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ABSTRACT

The effect of ion gyroviscosity on the stability of m=l small axial wavelength kinks in a

z-pinch with purely poloidal f\ ignetic field is investigated by normal mode methods. We use the

Incompressible FLR MHD * J si; a collisionless fluid model introduced to include Finite Larmor

Radius effects.

For vanishing Larr 10 r, dius, a stability criterion which coincides with that of ideal MHD is

found; the Kadomtsev cm -r'. jn 2rdp/dr+m2B2/|i0 > 0. This criterion predicts instability unless the

current density become > /lgular at ths centre of the pinch. When the Larmor radius terms of the

ion pressure tensor are i c uded- we find that marginally unstable (ideal) modes are stabilized.



1. BACKGROUND

Many early experiments in the field of fusion research were performed with z-pinches. The

stability analysis of the cylindrically symmetric configuration using ideal MHD theory resulted in a

classification of the modes with respect to the poloidal mode number m, of which m=0 (sausage

instability) and m=l (kink) have received special attention. The m=l internal mode is present even

if the plasma column is surrounded by a conducting wall. Ideal MHD predicts instability for this

node. The reason for abandoning the z-pinch as potential fusion concept in the early sixties was,

however, its globally unstable character. Surface kinks and interchanges plagued the experiments.

The internal m=l mode wa» not observed, however, although it is often referred to as the

detrimental mode for z-pinches. The Kadomtsev criterion of ideal MHD predicts instability for this

mode unless the current density is singular at the axis r=0.

The EXTRAP concept is a certain class of z-pinches, being suggested by B. Lehnert in 1974

(1J. Experiments in linear and sector geometry have later established that once the external and

sausage modes are stabilized, instability against the internal m=l modes do m t occur during the

discharge time, which generally is of the order 100 Alfven times. In EXTRAP, stabilization of

external and sausage modes seem to be produced by the strongly inhomogeneous external magnetic

field; a set of external currents being anti-parallel to the plasma current generate an octupole field.

The magnetic separatrix also smoothens the pressure profile at the boundary so as to fulfill the

MHD interchange condition. To explain the stability of the m=l modes in the internal weak-field

region of the pinch, where the influence of the external conductors is negligible., the present

investigation of finite Larmor radius (FLR) effects on the stabilization has been carried out. Our

results clearly indicates that the FLR terms of the ion pressure tensor, the so-called magnetic

viscosity, do stabilize marginally unstable m=l internal modes.

Early studies resulted in the proposal that the effects of inclusion of a finite Larmor radius

actually can be stabilizing [2,3,4]. These investigations were carried out either in particle orbit- or

Vlasov- models in simplified zero-dimensional or slab geometries. Roberts and Taylor f 5] were the

first to demonstrate that FLR effects can be accounted for in macroscopic plasma models. When the

Larmor radius is moderate in comparison with the plasma radius this approach is preferable due to

its inherent simplicity.



Since the EXTRAP plasma is marginally collisionfree, we attack the FLR stability problem

with a col'isionless fluid model, see Ref.[6] for an extensive discussion and heuristic derivation.

This model, the Incompressible FLR MHD model, incorporates the ion pressure tensor in the

moment equation and the Hall and electron diamagnetism terms in Ohm's law. Here, however, we

will only consider the ion magnetic viscosity of the ion pressure tensor. The effect of the Hall term

has been treated elsewhere [7] and found not to be stabilizing, however reducing the growth rate.

Furthermore, for a large class of equilibrium parameters, the effect of ion magnetic viscosity

dominates over the effects from the other FLR-terms; electron diamagnetism and Hall effect [6].

It was also demonstrated in Ref.[6] that, under fairly general assumptions, the same

equations as those of ideal MHD can be derived for a collisionless fluid plasma when FLR terms

are neglected. For analytical purposes these equations become unnecessarily complicated as FLR

effects are included. The m>l small axial wavelength internal kinks being studied here are closely

connected to the propagation of the Alfvén wave. Therefore they are unsensitive both to the exact

form of the energy equation, as well as to the modelling of the dynamics parallel to the magnetic-

field. In an effort to incorporate the FLR terms into the Perpendicular MHD model due to

Freidberg[8], which indeed neglects the parallel momentum equation and also assumes

incompressibility, a pathology was found in this model. In a homogeneous and isotropic plasma

we found instability for small axial wavelengths as the FLR terms of the ion pressure tensor was

included, see Refs.[6] and [9]. Also other ad hoc assumptions, generating competing models, may

be used to reduce the complexity of the equations. We found, however, that out of the five

perceivable alternatives only the equations of incompressibie MHD, with added FLR terms, was

physically sound[6]. As a consequence, the Incompressible FLR MHD model is used for the

analysis of this paper. Approximations made are explicitly pointed out; for a summary we refer to

the Appendix.

