilinger, K. Svozil; Phys.Rev.Lett. 54 (1985) 2553.

7. Indien men tussen elk paar naaste naburen van een oneindig
tweedimensionaal vierkant rooster een weerstand R aanbrengt,
is de vervangingsweerstand van het gehele rooster, gemeten
tussen twee roosterpunten met een onderlinge afstand van
twaalf roostereenheden, gelijk aan

r?7ififin8R 2989853426721 „[27466088 3 4 6 5 „ ) R •

8. Er bestaan aanwijzingen dat de coëfficiënten van de niet-
lineaire termen van de (2n+l)-ste orde vergelijkingen uit de
Korteweg-de Vries hiërarchie dan en slechts dan alle (2n+l)-
vouden zijn, wanneer 2n+l een priemgetal is.

9. Bij de opsomming van de voordelen van de verticale barings-
houding kennen Smulders en Limburg een te groot gewicht toe
aan de werking van de zwaartekracht.

B. Smulders, A. Limburg, De verticale baringshouding;
Tijdschr. voor Verloskundigen, 8e jaargang, sept. 1983 no. 9.

10. Een goed algebraisch manipulatie programma dient ook goede
foutmeldingen te geven.

F. Hoogeveen, 3 september 1986.
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I. Introduction

Few models in physics are as successful as the current standard model

of elementary particles. It provides a framework in which a large amount

of knowledge about elementary particles can be organized. Even better is

the fact that it is a renormalizable theory and that therefore precise,

unambiguous predictions can be made (at least in perturbation theory). One

of the most spectacular predictions from the standard model concerns the

existence, masses and decay properties of the intermediate vector bosons.

At present this prediction has been verified experimentally and no dis-

crepancy has been found between the standard model and the outcome of the

experiments.

In spite of its tremendous success, it is hard to believe that the

current standard model is the ultimate theory of elementary particles.

Apart from the fact that gravity is not included in the standard model,

there are a number of arguments which support this disbelief.

From a more theoretical point of view the standard model is un-

satisfactory because of its arbitrariness. The model fits the observed

phenomena very well, but apart from this it is far from being unique. It

is not understood why SU(3) x SU(2) x U(l) should be the gauge group.

Neither is there an explanation why the particles in the model are

organized in representations of the gauge group the way they are. It is

also completely unknown why there should be (at least) three generations

of leptons and quarks with, apart from their masses, identical properties.

Charge quantization too is left unexplained. Although the electric charge

of a hydrogen atom is zero to very high accuracy, there is no a priori

reason in the standard model why the charges of an electron and a quark

should be rational multiples of each other. Attempts to explain some of



these features by so-called Grand Unifying Theories have led to

interesting insights, but remain unsatisfactory.

The arbitrariness of the model Is also demonstrated by the large

number of free parameters contained in the model. At least eighteen para-

meters have to be determined before one can start making predictions.

Among these eighteen parameters are nine fermion masses, which are only

experimentally determined, and four independent parameters characterizing

the Kobayashi-Maskawa matrix. The observed CP violation and flavour

changing currents can be accommodated in the standard model by tuning the

Kobayashi-Maskawa matrix, but again there are no predictions made for

these numbers.

One may also doubt the validity of the standard model using more

phenomenological arguments. All the tests which the standard model has

survived, are tests of the fermion sector and to a lesser extent of the

vector-boson sector. Very little is known experimentally about the Higgs

sector of the model. One of the few hints comes from the p-parameter

which suggests that the scalar sector has mainly a I = } structure. If the

standard model were true there should be a neutral scalar boson with a

mass of a.t least 7 GeV. This Higgs boson has not been seen at present.

Although there is yet no discrepancy between theory and experiment at this

point, it is very important to try to test the Higgs sector of the theory.

This is so, not only because the present lack of knowledge of the

Higgs boson Itself, but also because the Higgs sector and the arbitrari-

ness of the standard model are intimately related. Of the eighteen inde-

pendent parameters in the standard model one is the Higgs boson mass and

thirteen arise from Yukawa couplings between the Higgs bosons and

fermlons.

-7-



There are two principally distinct ways in which one can obtain

experimental information about the Higgs sector. The conceptually easiest

way is to produce the Higgs boson in an experiment and measure its mass,

width, couplings, etc. Even for relatively low mass Higgs bosons this

seems to be a hard thing to do. The most promising process is e e -»• p n~H

which has an experimentally accessible cross section for Higgs boson

masses up to about 50 GeV.

The other way to learn something about the Higgs sector is to look

for virtual effects; i.e. to look carefully at processes which only

involve the Higgs sector in higher orders in perturbation theory. In this

effort one is helped by a peculiar feature of the standard model. In

theories which do not use the Higgs mechanism the Applequist Carrazone

decoupling theorem is valid. This means that low energy processes do not

depend on the high mass sector of the theory. In the standard model,

however, this is not true due to the fact that the Higgs boson interacts

strongly with heavy particles. Therefore, one can obtain information about

the heavy particle and the Higgs sector by looking at low energy

processes.

In this thesis some examples of these two ways of obtaining

information about the Higgs sector are given.

In chapter II the production cross section of the Higgs boson pairs

in e+e~ collisions is calculated. For a not too heavy Higgs boson,

production in association with a relatively heavy particle such as a top

quark or a vector boson has a relatively high cross section. Production

of a Higgs boson in association with another Higgs boson, i.e. pair-

production, turns out to be an exception to this rule.

In chapter III Higgs boson production is considered in case of pp

collisions. Here it is found that in case the Higgs boson decays into two

-8-



quarks there is an important contribution from the interference with the

direct QCD production of a quark pair. These interference effects reduce

the cross section appreciably, and make the process much harder to detect

experimentally.

In chapter IV the influence of a heavy quark doublet on this process

is considered. It is well known that a heavy quark doublet does not

decouple from this process, but it is shown that perturbation theory in

this case has only a rather limited region of validity.

In chapter V the influence of a heavy quark doublet on weak inter-

action parameters such as the p-parameter and the vector boson mass shift

is evaluated to two loop order. The previously existing limit on the mass

difference in a heavy quark doublet is tightened slightly and due to the

fact that the approximate SU(2)p symmetry is broken at the two loop level

limits on a mass degenerate quark doublet are also obtained. These limits,

however, depend on the mass of the Higgs boson.

-9-
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Higgs-Boson Pairproduction in e+e~ Reactions

K.J.F. Gaemers and F. Hoogeveen
lnstituut voor Theoretische Fysica, Valckenierstraat 65, NL-I0I8 XE Amsterdam. The Netherlands

Received 16 April 1984

Abstract. We calculate the production cross section
of Higgs-boson pairs in e*e~ annihilation. In this
reaction the lowest order contribution comes from
one loop graphs. We study the behaviour of the
cross section as a function of the energy, the Higgs-
boson mass and the scattering angle.

I. Introduction

With the (^scovery of the W± and Z bosons [1-4]
there still remains the question of the existence of
the Higgs-boson. Although the Higgs-sector is a nec-
essary ingredient in the usual formulation of the
standard model, very little is known about it expe-
rimentally. So far the value of the p-parameter which
is very close to one, indicates that the symmetry
breaking in the standard model has an 1 = \ struc-
ture.

Calculations in the standard model provide us
with a lower limit on the Higgs-mass [5]. An upper
limit can be obtained by looking at radiative cor-
rections to various physical processes and using ex-
perimental limits [6]. More direct information on
the Higgs-boson could be c'tained by producing
them in high energy interactions. So far studies of
production cross-sections indicate, that at presently
available energies it is not possible to do this.

When it becomes possible to do experiments at
LEP one could produce enough Higgs-bosons, to
study their properties [7], The most interesting pro-
duction mechanism, in terms of cross-sections is:

where depending on the available cm. energy the /<-
pair may be on or off the Z-peak. This process has
been extensively studied in the past [8-10]. Its ex-

perimental observation would on the one hand pro-
vide proof of the existence of the Higgs-boson and
on the other hand give a measurement of the IIZZ
coupling which should be proportional to the Z-
mass squared. To gain more insight in the Higgs-
couplings, processes like

(2)

have been studied [11].
Here a number of diagrams contributes and the

result depends on HHZZ, HZZ and HHH vertices.
Although this process has such a small cross-section
(of the order of magnitude of IO~38cm2 for A/,,
= 10GcV) that experimental study of this reaction
will be very difficult, its experimental observation
would be very interesting.

