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Abstract. The theory of absolute and
convective instabilities is discussed and we
argue that the basis of the theory is
questionable, since it describes the linear
development of instabilities by their behaviour
in the time, asymptotic limit. In order to make
sensible predictions on the line?r development of
instabilities, the problem should be studied on
the finite time scale implied by the linear
approximation.

Introduction

When a small disturbance (typically thermal
noise) is introduced into a limited, linearly
unstable region of plasma, this disturbance will
grow exponentially in time until it is either
nonlinearly saturated or propagates out of the
unstable region. Clearly, if we are interested in
comparing measurements (from e.g. satellites in
space) with theory, it is of great interest to
know what limits the amplitude of the
disturbance. When the disturbance propagates
sufficiently fast out of the unstable plasma, the
frequency spectra can be assumed to follow linear
plasma theory, but we still have to take into
account the propagation characteristics of
different plasma waves. The normal mode with
largest temporal growthrate does not necessarily
dominate the spectrum. An attempt to determine
what types of instabilities dominate when effects
of wave propagation are included, is found in the
theory of absolute and convective instabilities
developed during the last decades by. several
authors [e.g. Sturrock, 1958; Landau and
Lifshitz, 1959; Fainberg et al., 1961; Polovir,
1961; Briggs, 1964; Sudan, 1965; Hall and
Heckrotte, 1968; Clemmov and Dougherty, 1969;
Akhiezer and Polovin, 1971; Manickham et al.,
1975; Bers, 1983]. The purpose of this paper is
to discuss this theory and its applicability to
real plasmas, and to suggest a slightly different
way to view the problem.

Dependence on initial conditions

The problem of distinguishing between absolute
and convective instabilities is the subject of
discussion in a number of papers (see references
above). The primary concern is in general to
investigate the development of instabilities in
infinite, homogeneous plasmas, and the basic
starting pnnt is the definitions of absolute and
convective instabilities. With E(x,t) as the
amplitude of the disturbance, an absolute
instability is one for which



(1)

for all x.For the convective instability on the
other hand

E(x,t)=0 (2)

for all fixed x, although.the signal grows to
infinity at a point moving with the disturbance
[e.g., Bers, 1983].

In trying to find ways to separate the two
types of instabilities, it is assumed that it is
possible to determine the nature of the
instability by investigating the properties of
the plasma alone, that is by only looking at the
dispersion relation. The character of the initial
disturbance is supposed to have no influence on
the nature of the instability (see references
above). To check if this assumption is correct we
arbitrarily assign a solution to the Vlasov-
Maxwell equations in terms of a simple dispersion
relation and simple initial conditions. We
confine the problem to one dimension and assume
that there exists only one solution of the
dispersion relation and that

- kv + iY (3)

where v and \ are constants. The solution for an
infinite, homogeneous plasma can then be written
[e.g., Rönnmark, 1985]

E(x,t) = /dk E(k)e- i k ( v t' x ) + n (4)

where E(k) is given by

E(k) = (1/2*) /dx E(x,0)e'ikx (5)

Performing the integration with different initial
conditions gives us different results:

Example 1)

E(x,0) = e"x /d • iik0x (6)

gives



E(x,t) = e
T U T i R 0 V A v w e VA VL/ '" (7)

Example 2)

E(x,O) = l/(x2 + a 2)" (8)

gives

E(x,t) = eYt/((x-vt)2 + a 2)" (9)

where a and d are positive real constants, k. is
some particular wave number, and n = 1,2,3
Using the criteria given above, we conclude that
example 1 with v * 0 corresponds to a convective
instability while on the other hand example 2
corresponds to an absolute instability, growing
for all x as t •+ °°. Hence with exactly "the same
solution of the dispersion relation, the
instability is classified as either absolute or
convective, depending upon the initial
conditions.

From this it is close at hand to conclude that
all existing criteria, which are only concerned
with the dispersion relation, are incorrect (in
our opinion a correct conclusion). However, as
the initiated reader may have observed, there is
a slight difference between the way our analysis
is performed and the way it is done by e.g.
Landau and Lifshitz [1959]. We model the initial
conditions with functions rapidly decreasing in
space, while they assume that the perturbation
vanishes outside some finite volume. Note that
when the initial disturbance in example 2 is
truncated at some large but finite |x|, it is no
longer possible to derive an absolute instability
with the simple dispersion relation that we use.
Hence, the existing criteria for distinguishing
between absolute and convective instabilities
depend on the fact that the initial perturbation
at great distances is identically zero and not
just arbitrarily small. From our point of view
this fact indicates that either the mathematical
model used to describe the problem, or the
formulation of the problem itself, is not
physically acceptable.