The classical, ideal MHD stability criterion for short wavelength kinks of a cylindrical plasma

is due to Kadomtsev[10]; 2rdp/dr+m2B2/n0 > 0. Here p and B denote equilibrium plasma pressure

and magnetic field, respectively. The poloidal mode number m > 1. Obviously the m=l modes are

the most difficult ones to stabilize. It is the purpose of this paper to settle whether or not the FLR

contributions from the ion pressure tensor can stabilize the m=l modes.

Before concluding this Section, a few words about the effect of pressure anisotropy on the

Kadomtsev criterion. We mentioned that the Hall effect has been found not to stabilize the m=l

internal kinks. In a previous study we investigated the effect of pressure anisotropy on these
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modes. In a different tnd simple collisionless fluid model, but generalized to include pressure

anisotropy, it was found that pressure anisotropy does not stabilize [11]. We also performed a

stability analysis of the double adiabatic equations (Refs.[6] andf 12]). In this model we actually

found a stabilizing effect for strong anisotropy (p±»P//) and very high perpendicular plasma beta

values. The conditions required are, however, unlikely to be met in experiments. The reason for

this discrepancy between the results of the two models presumably is that they assume drastically

different energy equations. In general, though, internal kinks are essentially unsensitive to the form

of the energy equations, since they are associated with the Alfven wave.

The Sections of this paper are organized as follows. In Section 2 we write down the basic-

equations governing the problem. The equations are linearized in Section 3. Two coupled

differential equations of second order in the perturbed velocities vr and vz results. By eliminating vz

and taking the leading order terms in k only, a fourth order differential equation for vr results. The

stability criteria are derived and discussed in Section 4, where the fourth order equation is

scrutinized both with a variational and a localized analysis. A final discussion concludes the paper

in Section 5.



2. BASIC EQUATIONS

The incompressible FLR MHD equations for a collisionless plasma with density p and flow

velocity v in a magnetic field B are

dt

dv
p-d7=jxB-vP-v-n

m i

= - ( jxB-Vp c )

Vv = 0

(1)

(2)

(3)

(4)

dt

VxB = (aoj

(5)

(6)

V B = 0 (7)

Here j is the current density, irij the ion mass, p the scalar plasma pressure, p e the electron pressure
and O the pressure tensor due to ion gyroviscosity. The Hall and electron diamagnetism terms in
Ohm's law can be neglected in certain parameter regimes, such as for a sufficiently high magnetic
field, as we have demonstrated in Ref.fö].

A general expression for the pressure tensor of a collisionless plasma, in physical

components, is [13,14]

Pi
(8)

where

= - S + J - _ i g V-



Here &"„ denotes the Kronecker delta, eaB is the antisymmetric permutation tensor, h is a unit

vector directed along B and sa denote the geometrical scale factors. It is assumed that orthogonal

coordinates are used, so that the metric tensor becomes diagonal. Henceforth we will use the

parameter (i^p^ii. to represent the viscosity coefficient, where p; is the perpendicular ion pressure

and Q. is the ion gyrofrequency.

We will consider static equilibria in a cylindrical z-pinch with a circular cross-section.

Diamagnetic drift contributions to the convective derivative of the moment equation are not included

here; these effects become negligibly small for sufficiently large equilibrium scale lengths.

Cylindrical coordinates are used in the analysis. Equilibrium quantities are functions of r only. The

magnetic field is taken to be purely poloidal; B=B(r)e,p. Consequently the current density is directed

along the z-axis; J=J(r)ez. The plasma is bounded radially at r=a by a fixed conducting wall; we are

considering internal modes.

In the given geometry the perpendicular equilibrium relation becomes

B
p ' + B B ' + — = 0 (9)

where primes denote differentiation with respect to r.