In this paper we study the reaction

(3)

which does not have a contribution from the HIIH
vertex. As will be explained in Sect. II, the contri-
butions to this reaction are completely due to loop
diagrams. In this respect it is a process where one
can test higher order effects in a clean way. Within
the standard model there arc not many observable
quantities that can provide tests for these higher
order effects. One such quantity is the /'-parameter
mentioned earlier. In this case the dominant cor-
rections are due to fermion loops while the effects of
Higgs-loops are so small that they probably cannot
be separated in a clean way. The loop diagrams that
contribute to the reaction (3) contain fermion. gauge
boson and Higgs-ghost propagators, although this is
of course due to the gauge choice made. We feel
therefore that Higgs-pair production in e*e~ annihi-
lation is an interesting process because it will give a
direct measurement of loop effects connected with
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the Higgs-sector not masked by tree diagram contri-
butions.

The outline of the paper is as follows. In Sect. II
and the appendix we describe the formalism used in
the calculations. In Sect. HI we present several re-
sults on the cross-section where the dependence on
energy, cm. scattering angle and Higgs-mass is
given. In Sect. IV finally we give a discussion of the
results.

II. Formalism

Recently many calculations have been performed in
(lie context of the slsmclaid model of lliggs-bo.son
production cross-sections [7-1IJ. Here we will con-
sider the case of Higgs pair production in cV~
annihilation. We will refrain from giving the full
Lagrangian of the model since it has been published
in many places [12, 1.1]. In our calculation we work
in the Feynmun-'l 1-1 ooft gauge.

Several diagrams contribute to the reaction:

,) + HUl2). (4)

At the tree level we have the diagrams of f-"ig. I. As
can be seen immediately, all couplings (except the
three H coupling) occurring in these diagrams are
proportional to the electron mass. It can be verified
that these diagrams give a negligable contribution to
the cross-section compared to the diagrams we will
consider next. In Sect. IV we will compare the rela-
tive contributions.

In the one loop approximation one can write
down the diagrams that contribute to the amplitude.
We will work here in the limit of zero electron mass.
As a consequence all diagrams where a Higgs or
Higgs-ghost is coupled to an electron line are identi-
cally zero. Another consequence is the presence of
an exact ehiral symmetry for the electrons. This
symmetry immediately leads to the fact that the
He*e~ vertex must be zero to all orders. Explicit
calculation in one loop confirms this. Due to this
symmetry all diagrams contributing to (2c) arc
identically zero.

© el 'Z.l»° .crossed

nz

'9. y ( l .
5?

IT '9MZ
cosG,,

'-12.

Fig. I. True £niph contributions

Fig. 3. Keynman rules

A final state containing two Higgs bosons has C
= + I. If we assume CP conservation, diagrams (2d)
and (2c) are zero as well. The only diagrams thai
contribute, turn out to be (2a) and (2b).

The vertices and propagators needed for the cal-
culation of these diagrams are summarised in Fig. 3.
Note that we do not need the Higgs propagator.

Next we turn to the calculation of the cross-
sections. The usual procedure would be to square
the amplitude and use the spin-sum projection oper-
ators to calculate the cross-section averaged over the

- 1 3 -
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incoming polarisations. We will not follow that pro-
cedure here, since all amplitudes are given in a rath-
er complicated form by the box diagrams of Fig. 2a
and 2b. Instead we will use a method first given in
[14] and which has been applied in several calcu-
lations since [15]. This method is extremely simple

d4k N

for the case of massless electrons and scalar Higg-
ses and consists of a calculation of the various
helicity amplitudes.

From the diagrams 2a and 2b we see that all
electron couplings are helicity conserving, so that we
only have to consider two cases:

(5)

Any amplitude contributing to (5) is given in the
general form:

where A, and A2
 a r e 'he positron and electron heli-

cities respectively.
If we define a unit vector n, with

il*k

(2it)4

n M = - I (7)

we see, that we can write, up to inconsequential
phase factors from the definition of the spinors:

(8)

with .V=(/J, +pz)
2. Expression (8) holds for any

space-like n. If we now use:

o(Pi<*

we can work out (K) to give:

(9)

The factor j is introduced here because there are
two identical particles in the final state. This means
that we must integrate over 4n to obtain the total
cross-section.

Now we must give /" in terms of Feynman inte-
grals, aficr which the trace in (10) can be evaluated.
The sum of the Z and </»" integrals can be given as:

(12)

where:

-^ i+^H"-? 5 ) ] - H3)
Here i> is the vector coupling of the electron to the
Z boson, (i>= 1 — 4sin2Ow). The corresponding
crossed-diagrams can be obtained by interchanging
q, and q2- The contribution of the W±, <P± boxes
can be obtained by changing the masses in (12) and
putting p=l . The factor outside the square brackets
in (13) must be replaced by g*/X.

With this explicit form of the integral it is now
possible to lake the trace in (10). In this way we
obtain Alltj in the form of a set of tensor-coef-
ficients depending only on the external momenta
and n", contracted with tensor integrals of the form

—-;r—r.v (14)

with / at most equal to 3.
For the numerical evaluation of these tensor in-

tegrals, use was made of the program FORMF [12]
which expands the integrals as they appear in (14) in
terms of tensor coefficients depending on the exter-
nal momenta nnd scalar functions depending on the
invariants that can be constructed from these mo-
menta. The explicit expressions finally obtained arc
given in the appendix.

It is clear from the discussion in this section (hat
tree diagrams d» not contribute (;»,,=()). So in low-
est order we only have contributions from box-dia-
grams. As a consequence all amplitudes become
complex above the W* W~ threshold. This gives rise
lo interference effects which can be seen both in the
behaviour of the angular distributions and in lite
behaviour of (he total cross-section as a function of
s.

With these expressions, the cross-section is given by: |||_ Numerical Results

In this section we will present results calculated with
the formalism described in Sect. II. One interesting

- 1 4 -
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10"'

10'
0 50 100 150 200 250

l-'ijS- •>• To ta l cross-section lor f, i-; Isolid) and !•„ ••/ (dashedl

10'"

10 o - 50 ICO 150 200 250
/?(GeVI

M R . 5. t l u p K l u r i m l cross-section Icir m,, 1(1. Ml. IIKKicV

effect is due lo the helicily dependence of Ihe ampli-
tudes. In (4) the non zero helicily contributions were
indicated. II' we start with c, e^ we can sec that
there will be contributions both from the li'-box
graphs as well as from the 2-box graphs. Here the
amplitude is the sum of all X non-zero diagrams. In
this case there will be many interference effects
which will be most prominent around the tV' + VV"
and ZZ-threshold.

If we now look at the rase efl e,* we see. because
all W couplings arc purely left handed, that the It-
box diagrams vanish identically. We arc now sen-
sitive only to interferences in the Z-diagrams. If we
look at the cross-section for unpolarised electrons,
interference effects arc less clearly visible.

In Fig. 4 we show the total cross-sections for
I'f.cJi (solid line) and for (•„<',* (dashed line). These
cross-sections were calculated for a Higgs mass A/,,
of IOGOV and a cm energy up to 250GeV. The
masses of the W and 7. were taken 80.9 OeV and
95.6 GeV respectively. These are the experimentally
determined mass values [1-4], The coupling con-
stants were determined from the fine structure con-
slant a and the value of the Weinberg angle which
was determined from the W and Z mass ratio. Note
that this procedure is consistent up to one loop.