The time asymptotic approach

When an unstable plasma of infinite size is
disturbed from equilibrium, the time development
of the disturbance can be divided into three
stages, (Figure 1). In stage 1 (t < T )



the disturbance consists of a transient response
plus linear normal modes of the plasma.

linear nor-
mal modes +
transient linear normal nonlinear
respons modes regime

.1 1 —H >
„, stage 1 stage 2 stage 3
0 ll l2

Figure'1. Schematic development of in-
stabilities in plasmas.

When the transients die out we enter stage 2,
where the unstable normal modes grow to
eventually reach nonlinear saturation in stage 3
(t > T 2). It is the investigation of the
development in stage 2 of the disturbance, that
has motivated the introduction of the concepts of
absolute and convective instabilities and related
theory (see appropriate references above). All*
investigations of absolute and convective
instabilities refered to above are based on the
time asymptotic behaviour of the disturbance. The
time asymptotic approach is often used in plasma
theory to find eigenmodes of the plasma, and this
should work well as long as T_ » T.. However, to
determine the nature of the instability during
times t < T_, the time asymptotic approach is in
our opinion questionable, since the time
asymptotic behaviour of the instability may not
at all be the same as the behaviour during the
finite time period when linear theory is valid.
Assume that 'the solutions in examples 1 and 2 of
the previous section correctly describe the
linear space - time evolution of two signals. In
example 2 it can be seen that regardless of what
the nonlinear saturation level is, we can make
the response at the origin arbitrarily small and
decaying by choosing suitable parameters, at the'
same time as the nonlinear saturation level is
reached in some other part of space. Thus up to
an arbitrarily large time T_ the instability can
behave as a convective instability although it is
classified as absolute in the time asymptotic
approach. On the other hand, when wé in example 1
choose a suitable ratio between f and v, the
response at the origin can grow for all times t <
T7 and still it is classified as convective in
trie time asymptotic approach.

The- cause of this difference in behaviour at
finite and infinite times is as mentioned above
the "tail" of the initial disturbance at infinite
distances. Although infinitesimal at first., after



going through an infinite growth, it determines
the character of the instability. The
infinitesimal disturbance at infinity is of
course no problem when studying the initial
development of the disturbance, since then growth
is limited. However, when trying to follow the
linear development of instabilities to asymptotic
times, as is done in the theory of absolute and
convective instabilities, one passes a limit
where the theory looses its physical content and
enters a region of purely mathematical interest.

Discussion .

In section 2, we show, by using simple examples,
that the classification of instabilitites as
either absolute or convective can be very
sensitive to the behaviour of the initial
perturbation at infinity. Feeling that such a
dependence is uhphysical we investigate the basis
of the theory, the time asymptotic approach, and
argue that criteria based on the time asymptotic
behaviour of a disturbance are irrelevant or even
missleading in practice, since any instability in
an infinite, homogeneous plasma will be saturated
by nonlinear effects after a finite time. Our
conclusion is that the question, which the
authors cited in the intruduction have attempted
to answer, is not well posed.

Our feeling is that, at least in space plasma
physics, the relevant question to ask is rather:
Will' the growth of unstable waves, observed or
predicted, in some part of space be saturated, by
nonlinear effects or by linear convection? Asking
this question, we explicitly acknowledge that
only a finite volume of plasma is available for
wave growth, and that the saturation mechanism
may be convective or nonlinear, depending on the
size of the unstable plasma. A more accurate
version of this question should also take into
account the possibility that the plasma
parameters may vary in time. As phrased above,
our question does not mention the initial
conditions, and this may seem to contradict the
results obtained in the previous paragraphs.
However, the vast majority of the waves observed
in space have thermal fluctuations as their
ultimate source. Consequently, most obsevations
of space plasma waves are presented as power
spectra and not as detailed waveforms, under the
assumption that the statistical properties
conveyed by power spectra contain the essential
information about the wave process. The
assumption that a process may be adequately
described in terms of power spectra implies that
the initial conditions play a minor role.

Hence, we belive that by working with power
spectra instead of diturbances specified in
space-time, it should be possible to develop a
theory which at least partially answers our



question, without specifying detailed initial
conditions. In any case, we should not turn to
the theory of absolute and convective
instabilities, since it is clearly unphysical and
missleading.
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