For the divergence of the magneto-viscous ion pressure tensor we obtain

[

IV-

IV-

nj r

n]<p =

m,=

"Ft

"2T

dvT dvzl

äz"+"ä7j
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. dz or J

+ -
2
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" 2
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az2
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~ r dq>\_ dr 7

73f (10)

Note that Eqs.(!())-(12) are general in the form of the perturbation.
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3. THE LINEARIZED EQUATIONS

A small-amplitude perturbation of the equilibrium is now performed. We Fourier decompose
the perturbed quantities by assuming them to be proportional to exp[i(cot+mcfH-kz)]. The linearized
equations, when neglecting the Hall and electron diamagnetism terms of Ohm's law, become

icopvr + (Bb¥)' + — b , -

[ 2 2
m k
T + T

icopV(p -

mk
r

(rB)' . im

—uv' = 0 (14)

kopvz

(m2

imB.

im1 . ., , im , u. ,. .
- ^ f t O V - —Jiv,' - Jvr" = 0 (15)

U m B

(0b r -—v r =

b.p + kBv7 - i(Bvr)' = 0

mB
cob, v7 = 0

icop, + p'vr = 0

(rvr)' + imv^ + ikrvz = 0

(16)

(17)

(18)

(19)

(20)

where capital and small letters denote equilibrium and perturbed quantities, respectively. For

avoiding confusion we use index "," for the perturbed pressure and density. For simplicity we let

Mo=l. There are seven equations for seven unknowns v, b and pj. The equation of continuity is

not needed; the density perturbations, given by Eq.(19), are decoupled from the other equations.
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The system of linearized equations (13)-(20) can for co^O be combined without

approximations into two coupled and homogeneous second order differential equations in the

unknowns vr and vz;

Lnv r+L12vz = 0 (21)

L 21 V r + L 22 v
Z = 0 •

The operators Lj: are given by

Ln=[2kr2{rp'-(m2-l)p}co2 + kr{2r2e"-3r(m2-2)e'+m2e}co +

+2km2(m2-l)B2] +

+[2kr3(rp'+3p)(o2 + 2kr2(rV'+5re'+4e)co + 2km2r(2rp'+B2)]D +

+[2kr4pco2 + 2kr3(re'+2e)(O - 2km2r2B2]D2 (23)

L12=[2ikV(rp'+2p)co2 + i{2r2(k2r2-rn2)e" + 2r(4k2r2-m2)E' +

+k2r2(4+m2)e + 2m2(l-m2)e}o) + 4ik2m2r2p1 +

+[2ik2r4pco2 + ir(r(2k2r2-3rn2)e' + (4k2r2-m2)e)co +

-2ik2m2r2B2lD +

-imVecoD2 (24)

L2,=[2k2r3pco2 + {2k2r3e'+(k2r2(4-m2)+2m4)e}co + 2k2m2rB2] +

+f2k2r4pco2 + r{r(2k2r2-mV+(4k2r2+3rn2)e}co - 2k2m2r2B2|D +

+m2r2ecoD2 (25)

L22=I2ikr2(k2r2+m2)pco2 + ikr{r(2k2r2-m2)e' + (4k2r2+m2)e}(0 +

-2ikm2B2(k2r2+m2)| (26)



where the operator D=d/dr. We also observe that in order that the FLR terms should give finite

contributions for large k we have used the scaling e = u.k = O(l) in k. Notable in Eqs.(23)-(26) is

that the FLR terms only appear in the coefficients of co, not elsewhere. This feature, which is

general for FLR terms, independently of the scaling, can be seen immediately from Eqs.(13)-(20),

e.g. by multiplying Eqs.(13)-(15) with (0 and using the induction Eqs.(16)-(18). Since L22 is

purely algebraic we now solve Eq.(22) for v z and substitute into Eq.(21). A fourth order

differential equation, ordinary and homogeneous, results. Naturally this equation becomes

gigantic, unless we perform some scaling of the coefficients. Since we consider short wavelength

kinks, we will take kr » 1 . With these scalings the fourth order equation becomes of the form

[a4D4+a3D3+k2a2D2+k2a1D+k4a0]vr = 0. (27)

From the coefficients of Eq.(27) it follows that the terms with odd derivatives can be neglected

when kr » 1, k^ » 1 and k f y k r » 1, where 1^= d/dr denotes the inverse characteristic scale

length of the radial derivatives of perturbed quantities. Consequently it is required that k>kr. The

resulting equation becomes of 8th order in (o. Restricting us to small values of co we include terms

up to second order only, which is sufficient to determine stability. Finally we take E to be small

whenever it compares to ideal terms in the coefficients of <o.