In this plot of the cross-section we see a smooth
rise of a near threshold. Close to s = 4Mj we find a
sharp dip in the <',"<'« cross-section. This behaviour
can be understood as follows. Above this threshold
the W-box will obtain an imaginary part. The real
part of the amplitude has a sharp dip around the
threshold, because it is connected lo the imaginary
part by a dispersion relation, and even changes sign.
This means that below the threshold there is a re-
gion (from 151 GeV to 156 GcV) where the differen-
tial cross section vanishes in some directions. At
151 GeV the cross section vanishes at small scalter-

1 do
odS

Fig. 6. Angular distribution of ct c^ -* 11II as a function of energy
near ilic H'-thrcshold

ing angle. As the energy increases the zero's move
towards larger angles, until at 156 GeV the cross
section perpendicular to the beam is zero. Above
this energy there arc no directions (except at zero
scattering angle) where the cross section vanishes. In
Fig. 6 we show the normalized angular distribution

1 Ja
a Tin (15)

as a function of \/s and cosf.
A similar behaviour is present in principle near

,\ = 4A/J. This is not clearly visible since it inter-
feres with the Ĥ -box amplitudes which are already
quite large at this point.

If we now turn to the rjj cj cross section we see
thai the dip near the tt'-lhrcshold is absent. In this
case the interesting behaviour of the amplitude be-
low the Z-threshold is clearly visible in the cross
section because of the absence of interference with
ihc W-box amplitudes. The cross section now van-
ishes in some direction in (he energy range from
176 GeV to 183 GeV.

- 1 5 -
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In Fig. 5 we give the total cross-sections for un-
polarized e*e~ beams and M,,= 10, 50 and
lOOGeV. Here we also see a dip structure provided
MH is small enough so that the threshold for the
process under consideration is lower than the H -̂pair
or Z-pair threshold.

We have looked at the asymptotic behaviour of
the cross-section for large s. The ratio R of this
cross-section to the /(-pair point cross-section
(4na2/3.v) shows a slow increase with s. At v
= 108GeV2 we find R = 4.10-* at s=1010GeV2 we
find R = 2.6- IO~3 and at .?=1012GeV2 we have R
=9.3 • 10"3. These cross-sections were calculated for
M ^ l O G e V although at these extreme energies a
hardly depends on A/,,.

IV. Conclusions

The Higgs sector in the standard model can be
considered to be a rather ugly necessity, bxperimen-
tally, very little is known about the mechanism that
breaks SU(2) x 1/(1). Some information is obtained
from (he /i-paramctcr. The higher order corrections
to p get their largest contribution from ordinary
lepton and quark loops [16]. The dependence of /)
on the parameters of the Higgs-sector is very small,
as has been shown recently up to two loops [6].
Another way of looking at the Higgs-sector is to try
to produce Higgs-bosons in high energy collisions.
Probably the best way to do this is to look at the
processes.

Z-H/i^r. ( l 6 )

Higher order corrections to these have been studied
in (17)-(18). Some results have also been obtained
from pair production of Higgs-bosons together with
a single Z.

Here we have studied the production of just two
Higgs-bosons without other particles in the final
state. As can be seen from the results of Sect. Ill we
may expect a very rich structure in the cross-sec-
tions. Unfortunately the magnitude of these cross-
sections is such that observation of these effects is
probably beyond experimental capability.

Nevertheless there are a few theoretical points
which make the process interesting. First, although
we deal with a one-loop amplitude, the result is
finite and no rcnormalisalion is necessary. This is
due to the fact that the Lagrangian docs not contain
an e+e~HH interaction which can provide the nec-
essary counter-term.

Another point is that like the diagrams for elas-
tic )7 scattering the amplitude only gels eontri-

butions from box-diagrams. Naively one would have
expected on this ground a very small cross-section.
It is therefore somewhat of a surprise that cross
section values of the order of I0~40cm2 arc nev-
ertheless reached. The tree level approximation
(Fig. 1) with HI,.=0.51I MeV, »i(, = O(l()GeV), |A

= O(100GcV) gives rise to cross-sections of
O(10"49cm2). This is mainly due to the smallncss of
the electron mass {a is proportional to ml). On this
ground, maybe during the effective life of LEP one
event of this type may be produced.

Appendix

In this appendix we will give the explicit expression
for the amplitude of the process under consideration.
In Sect. II it is shown that both amplitudes can be
written as

• "

Since F is the product of three y-malriccs the traces
we have to calculate are

and

(2)

(3)

Tcrms in the amplitude which arise from Sliri arc
proportional to the dot-product of n and an external
momentum. However, it is possible to choose n in
such a way that

" • P I . 2 = » - ' / I . 2 = 0 - 14>

In this case we only have to consider terms arising
from (3) and are therefore proportional to

where 0 is the scattering angle in the cm frame.
Using Feynman rules of the standard model in

the Feynman-'t Hoofl gauge, we find for the non-
vanishing amplitudes

I

[2nf]/s

I K4 / ' + '
L32c0M 2

+ crossed

7

16 ' "

/ I . =

(6)

(71

-16-
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where

(8)

We can express the contractions appearing in (6)
and (7) as

- 4 P l • </2) D1

+ (2 .s -4 / ) , ( / ,+28/ ) 1 </ 2 )Z) 2

+ ( 3 2 m , 2 , - 1 2 . v - 4 p , • < / I - 4 p ,

1 - 8 , ) ,

+ (-32Hi;-16m,2,
- 8 p 2 • </, )D 1 dm],

The D's in (9) arc llie analogs of the ones appearing

in [12]. Their definition can be obtained from [12]

by multiplying with i, giving every dot-product a
minus sign and replacing <5)M. by — gBV everywhere.
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We consider the reaction gg -• H -»• QO and find that there are interference effects with the pure QCD process gg -* QQ.
These effects as weU as the large QCD background make it unlikely that this reaction is a good candidate for the study of
Higgs-boson production, unless the Higgs boson couplings differ very much from theij values in the standard model.

With the recent discovery of the Z and W bosons
at the CERN pp collider and possibly that of the top
quark [1 -5 ] , the verification of the standard model
is almost complete. Still missing is the Higgs boson.

In this letter we will study the possibility to pro-
duce Higgs bosons in pp and pp collisions. Special
emphasis is given to decay channels such as

g ( p , ) Q ( q , )

H-*bb, H->tt 0)
These channels will be the dominant ones if the H is
not heavy enough to allow for ZZ or W+W~ decays
[6].

Since protons and antiprotons contain only light
quarks, quark—antiquark fusion does not contribute
appreciably to direct Higgs production. It has been
pointed out, that gluon—gluon fusion is the domi-
nant production mechanism for single Higgs bosons
[7 -9 ] . Other processes where the Higgs is produced
together with aZorW* have also been considered
in the literature [10], but we will not consider them
here.

As is well known, Higgs bosons decay with a large
branching ratio into heavy quarks, provided that mH <
2m y/ [6]. This means that suitable channels to look
for Higgs bosons are:

gg->H-<-bb, gg->H->-tT. (2)

We would like to point out here that bb and tt
production can also proceed directly as QCD pro-
cesses, without an intermediate Higgs particle [8].

( b )

y < d >

Tig. 1. Contributing diagrams.

These QCD processes will on the one hand provide a
background to the process one likes to investigate,
i.e. Higgs production, and on the other hand interfere
with reactions (2). In fig. 1 we give all the relevant
diagrams contributing to
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gg->QQ. (3)

Diagram la contains a ggH vertex, which does not
exist in lowest order, but which gets a contribution
from quark loops as was pointed out in ref. [6]. A
straightforward calculation gives for this vertex:

2TM

Xhab
 LIK[^- (4)

Here ex and e2 arc the polarisation vectors of gluons
1 and 2 respectively,a and b are their colour indices,
and g is the SU(2) coupling constant. The sum runs
over all massive ferniions, which are colour triplets.

The form-factor A' can be expressed as [8]

(5)

X [log(*+ + ie) \og{x__ - ie)

- I l°g2(-*+ - ie) - 1

where xt are given by
_ 1 r, . . . _ 1 \ 1 / 2 T (£\

It is important to note at this point, because we
consider H decays into QQ and therefore mH > 2mQ,
that K has both a real and an imaginary part.

Now we turn to the colour structure of the
diagrams in fig. 1. Diagram la contributes only to the
colour singlet amplitude because H is a colour singlet.
Diagrams Ib and lc contribute both to the colour
singlet and colour octet channel, and finally diagram
Id contributes only to colour octet final states. At
values of s «iW2, (s is the subprocess CM energy
squared) we will therefore expect considerable inter-
ference between diagrams la and lb, lc. Diagram Id
will also interfere with lb, lcand furthermore con-
tribute to the background. We would like to point
out here that these interference effects have previ-
ously been ignored in considerations of H production
by gluon-gluon fusion [7-9] . We find for the spin
and colour averaged cross sections of the process
g g - Q Q :

In 1(1

+x)/0 ~

where

Z = S K(s/mj)j(s - ml + <mn T,,) , (8)

In fig. 2 we plot c(s) as a function of s in the neigh-
bourhood of M^, taking mn = IOOGeVandm,=
40 GeV.

It is interesting to note that the symmetrical shape
of the Higgs signal in fig. 2 does not arise because the
interference terms are numerically much larger than
the non-interference terms. In fact they are of the
same order of magnitude. In fig. 3a we plot the pure
Higgs contribution (the last line of (7)), in fig. 3b
we plot the interference terms (the fourth line in
(7)) and in fig. 3c we piot their sum. As can be
seen clearly, the interference terms are asymmetric.
This arises because the gluon—gluon Higgs coupling
is not real.

Re(S/0 (s - ml) - m,,T,, Im(I/0
Re(Z) = ; . _ , _ , . (9)

102

Fig. 2. Cross section as a function of CM energy.
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rig. 3. The different contributions to the Higgs signal.

Accidentally the sum of the two is again symmetric
for this choice of Higgs- and top quark mass.

The width of the Higgs boson is given by [6]:

(10)

where

T(H -> ff) v n } j f o
0 0

The sum in (10) has to be taken over all massive
fermions and an extra factor 3 has to be inserted in
(11) for coloured fermions.

If we use the masses of the known quarks and
leptons and if we vary the mass of the top quark in
the range from 30-50 GeV, the H width is typically
of the order of 50-100 MeV.

From fig. 2 we can conclude that in order to de-
tect the Higgs boson in this way one would need an
extremely good resolution in the bb or tt jet—jet in-
variant mass. We expect this resolution to be much
larger than the H width. It follows that the gluon-
gluon fusion mechanism will not be very useful in
studying the production of Higgs bosons. More de-
tailed studies of the reaction mentioned here, are in
progress {11].

One point of caution should be brought up here.
QCD reactions of the type studied here have been
used to estimate heavy flavour production [12,13).
The agreement with experiment is in general not very
good. This may give some doubt on the reliability of
the calculation presented here. Nevertheless we find
it unlikely that nature would conspire in such a way
that the QCD background would drop several orders
of magnitude compared to the H boson production.
Even then one should be very optimistic to believe
that jet—jet studies of heavy quarks would give a real
Higgs signal.
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The effect of a very heavy fermion doublet on the gluon two-point functions and on the
coupling of a Higgs boson to two gluons is calculated in the one- and two-loop approximation. It is
rigorously shown that the perturbation expansion breaks down for high values of the fcrmion
mass.

1. Introduction

It is well known that the Appelquist-Carrazone-Symanzik decoupling theorem [1]
does not hold in the standard model. This theorem, which is valid in theories like
QED and QCD, states that the influence of a heavy particle on the renormalised
low-energy Green functions vanishes when its mass is taken to infinity. This is very
convenient since it allows one to study phenomena at one energy scale while
ignoring what goes on at all the (unknown) higher energy scales.

The standard model violates the decoupling theorem because it uses the Higgs-
Kibble mechanism to generate particle masses. This means that the coupling of any
particle to the Higgs boson is proportional to its mass or mass squared. This is in
conflict with the assumptions of the decoupling theorem, where particle masses and
coupling constants are taken to be independent.

Many authors (see e.g. refs. [2-4]) have realised that this failure of the decoupling
theorem means that low-energy processes, especially those which involve a Higgs
boson, are sensitive to the presence or absence of very heavy particles. When
calculating such effects one has to be very careful not to leave the region of validity
of the perturbation expansion because the coupling of a particle to the Higgs boson
increases without bound when its mass is taken to infinity.

In this article the effect of a heavy quark doublet on the amplitude of the gluon
fusion process [3,5] GG -» H is calculated in the one- and two-loop approximation.
Then the quark mass at which the perturbation expansion breaks down is estimated.
This is of some interest since gluon fusion is a candidate for Higgs-boson pro-
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duction. The heavy up and down quarks are taken to be degenerate in mass,
since the mass difference is known to be bounded [6] and corrections of the order
(niyj — mD)/M are therefore negligible when M -» oo.

Something similar happens when one calculates corrections to the p-parameter for
high values of the Higgs mass [7]. Since the Higgs self-interactions grow with its
mass, the two-loop corrections are as large as the one-loop corrections when the
Higgs mass is 11 TeV. The influence of a very heavy fermion on the axial anomaly
[8] and tree-level unitarity [9] has also been studied in the past.

The organisation of this article is as follows. In sect. 2 the renormalisation scheme
and the choice of gauge are discussed. In sect. 3 the gluon two-point function is
calculated and in sect. 4 the gluon fusion amplitude. Finally some conclusions are
drawn in sect. 5. Details of the calculation may be found in the appendices.

2. Gauge choice and renormalisation scheme

Although any physically interesting quantity should be renormalisation scheme
and gauge independent some attention is required in this case. The actual calculation
can be very much simplified by making a clever choice.

For the electroweak sector of the standard model, the Feynman-'t Hooft gauge is
used. In the SU(3) color sector a ghostless gauge, like the axial gauge, is used. This
has the advantage that the Ward identities take the simple form Z, = Z2. Since the
precise form of the gluon propagator is not needed in the calculation, the gauge does
not need to be specified further.

Because of the Higgs-Kibble mechanism the Yukawa coupling constant Y is fixed
to be M/v, where M is th~ heavy quark mass and v the vacuum expectation value of
the Higgs field. Therefore taking M to infinity means also that the corrections to the
physical mass (see fig. 1) become more and more important [10]. It is therefore not
completely clear that taking the mass parameter M to infinity is the same as taking
the physical mass to infinity. This is the case unless one uses a mass-shell scheme,
which is therefore used in this calculation. Explicitly the renormalised self-energy is
fixed by

= 0, (1)

f=M

and the renormalized vacuum polarisation by

nR(o) = o. (2)

Fig. 1. The fermion self-energy.
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The Ward identity Z, = Z2 now prescribes the fermion-gluon vertex counterterm.
The last counterterm needed in the sequel is the Higgs-fermion vertex counterterm.
This is defined by requiring the corrections to vanish at zero Higgs momentum. The
precise form of this prescription is unimportant since the difference of this scheme
with one in which one subtracts at a small (with respect to M) but non-vanishing
Higgs momentum is negligible when M is taken to infinity.

3. The vacuum polarisation

In this section the one- and two-loop approximations to the vacuum polarisation
tensor FI^ are given. Due to gauge invariance Tl^ is transverse:

ntxv(k2)={k'ik"-k2g'l")n(k2). (3)

The one-loop contributions to II by the up and down quark are both given in fig. 2.
A straightforward calculation using dimensional regularisation results in

where y is Euler's constant and the dimension of spacetime equals n - 4 - 2e. The
color factor

will be suppressed everywhere. The renormalised vacuum polarisation is given by

^ £ ). (5)

The next object to be calculated is the self-energy 2(jj>, M). It will turn out that only
its value on the mass shell p = M is needed. That value is given by fig. 1 where one
has to sum the contributions of the Higgs field and all Higgs ghosts. The result is

(6)

for both up and down quarks.

Fig. 2. The one-loop vacuum polarisation.
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Fig. 3. The two-loop vacuum polarisation.

The two-loop contributions to II are given by fig. 3, the contributions which
involve an internal gauge boson are of vanishing importance when M -» oo. The
result is

jYL(L_2lnM^ k
k)

+ O(M~i\nM) + O(e). (7)

Some details of this calculation are given in appendix A. Note that the 1/e2 pole is
absent, just as in QED and also that the overlapping divergence (the k2/e pole)
vanishes even before the counterterms are taken into account. Finally the diagrams
of fig. 4, involving counterterms, have to be evaluated. Due to the Ward identity the
diagrams involving fermion wave function counterterms and vertex, counterterms
cancel. So only the fermion mass renormalisation has to be dealt with:

1 k \
A (8)24TT

Note that 2(M, M) is finite, so the O(e) terms of il (1) do not have to be calculated.
Adding (7) and (8) and subtracting its value at zero momentum one obtains

205/ y2 k2

25920774 M2 '

Note that this result violates the decoupling theorem because Y = M/v. The one-

Fig. 4. The contributions to the vacuum polarisation involving countertcrms.
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and two-loop contributions are equal in magnitude when

1 — 2O517 ' \lV)

which corresponds to a quark mass of 1.6 TeV because in the standard model
v = 246 GeV. At this point both contributions cancel approximately. For higher
values of the fermion Jiass the perturbation expansion is not reliable.