The required coefficients a^r.co.e) become

a4 = - m 4 r W ( 0 2

a2 = 4m4B4[ 4r2pco2 + 4r(re)'co - m2B2]

ao = 4m2B2[ -2r2p{3rp'+ 2B2(m2+l)}«2 +

- 2r{3p'(r2e)'+ 2(m2+l)rB2e' + 2(m2+2)B2e}(0 +

+ m2B2(2rp'+m2B2)l

(28)

(29)

(30)

Notable here is that the terms containing e are of at least first order in to; the neglected second

order terms contain e to second order.
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4. STABILITY CRITERION

In incompressible MHD (i.e. our model for vanishing FLR effects) the sufficient and

necessary criterion for stability of an incompressible and collisionfree pure z-pinch, for small axial

wavelengths, is

2rp' + m2B2> 0. (31)

This result exactly coincides with the ideal MHD (Kadomtsev) criterion [10]. It is our aim to find

the modifying terms due to a finite ion gyro viscosity.

Two methods for determining the stability will be employed. With a variational analysis we

will develop a formal stability criterion, which will qualitatively demonstrate the stabilizing effect of

the Larmor radius terms. Performing a localized analysis, where radial derivatives will be

substituted with associated scale lengths, we will find somewhat more quantitative results.

First, however, we must consider the boundary conditions for the variational approach.

There arises a fundamental conflict whenever a collisionless fluid model is used to determine

stability in a weak magnetic field region. Since collisionless models rely on the preservation of a

fluid-like character by the magnetic field, the central parts of a pure z-pinch are essentially kinetic

by nature. The model cannot, strictly speaking, be extended to the axis of the pinch. We can

circumvent this obstacle by specifying the inner boundary conditions at a safe distance r=rs from

the centre; see Ref.[6| and Appendix for a discussion. At this position, however, the prescription

of the boundary conditions become somewhat more arbitrary, since no symmetry arguments can be

used. For simplicity we will choose the boundary conditions vr(rs) = vr '(rs) = 0, i.e. the same

conditions as those generally chosen for r = 0. The mathematical analysis will therefore be

identically the same as if we could extend the validity of the model to the pinch axis. Since a fixed

boundary is assumed, we must have v^a) = 0, where a is the plasma boundary. The remaining

boundary condition (we are solving a fourth order equation) we take to be vr'(a) = 0.
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4.1 Variational analysis

Upon multiplication of Eq.(27) from left with vr , integrating by parts radially from r=rs to

r=a applying the boundary conditions to the terms being integrated out, and taking derivatives of
perturbed quantities to be much larger than derivatives of unperturbed quantities ( equivalent to

assuming X<a, since 2n/X - k > 1^» I/a ), Eq.(27) transforms to

(32)

where the coefficients

Q = - < m2rV(v r")2 + 16m2r2B2pk2(v/)2 +

8r2p{3rp' + 2(m2+l)B2}k4vr
2 > (33)

R = - k2< 16m2rB2(re)' (v/)2 +

+8r{3p'(r2e)' + 2(m2+l)rB2e' + 2(m2+2)B2e}k2vr
2 > (34)

s 4k2<m2B2{m2B2(v/)2 + (2rp'+m2B2)k2vr
2} > (35)

By < ... > is here meant /... dr. We have assumed that the product mB does not vanish.

From Eq.(32) the condition for 0) to be real becomes R^ - 4QS > 0. In the limit e = 0, i.e.

vanishing FLR terms, we find, for Q < 0,

< rr.2B2{m2B2(vr')
2 + (2rp'+m2B2)k2vr

2} > > 0 (36)

All quantities are positive, except possibly the Kadomtsev term 2rp'+m2B2. By choosing a test

function vr which vanishes wherever the Kadomtsev term is greater than, or equal to, zero, we find

that (36) is not fulfilled for large k when the Kadomtsev term is less than zero in some region.