4. The gluon fusion amplitude

In this section the gluon fusion amplitude is calculated using the results of the
previous section. Again only the leading behaviour as M -» oo is needed, so only
diagrams with as many Yukawa coupling constants as possible contribute. Therefore
diagrams which involve internal gauge bosons or Higgs self-interactions can be
ignored. All the important diagrams can be obtained by adding an external Higgs
line to the fermion loop in the diagrams for the vacuum polarisation.

Since the Higgs mass is assumed to be small with respect to M, one may assume
the external Higgs boson to carry zero momentum. Taking the external Higgs to a
small momentum or to its mass shell does not change the leading behaviour when M
gets large. Now the relation

can be used to obtain the zero-mom<*nlum Gree-i function T^v from the vacuum
polarisation. The one- and two-loop contributions are simply given by (see figs. 5
and 6)

y_jLrr(U (\i\
dM **'

Fig. 5. The one-loop gluon fusion amplitude.
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x <
+ crossed diagrams

Fig. 6. The iwo-loop gluon fusion amplitude.

The diagrams involving counterterms require some more care. Let I{p, M) be the
quark self-energy, the one-loop diagrams involving mass counterterms are given by

• (14)

The diagrams involving a fermion wave function renormalisation add up to

- 3 / -T- j-'d) (15)

Using the Ward identity the quark wave function renormalisation is connected to
the quark-gluon vertex counterterm. Using this the sum of diagrams involving gauge
vertex counterterms is given by

pen
f-M " " '

Finally the Yukawa coupling renormalisation is given by

32

(16)

— i
8M f-M

rO)
1 U.V ' (17)
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where diagrams which involve Higgs self-interactions have consistently been ignored.
Adding all contributions we obtain

) = - /

= —I

dM
(18)

So the contributions involving counterterms can also be obtained by a simple
differentiation with respect to M. To simplify the notation define

(19)

The various contributions to the gluon fusion amplitude are now given by

r ( c )=o(A/-3). (22)

Therefore the one- and two-loop contributions cancel when

y 2 _ 8_2 t~)1\

- I * • (23)

This corresponds to a fermion mass of 1.3 TeV.

5. Conclusions

It has been shown that the perturbation expansion of the gluon fusion amplitude
breaks down when one includes a quark doublet which is heavier than 1 TeV. This
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has been done under the assumption that the mass difference between the heavy up
and down quark is bounded. It was also assumed that the Higgs boson is compara-
tively light, its mass being for example about equal to the W-boson mass. In ref. [7]
the p-parameter was calculated assuming a heavy Higgs boson and no heavy
fermions. When one wants to treat the case in which there is a heavy Higgs boson as
well as a heavy fermion doublet it is not possible to use asymptotic expansions for
the two-loop integrals.

ll is of course possible that such heavy quark doublets are not realized in nature.
In case they are, they have a strong Yukawa coupling to the Higgs boson or the
standard model is no longer correct at energies around 1 TeV. The strong Yukawa
coupling might cause interesting effects in heavy (with respect to a TeV scale)
quarkonia. In case one wants to postulate a large number of heavy quark doublets in
order to increase the gluon fusion amplitude, one has to keep their mass below 1
TeV. Otherwise it is impossible to make precise predictions.

The author would like to thank Dr. Li. van der Bij for pointing out an error in a
previous version of this manuscript.

Appendix A

In this appendix the techniques which were used to calculate two-loop integrals
are described for reasons of completeness.

The most general expression for the vacuum polarisation is

W{k2) = k»kvA(k2) + g^k2B(k2), (A.I)

where

(A.2)

Due to the transversality of IP1' the coefficients A and B are not independent; they
should add up to zero. Calculating them both serves as a check on the calculation. A
typical contribution to 27'"' looks like (this is the expression corresponding to the
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left-most diagram of fig. 6, with an internal Higgs boson)

J

(A.3)

Therefore a typical contribution to the coefficients A and B looks like

rd"pdng N

(A.4)

where the numerator iV is a product of dot products between P, q and k.
By expanding this expression in the external momentum

(A.5)
{P + kf-M2 P2-M2 (P

2-M2)2

and using relations like

p-q 1 \ p2 + q2-m2 \

-q) -m2 *\(p-q) - m2

p2

p'-M' p'-.

6
d-pd'q {p-k

d"pd"q15(k2? rd"pd"q
«3 + 6«2 + 8«-' (2^)2" {p2~M2)"\q2-M2)a>{{p-q)2-m2)'

(A.8)

etc., it is possible to express (A.4) as a sum of products of one-loop integrals and the
following scalar two-loop integrals:

B _ / r d > d g I ( A 9 )
kJ J ( 2 ) 2 " ( i M 2 ) k ( 2 M 2 ) ' { ( ) 2 2 ) '
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The higher-order terms in (A.5) are less important when M goes to infinity. Since
only the leading behaviour of (A.4) is required, (A.5) can be truncated at a finite
order. By using partial p [11], i.e. by inserting

n dp" v '

in the definition (A.9) of Bk , and partially integrating it is possible to derive the
following recursion relation:

(A.ll)

Note that while the integrals Bk , are symmetric under the exchange of their indices,
this recurrence relation does not respect this symmetry manifestly. This can serve as
a check on the calculation. All that is left to calculate now are BlA and a few
one-loop integrals (the Bk 0). The integral Blfl is so severely ultraviolet divergent
that it is easier to calculate it somewhat indirectly. Since Bt , is a homogeneous
function of m and M the Euler relation holds:

1 ( , d . . , d \_ ( A n )

Both partial derivatives of Bx x are special cases of the following integral:

(A.13)

By introducing Feynman parameters and performing the trivial integrations and
some partial integrations this integral can be expressed as

/ = ^ U + i(l-2Y-21n£fi)
2(4w)4le2 e l 4^/

(A.14)
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where y is Euler's constant and

e = 2-\n. (A.15)

The remaining integral to be done is

The integral over the jc-variable is not difficult, though somewhat tedious. This
results in some integrals of the following type:

where P and Q are. rational functions of their arguments. These integrals can be
handled by first substituting

Jl+ay + fiy*= 1 - yz, (A.18)

which gives integrals of the type

fdzP(z)lnQ(z),

where P and Q are rational functions. By putting P into partial fractions and
factorizing Q these integrals can be expressed in terms of dilogarithms which are
defined by

The resulting expression for J reads after explicit symmetrization in tnx and m2

m 0 " '0

ml-ml-m\l: i ~2mi \ ,- / ~2ml
Li7 l

m2
0 - « f - W

2
2 -

- mi - m\ -

J ln—In — —— -=• _ l + iw , (A.20)
m 2 \ ffiQ —m,+WJ— VA »lo + ^Ml-^«5^-VA / J
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where

A = »1Q + m\ + m\- 2m\m\— 2m2
om\ - 2m\m\. (A.21)

Using this expression it is possible to obtain all the necessary two-loop integrals. A
complete list of all the Bkl used is given in appendix B.

Parts of this calculation were done using the computer program SCHOONSCHIP
[12].

Appendix B

In this appendix a list is given of all the integrals

(B.I)

used in the calculation. The factor in front of the integral has been introduced in the
definition for convenience.

, nrI n 2 — + 2m In — In-;
4TT 4TT 4TT

-:— + AM'\n~-.—
Air 4-n

3 A/2 30

. mz

+ In —
4

2 I m4 I m6

- 2)ml - - — - - —- —-
' 3 A/2 30 A / 4

A/2 6A/4 30A/

M2 6A/4 30M6
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eM2 4 W \ A / 2 3A/4 10A/6 / 4TT \ 3A/4 10M

2v 7 m2 37 w 4 „ / , , 7, , ,x
—<r + — —- + —77 —7 + O( A/~7ln M ) ,
M2 18 A/4 300 A/6

1 A/2/ - 2 m
41 " 3.A/4 + l n 4, 4 6A/6 15A/8j+ n4^\6A/6 + 15 A/ 8 /

1 5 OT2 59 w 4

- .61 10eA/8 IU

m2 2m4 \t M2 2 2 m1 32 m4 , 7

—-+ - I n — ; + -—T + ̂ 7 — 7 + O(A/ 7lnA/),
A/4 15A/6/ w2 A/2 9 A/4 225 A/6

/ m2 . m4 \, M2 1 m2 I k 4 , ^ „ _ „ .
- - + - I n — r + T r+O(A/ v lnM),

\6M4 10M8/ m2 2M4 36M6 15OM8

_^_lnM!_^__J!I_
42 10A/8 wi2 9A/6 100A/8

B52
m A/2 1 4m2

15A/10 m2 8AfK 225A/10
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10A/8 m1 6Mb 75M

in2 , M2 1 31 m2
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Abstract

The two-loop corrections to the ^-parameter and the vector boson mass-
shifts due to a heavy fermion doublet were calculated. For very heavy
(w TeV) quarks we find improved limits on the allowed mass difference
within a doublet. The limit on the top quark mass (300GeV) is unaf-
fected. For a degenerate doublet there is a Higgs mass dependent limit
on the quark mass of 3-6 TeV for a Higgs mass of 0-3 TeV.
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D-8000 Miinchen 40 , Federal Republic of Germany .
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I. Introduction

It is well-known that the parameters of the standard SUL{"^I X ?7(1) gauge model

of the weak interactions are affected by the presence of heavy particles in the theory.

This is in marked contrast with theories like QED and QCD where the Appelquist-

Carazzone decoupling theorem'1' ensures that the effects of heavy particles are

suppressed by a power of their inverse masses. The reason for the difference is that

in the standard model particles get their masses from the Higgs-mechanism and

therefore masses and coupling constants are related. This violates the assumptions

underlying the decoupling theorem.

This failure of decoupling implies that some radiative corrections due to heavy

fermions may actually grow with the fermion masses. For instance the p-parameter,

the ratio of neutral to charged current strength, receives at the one-loop level a cor-

rection dependent on the mass difference within a fermion doublet'2'. The experi-

mental information on p puts a limit on the possible mass difference . For a quark

doublet coming in three colors this limit is approximately 300 GeV. Unfortunately

one finds no correction to p in the case of a mass-degenerate multiplet. The reason

is that the correction to p comes from a breaking of the SUR(2) symmetry of the

Higgs-sector. In the standard model this symmetry is only broken by the difference

of Yukawa couplings in a doublet and by the hypercharge-coupling.

Also in other processes the contribution from a degenerate multiplet does not

grow with the mass at the one-loop level. There are however finite corrections

that are independent of the mass and therefore limits can be put on the num-

ber of such multiplets that can be present. The present limits on the mass of

a degenerate fermion multiplet come from some more indirect arguments. It has

been argued'3' that the large Yukawa couplings make the one-loop effective Higgs-

potential unstable for fermion masses larger than about 200 - 600 GeV depending

on the Higgs-mass: for a Higgs-mass in the TeV range there is no more a reliable

limit. Another bound comes from the breakdown of perturbation theory'*'5'. If

the Yukawa-couplings are large enough the two-loop correction to some process

will become equal to the one-loop correction. So far this has only been calculated

completely for the gluon-fusion mechanism of Higgs-production. The effects of a

degenerate heavy multiplet have been considered from a more general point of view

at the one-loop level in ref.'s 6,7 . with emphasis on the appearance of anomalies
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if one removes the multiplet from the low-energy theory by making the mass infi-
nite. In ref.!7 the effect of a heavy doublet has been summarized by an effective
interaction consisting of an anomaly term and a corresponding interaction of the
YVess-Zumino type. It has been suggested in this paper that the theory without the
heavy fermions but with the Wess-Zumino term is renormalizable. We consider this
to be extremely unlikely. The effective interaction is not obviously renormalizable
and inserting the one-loop effective interaction inside a loop diagram one expects
divergencies to appear. In the full theory with the heavy doublet these divergencies
can only be cut off by the mass of this doublet. The presence of effects growing with
the heavy doublet mass would therefore be a signal of the non-renormalizability of
the effective model with the Wess-Zumino term.

Considering the above, an explicit two-loop calculation of heavy-fermion effects
for a number of processes might be of interest. In this paper we consider such
corrections for the ^-parameter and for the mass-shift of the W and Z bosons.
The outline of this paper is as follows: In chapter two we define the renormalization
scheme. In chapter three the weak interaction parameters involved in the calculation
are defined. In chapter four we present the calculation of 6p for unequal masses
of the doublet. In chapter five we do the calculation of 6p for equal masses. In
chapter six the mass-shifts of W and Z are given for an equal mass doublet. In
chapter seven we discuss the results. The appendix explains the notation and some
technical details of the calculation.

II. Renormalization

In performing higher order calculations in gauge theories the complexities of
renormalization theory have to be taken into account. It is not enough just to cal-
culate the radiative corrections to the process one is interested in. The expressions
obtained will often contain infinities. Meaningful answers can only be obtained if
one expresses everything in terms of physical parameters. The relation between the
parameters of the Lagrangian and the physical parameters in which all corrections
are to be expressed can be quite complex. In order to get the correct results at the
two-loop level at least all one-loop renormalizations must be performed. In general
this involves a large number of graphs.

In this paper we are only interested in the effects due to a heavy fermion doublet

and we limit ourselves to the leading effects in terms of the heavy fermion masses.
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In this limit the situation is simplified considerably. The main simplification comes
from the fact that only self-energy graphs need to be considered. There are basically
three sectors of the theory to be considered : the fermion, Higgs-boson and vector
boson sector. The contributions of the QCD sector do not grow fast enough with the
fermion mass to be taken into account. In the fermion sector one should discriminate
between the light fermions, like the standard generations of quarks and leptons, and
the heavy fermions whose effects we want to calculate. The light fermions do not
receive a mass correction from the heavy fermion sector as long as mixing can be
ignored, which we assume to be the case. The light fermions appear only as a source
for the vector bosons, whose physics we want to stud)'. The heavy fermions receive
a mass renormalization coming from the diagrams of fig.(1)- For a quark doublet
one gets the following relation between the bare mass parameters mt,mt, and the
physical masses of the quarks:

= m' ' J ^ k ( J j 7 l - 6JT - 8rn< -5m* - 3 * 2m'
) + (m? - 3ml - 3 ^ | - g ) ln(i«? - mil))

(2.1)

(2.2)

The particles t and b have the quantum numbers of an ordinary quark doublet,
but are assumed to be very heavy. Note that only the mass renormalization is
important; the wave function renormalization does not contribute, since we consider
only processes where the heavy quarks appear inside a loop. For the Higgs sector
and the vector boson sector we use the method of ref.;8 . We rescale fields and
parameters in the original Lagrangian by factors containing besides the usual 1/e
pole terms also finite factors. These factors are chosen in a way, so that at the
one-loop level the Lagrangian parameters become equal to the physical parameters
as far as the leading behaviour of the heavy fermion masses is concerned. We need
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rescalings of the following form:

M
- 4>{l + SM) Z — Z{1~ St) -r —6t

S

M -+M(1+6M) m-*m(l~6m). (2.3)

Here <j> is the Higgs ghost, Z the Higgs-field, M the vector boson mass and m

the Higgs-mass, 6t is the tadpole contribution. We also define quantities 6U62 by

61 = 6M + \6t and 62 = <5.w - 6m . In order to satisfy Ward identities we have to

take 6t equal to 6^. This introduces a wavefunction renormalization for the physical

Higgs field ,whkh is of no consequence since the Higgs only appears inside loops.

For the case of unequal quark masses, where we are only interested in contribu-

tions behaving as the fourth power of the quark masses m, and mj, we have :

where we used the notation of the appendix. In the case of equal quark masses also

the terms behaving as the square of the quark masses are needed. This yields:

1

III. Definition of weak interaction parameters

In the previous chapter we fixed the fermion- and Higgs mass parameters by

comparing them with the physical masses (pole of the propagator) of these particles.