Therefore a necessary and sufficient criterion for stability at large k is the Kadomtsev criterion (31).

For the 'medium-wavelength' regime (X ~ a ) the first term has a stabilizing effect, however. This

becomes more apparent in the next paragraph, where we perform a localized analysis.
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For finite e and Q < 0 the stability criterion can be written S+R^/(4IQI) > 0 , yielding a

positive term to be added to the left hand side of Eq.(36). This term proves the stabilizing effect of

the gyroviscous terms of the pressure tensor. It is to be noted that the last term of Q in Eq.(33) can

be made negative for equilibria with steeper pressure profiles than the marginal one of the

Kadomtsev criterion, and thereby possibly violating the assumed negativeness of Q. This is not

worrying, because, as can most easily be seen when e=0 , to would then have to be large, in which

case the analysis is not applicable.

The solutions to Eq.(32) can, for negative Q, be written co = [R ± (R2+4IQIS)1/2]/(2IQI). In

the ideal case R=0 and the eigenvalue locii in the complex co-plane are along the coordinate axis. As

a consequence the transition from stability to instability must occur through passing the origin. In

the present case, however, R*0 and we see that the transition must take place from a point

somewhere along the real axis.

4.2 Localized analysis

A localized analysis, independent of the boundary conditions, can be applied if we substitute

radial derivatives of perturbed quantities according to d/dr - » i k r , where kr denotes a characteristic

wavenumber, or inverse scale length, in the radial direction. Consequently we make a Fourier

decomposition of the radial perturbations in Eq.(27). As we saw earlier we require the relation k >

k r to be able to neglect the odd derivatives in this equation. We now consider short axial

wavelengths, so that k » k r .

In this short wavelength region only the terms of a0 survive (Eq.(30)), because of the large

factor k4 multiplying it in Eq.(27). Analogous to the procedure of the variational analysis, we solve

Eq.(27) for co and demand that the resulting discriminant should be non-negative. Taking mBvr to

be non-zero we find
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2rp'+mV
2m2B2pl3rp'+2(m2+l)B2l

Since we assume small co, the Kadomtsev tenn must be close to zero. Consequently the inequality

(37) demonstrates stabilization of weakly unstable (ideal) equilibria only. Whether or not a constant

current density equilibrium e.g. can be completely stabilized by the FLR terms cannot be judged

within the present analysis, since the Kadomtsev term is large in this case. To determine the

stability of arbitrary equilibria all orders of co should be included.
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5. DISCUSSION AND SUMMARY

The aim of the present study has been to investigate the influence of magnetoviscosity on the

stability of short axial wavelength internal kink modes in a cylindrical z-pinch, when the poloidal

mode number exceeds zero. The approach has been to apply a normal mode analysis to a

collisionless and incompressible fluid model, a model which we have heuristically derived earlier

and christened Incompressible FLR MHD [6j. In general this model accounts for all Finite Larmor

Radius effects in the moment equation and Ohm's law, i.e. magnetoviscosity, Hall effect and

electron diamagnetism. In this paper, however, we have chosen to study the effects cf the

magnetoviscous terms of the ion pressure tensor only. This is physically sound, since in certain

parameter regimesfö] magnetoviscosity clearly dominates the FLR contributions.

The classical stability criterion for short wavelength internal kinks is due to Kadomtsev| 10):

2rdp/dr+m2B2/(i0 > 0. He used the ideal MHD model. For the m=l modes, which modes are the

most difficult to stabilize, the criterion can be written d(rB2)/dr < 0, after use of the radial

equilibrium equation. With an equilibrium magnetic field profile B ~ rs, we find that s < 1/2 for

stability. This requires an extremely peaked current density profile near the axis r=0, a requirement

which is not fulfilled in the laboratory. The concluded instability does not necessarily occur in a

z-pinch, however. In straight EXTRAP geometry, a z-pinch equilibrium has been established for

about a hundred Alfven times. Internal kink modes are associated with the Alfven wave, and

should therefore manifest themself on a time scale of the order of an Alfven transit time. In fact,

EXTRAP equilibria are characterized by strongly non-circular cross sections (believed to stabilize

external modes); here we are referring to the interior of the plasma, where the external magnetic

field is negligible.