This still leaves us with three free parameters to be determined by experiment: g.

s=sin#tt- and M . These parameters will be determined from a comparison with

low energy processes . For these processes we take Coulomb scattering, p-decay

and U/,6, V^t scattering. On the basis of these processes we determine a number
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of experimental parameters gezp,stzp,Mlxp. From the fine-structure constant we

zps]tp = 4TTQdetermine g]zps]tp = 4TTQ.

~ sip 1.0110-5F = ^ c * - ^ r m> =proton mass

Gp is the Fermi constant determined from /x-decay. It is to be emphasized that

Mtzp is a purely low-energy parameter and is not directly related to the W-mass

beyond the tree-level. The sine of the weak mixing angle scxp is determined from the

ratio of cross-sections of v^e and u^e scattering. At low energy these cross-sections

are described by the four-fermion interaction :

G°
CM = —-(«vV(l + ls)^)[na(l - 4 4 P - ->B)«) (3.1)

s?._ can be determined from the ratio of cross-sections :

(3.2)
3 - I2s]tp -r

G°F is the Fermi constant for neutral current processes. The corrections due to

heavy fermions on these parameters come from the propagator correction of the

vector bosons. We have the following two-point vertex corrections in an expansion

around k2 — 0:

«„„ *
{2n)*if°(k26l

lll, (3-3)

= (2ir)4ifAA(k26liv -

Higher order terms in A*2 can be ignored, since they do not grow with the heavy

fermion mass fast enough. Also the kvkv- pieces will only givo terms proportional to

the light-fermion masses in any cross section involving only light external fermions

and they will be ignored. Using these definitions we get the following relations (see
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also ref.[2j) :
stzp - i 7—U - /AA - C/S/AW)

2
Kxp =

c/SfAW

= M>-6+

f ~ Af» -6- F~ M* -

with c = coa^u,. The definition of the /j-parameter is now simply p = G^/'G} and it

is a finite function of 9ezp,sexp,Mtzp, {mt)phy,, {mb)phv,, (mir)Phv, • At the tree-level

p = 1 . The correction 6p = p - 1 is the subject of the next two chapters. We define

another low energy parameter

At the tree-level one has the relations Mw+ — Mtxp and Mw» = M^zp where Mu +

and Mw* are the physical masses of the charged and neutral vector bosons. The

corrections Mw - Mtzp and Mw<> - M°xp are discussed in chapter 6.

IV. 6p for unequal masses

In this section we calculate the correction to p due to a doublet with unequal

masses. We will only be concerned with the leading effects for large quark masses.

At the two-loop order the leading effects behave like the fourth power of the quark

masses. To this order only propagator corrections are important. There are a

number of such corrections. We have for the Fermi-constant:

/S = c\Ml - 6°) = Mlp + r - cH\ (4.1)

Therefore p is given by:

M2

p = G°F/G'F = xp _ / ! f _ c 2 g o = 1 •*• </»i ̂  ip\ - to - O(g«) (4.2)
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where 6p\ is the one-loop correction to p. bp-i is the contribution coming from the

diagrams of fig-(2) . 8p\ consists of two pieces, a fermionic contribution 6p[ and a

bosonic one 6p\ . The fermionic piece is given by :

In this expression mt and mt are still the bare parameters in the Lagrangian.

In order to get the correct result to order g* we must use the relations (2.1) and

(2.2) and substitute these in (4.3) . The expression for bp\ is a rather complicated

function of mn.M,g.s . In order to get the correct expression to order g* here

one should also substitute the relations between bare and dressed parameters. This

gives a contribution to p :

dp\ dp\ dp\ dP\ •
-6mH - —-i-SM - —i-Sg - -^-Ss. (4.4)dm H dM dg

This contribution was found by calculating the counterterm diagrams of fig.(3) .

The counterterms are the terms generated by the rescalings of formulae (2.3) and
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(2.4) . Adding all contributions we find for the correction to p

c 9cxp / 2 2 2m, m^

{ mVm]) + m\Sp{l -

(2m? - 2m?/m2) ln(m?/mj) ln(il - m\lm] )

- (3m?/mJ - 7m? - Bm^mJ - m*) ln(|l - mj/m? )

- (3mt
6/mf - 7mt

4 + 5m2
bm* - m,4) ln(|l - m\lm\)

- K -ml- 1 2 1 ' ! ) ? ' ) ln(m?/m6
2) + 23m? - 22m(

2m2 -, 23ml).
m, - mb

(4.5)

In this expression mt and mj are the physical ones as defined in chapter 2. For a

small mass difference mt - m t = e < m( this expression reduces to :

<5 = -J?—*L ~
P 48?r2M2

If one of the fermions is massless, i. e. if we have a heavy lepton with mass mi with

its massless neutrino, the contribution to p is:

These results do not depend on the hypercharge assignments of the fermions in

the doublet, because in order to get a maximal dependence on the masses all the

SUR(2) breaking must come from the difference in Yukawa-couplings . For a quark

doublet coming in three colors, the expression should be tripled.

V. 6p for equal masses

If the masses of the quarks are taken to be equal , all the breaking of the

SUR(2) invariance of the theory comes from the hypercharge coupling. Therefore

the p - parameter will receive no correction if tan 0U i? taken to be zero. Because

hypercharge terms must be present the dependence of p on the mass of the quarks is
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only quadratic as compared to the quartic dependence for different mass quarks. At
first sight this seems to imply that also vertex corrections like fig. 4a have to be taken
into account. However, these cancel against the counter diagram of fig. 4b where the
counterterm comes from the rescalings of formula (2.5). In this case the rescalings
(2.5) also introduce vertex counterterms which contribute to the vector boson two
point functions. A complication is the need to introduce order g4 counterterms from
double rescalings. These are of the form 6\ for the WTW~ propagator and 62. c2 for
the W°W° propagator.Therefore they cancel in the expression for the p parameter.
Adding all contributions we arrive at the following expression for 6p:

P = 256H M* (~ 12 t a n* • ~ w l^mt'mff)

with rriff the Higgs-mass and c = cos0u,. The answer depends on the Higgs mass in
an essential way. Some limiting cases are

for run —* 0,

( g ' W K ^ ^) (5.3)

for mH - M,

for rrin = Mo and

^M{-^tan! K"tan2 K l n ( m ? 'm" ]) (5-5)
for mH » M0.M.

For a quark doublet coming in three colors these results should be tripled.
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VI. Mass shift of vector bosons

In this chapter we calculate the difference between the actual masses of the

vector bosons and the results one would get using tree level predictions from low

energy data. We only consider the case were the masses of the quarks are equal.

The results can be expressed in terms of }AA,JAW , / + , f ° as defined in chapter 3.

First consider a process where a charged vector boson is produced , for instance

u-f-d—»W~—>e"Tp ( . The amplitude for this process is determined by the factor

(6.1)

Thus we see that the mass Mw+ is given by

The mass shift that we are interested in is given by

6M __ Mw - Mczp 1
(6.3)

JW Mtzp Z

In an analogous way we can consider a process where a neutral vector boson is

exchanged , for instance e~e~ —* W° —» ju^M- Here the amplitude is determined

by the factor

92/c2 _9U( (l-fAA)(l-fo)k- , 2

- /o) -r M'/c' - 6° c\zp \(1 - SAA - clsfAw)[l - IAA ~ s/cfAW) ^ M°-"
(6.4)

with iWo.exp as defined in (3.5). The corresponding mass shift becomes

= -(/o - IAA ~ CJSJAW - s ; CJAW) ~ Off6). (6.5)
2

rr = T7
Mo Mo,cz

The calculation of 6M,M and 6M0/M0 is now straightforward. The resulting ex-

pression is a bit more complicated than for the p- parameter , because the expansion

in the external momenta has to be pushed one order further. Keeping also the one-

loop contribution we find the following :

M

+ \n(m2
t/m

2
H) - 9D2 \n(M2fm2

H) + 10D3ln(M2,
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where we denned

and

g- g< m) ,37 _ ,
c=M2 >24 ° °

6Mp _ g- g< m) ,37

Mo

- \n{mlm2
H) - 9£>2ln(M2 <m2

H) - 10D3
0 ln(Af0

2. my))

where we defined

In the limit sin2 Bw -> 0 the expressions (6.6) and (6.7) become equal , as they

should. Some special cases in this limit are

when sin 0tt — 0, m# -* 0,

when sin ^ t —» 0. mj/ = M .

SM g' g* m

when sin^u -» 0. win —> oc . For a quark doublet coming in three colors these

results should be tripled.

VII. Discussion of the results

The results of the previous chapter can be compared to the presently known val-

ues of the weak interaction parameters. For the ^-parameter'9' we get the following

bounds . taking into account a - l f 7 correction due to known effects'10' :

- 0.02 £ tp (heavy frrmions) £ 0.03.

The mass shift of the vector bosons agrees with the predictions within an accuracy

of about 3cx , so we have b\t M . 6M0 Mo £ 0.03.
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We will assume that a heavy quark doublet comes in three colors. In the case

of different quark masses both the one-loop and the two-loop correction to p are

positive. As a consequence one gets tighter constraints on the allowed mass differ-

ences inside a multiplet then the 300 GeV" from the one-loop correction. Significant

changes ( ib 50 GeV) appear for masses larger than about 1 TeV .so that the

present limit on the mass of the top-quark is not affected, The allowed regions

in the m.i,,mt - mj, plane are depicted in fig. (5) . For large enough values of the

quark masses perturbation theory breaks down. This is most clearly seen in formula

(4.6) for small mass differences, where the two-loop correction equals the one-loop

correction for a mass

mt= ™ , 1.8 TeV

In the case of a degenerate quark multiplet the results depend in an essential

way on the Higgs mass . Limits on the quark mass can be obtained from the mass

shift and the p-parameter. The correction to p is negative in this case. The allowed

regions in the rnt,mn plane are given in fig. (6). Apparently the p-parameter is more

sensitive to the heavy quark effects then the mass-shifts. For large Higgs-mass the

limit on the quark mass gets weaker , because the factor m2 /M2 ln(m2 jm2
H) is

becoming important. In order to get a bound on the quark mass one therefore

needs a limit on run- For a Higgs mass of about 3 TeV perturbation theory in the

Higgs-sector itself breaks down and this provides a natural cut-off for the validity

of the calculation. For mH ~ 3 TeV the limit on mq is about 4 TeV and for this

ratio one also starts leaving the area where the approximation m, >• m^is valid.

For the p -parameter one might be worried that a small mass difference can upset

the calculation. In this case it is probably better to take the limit from the mass

shift of the vector bosons. This gives a limit of about 6 TeV on the quark mass.

One must bear in mind that in this mass range the use of perturbation theory has

become questionable.

If such heavy quarks are really present, they would give rise to some interesting

physics in future colliders. As an example consider a 2 TeV quark and assume

a Higgs-mass of about 200 GeV . The quarks could be pair-produced and subse-

quently decay via emission of a W-boson. Because of the sirong coupling of the

Higgs to the heavy quark a number of Higgses might appear in the decay-products.

The Higgses themselves will decay predominantly in \Y and Z bosons. Thi= way
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one would have an event with a quark jet and for instance seven vector-bosons as

outgoing particles. Even more exotic possibilities might arise, if the quarks form

bound states due :o the strong force coming from the exchange of a Higgs particle.

Finally we want to make some remarks on the non-decoupling of the very heavy

fermions. The presence of effects growing like m2j indicate that the standard La-

grangian plus Wess-Zumino term is not renormalizable. What is apparently hap-

pening is that the low energy effective interaction when inserted in a loop does not

correctly reproduce the correct results of the full theory. In particular the approxi-

mation that the energy flowing through a Higgs line is smaller than the quark mass

cannot be used any more inside a diagram containing Higgs lines. However , we

have seen that in the limit m# —> oc some of the corrections become smaller . In

this context the combined limits mq —* oo,mn —> oo may be of interest. In gen-

eral we do not expect any cancellations to appear because the Higgs mass and the

fermion mass are unrelated . In supersymmetric models these masses are related

however and one might expect some sort of decoupling to happen. Some results in

this direction have already been s t a ined at the one-loop level'11'. The two-loop

level is under investigation.

acknowledgments A large part of these calculations was performed at XIKHEF-

H. We wish to thank W.J. Marciano and M. Veltman for discussions on the p-

parameter.

Appendix

Using the techniques of refs. 5,8; it is possible to express all corrections in terms

of a few basic integrals . We use the following notation for these integrals :

/ ( p _ ^ . ^ ^ ) n , ( r , _ ^ {A.I)

where r = p -*- q .

W
Inside these integrals some of the masses will tend to infinity and we need an

expansion of the integrals in inverse powers of these masses. Most of the expansions

needed are given in refs. 5 . 8\ The new integrals needed here are :

(2Tnt\mb\M),(Zm, mb'M),(2mt 2mt .V/),(2m, mt 2A/),(m, mt2M).(m, mt 3.W)
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in the limit mt,mb -* oo . It is sufficient to know

{2mt\mb\M) =x* i - \ - -(1 - 21nm2) - \ - ^ + lnm2 - In2 m2 - Sp (l -
\ ei s 2 12 \̂

-m? mlm]

t i D O

(.4.3)
e = n — 4 in dimensional regularization. Sp is the Spence function defined by

— (AA)

The other functions are straightforwardly derived by differentiating with respect to
masses , e.g.

1 rl

(3m,\mb\M) = --—^(2mtlmb,M) (.4.5)
2 dm,

and the use of the relation

(2M\m(\mb) =(3 — n)(2ml\mb\M) — 2m2,(2m(!2mj,iM)
(.4.6)

- (2m,)(2Af) + (m(
2 - m2 - M2)(2m(!mt:2M)

Since we use dimensional regularization we need a prescription for 75 outside four
dimensions. There is no unique way to continue 75 to n dimensions. In our cal-
culation we used the rules : {75,7^} = 0 . Tr 757^7,/ = 0. This scheme .with an
anti- commuting 75, has the advantage of being computationally simple. Since we
only have one external momentum and two Lorentz indices in our calculation we
never have to consider traces of 75 with more than two other gamma matrices. The
problems with an anticommuting 75 do not arise until one has to take the trace of 75
with four or more gamma matrices. Using an anticommuting 75 it is e.g. impossible
to reproduce the anomaly correctly. The standard model however is anomaly free.
Using the anticommuting 75 we checked the Ward identities for the photon-photon .
photon-vectorboson and Higgs-ghost two point functions and found that they were
satisfied .

4



Because there were several hundred diagrams to be calculated, most of the cal-

culation has been done with the help of the computer program SCHOONSCHIP'12'.
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Samenvatting

In dit proefschrift, genaamd "Perturbatieve berekeningen in de Higgs-

sector van het standaard model", zijn vier afzonderlijke berekeningen

gebundeld.

In hoofdstuk I wordt de werkzame doorsnede voor productie van Higgs-

boson paren in e e~ verstrooiing berekend« Vervolgens wordt de af-

hankelijkheid van deze werkzame doorsnede van de energie, de Higgs-boson

massa en de verstrooiingshoek besproken.

Hoofdstuk II beschouwt de productie van Higgs-bosonen door botsing

van twee gluonen in het geval het Higgs-boson vervolgens vervalt in een

quark-antiquark paar. In dit geval treedt er interferentie op met het

achtergrondproces. Hierdoor wordt de werkzame doorsnede gereduceerd.

In hoofdstuk III wordt de invloed van een zwaar quark doublet op de

productie van Higgs-bosone.n in gluon-gluon verstrooiing beschouwd. Er

blijkt dat storingsrekening niet meer toepasbaar is indien de massa van

het quark doublet groter is dan 1 TeV.

Tenslotte bevat hoofdstuk IV de berekening van de invloed van een

zwaar fermion doublet op zwakke wisselwerkings-parameters zoals de

p-parameter en de vectorboson massa verschuiving. De uitkomst hiervan

verscherpt de bestaande limieten op zware quarks maar heeft geen invloed

op de limieten voor het top quark.
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