A number of non-ideal effects are candidates for explaining the experimental stability.

Among them we find viscosity, resistivity, Hall effect and magnetoviscosity. In terms of transport,

the EXTRAP parameters are on the border to the collisionless regime, leading us to drop collisional

terms in the transport equations. The magnetic field in the central pans of a z-pinch is weak, and

therefore the collisionless fluid approach pursued here strictly is valid only off the axis; to preserve

the fluid requirement that the Larmor radius must be smaller than the pine!, radius. Other

assumptions, being made in the derivation of this model, are given in the Appendix.
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As a main result of this paper we have found that marginally unstable (ideal) equilibria are

stabilized by the FLR terms. We have reduced the incompressible FLR MHD equations to a fourth

order ordinary differential equation, and found that the FLR terms give finite contributions if we

adopt the scaling jJ^CKk"1). In the limit of kr » 1, i.e. wavelengths of the order of the pinch

radius or less, and small co, stability conditions are derived. The stabilizing effect is weak, since the

FLR terms do not appear in the terms which are zero order in co, but instead in the first and higher

order tenns.
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6. APPENDIX : APPROXIMATIONS

A short summary of the approximations made for the present analysis will be given here. We

perform three types of approximations; to obtain the general one-fluid equations from the combined

Boltzmann's and Maxwell's equations, to obtain the co'lisionless Incompressible FLR MHD

equations and to obtain the dispersion relation for internal kinks from the linearized equations. For

a more detailed discussion; see Ref[6].

First we give a few definitions. We denote characteristic equilibrium and perturbation scale

lengths by L c and A.=2ji/k, respectively. Also let v c and co/k denote characteristic equilibrium and

perturbation velocities, respectively.

To obtain the one-fluid equations we must assume

* co/k and v c « c, the velocity of light. This in order to neglect the displacement current.

* CO « electron plasma frequency and X » Debye length, so that Poisson's equation can

be dropped and charge neutrality assumed.

* co « electron cyclotron frequency. This makes the Nernst term of the generalized

Ohm's law negligible.

* Electron mass « ion mass; in simplifications of the moment equation and Ohm's law.

It is necessary to assume the following when taking an isotropic collisionless model:

* Isotropy must be established by kinetic mechanisms, not by collisions.

* rL « a, i.e. the Larmor radius must be sufficiently small compared to the

macroscopic plasma dimensions in order to preserve a fluid character. In the present
context this has the implication that we sufficiently keep off the axis r=0.
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* ^i/ rL = ^ix i i > > ^ s o l^ a t t n e collisionless transport coefficients can be used. Here

X.jj and tjj denote ion-ion collision mean free path and -time, respectively. We denote

the ion Larmor frequency by Qj.

* ^i = ^ c i-e-e(lual i° n a°d electron temperatures.

Finally to obtain the dispersion relation we assume

* Cylindrical geometry.

* . learized analysis applicable.

* Negligible FLR-effects due to Hall and electron diamagnetism terms in Ohm's law.

* Negligible contributions from diamagnetic drift term in convective velocity derivative.

* Small FLR terms in comparison with equilibrium terms.

* kr » 1, which substantially reduces the complexity of the equations. This implies thai

we can only study perturbations with wavelengths X. < a.

* k^ » 1 and k > k,, to neglect odd derivatives of the fourth order equation (27). kr here

denotes a characteristic inverse scale length for the radial perturbations.

* X. > rL for physical soundness. Consequently the wavelength regime being studied here

is rL < X < a. This requirement is not used in the equations.

* Finally we took the limit of small (o to simplify the eighth order algebraic dispersion
relation.
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The effect of ion gyroviscosity on the stability of m=l small axial wavelength kinks in a

z-pinch with purely poloidal magnetic field is investigated by normal mode methods. We use the

Incompressible FLR MHD model; a collisionless fluid model introduced to include Finite Lannor

Radius effects.

For vanishing Larmor radius, a stability criterion which coincides with that of ideal MHD is

found; the Kadomtsev criterion 2rdp/dr+m2B2/Hg > 0. This criterion predicts instability unless the

current density becomes singular at the centre of the pinch. When the Larmor radius terms of the

ion pressure tensor are included, we find that marginally unstable (ideal) modes are stabilized.
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