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CLASSICAL TRANSPORT IN A NON-CIRCLLAR Z-PINCH

G. Eriksson

Group of Theoretical Electrotechnics
Department of Technology
Uppsala University
Box 534
S-751 21 Uppsala
Sweden

Abstract

A method is devised, in which particle and heat fluxes are found by solving the heat balance equation
self-consistently for specified profiles. The procedure is applied to an equilibrium which corresponds to
a non-circular z-pinch.



1. INTRODUCTION

Once a confined plasma has been shown to be stable, the next critical issue is the transport of particles
and heat. Only a detailed knowledge of how particles and heat are lost from the plasma allows one to
make predictions about the performance of future experiments.

However, even the simplest plasma models applied to the simplest confinement geometries result
in systems of transport equations which can not be solved analytically. A number of non-linearities
make the equations extremely untractable, and computer codes must be used in finding the solutions.
Therefore, one has to relax the requirement of complete self-consistency if analytical results are
wanted. This can, however, be done in a number of ways.

In the present work a somewhat unconventional treatment of the balance equations will be used to
obtain particle and heat fluxes in a non-circular z-pinch. In essence, it consists of solving the heat
balance equation self-consistently for specified profiles. Before this method is described in more detail.
let us first mention some previous works related to configurations with a purely poloidal magnetic
field.

Numerical solutions for a pure z-pinch were obtained by Fälthammar [1]. A static equilibrium, v
= 0, was assumed, so that particle diffusion, and the coupling between particle and heat transport, were
completely neglected. Yet, the resulting profiles appeared to be realistic, indicating that conductive heat
transport is the dominating transport mechanism acting during the formation of the equilibrium. This
does not, however, mean that panicle diffusion, and the associated convective heat transport, are
unimportant in the final stationary state, as one might think.

An analytical study of particle and heat transport in an FRC described by a Hill's vortex

equilibrium was made by Auerbach and Condit [2]. They found the flow velocity from Ohm's law,

assuming E = 0. The total flow of particles, Fp(y), through a flux surface y was then obtained by

integrating over this surface. To prevent F p from being zero or infinitely large on the plasma

boundary, certain density and temperature profiles must be chosen, corresponding to d Fp/dy = 0, i.e. a

situation with a line particle source at the magnetic axis. In a similar way F ^ f y ) , the conductive heat

flow through \y, was calculated; now using another set of n and T profiles, making dFg^dy = 0. Such a

procedure is, however, highly suspect since the particle and heat flows, and the resulting confinement

times, are calculated for different profiles. Also, these profiles do nm correspond to the actual

distribution of particle and heat sources. Furthermore, the heat balance equation is not considered at all.

Having this in mind, it is no suprise that the predicted confinement times do not agree very well with

the observed, experimental ones.

Using a different method, Nguyen and Kammash [3] also calculated the confinement times in a
Hill's vortex FRC. In their zero-dimensional model the flow velocity and heat flux, evaluated at the
boundary, are replaced by their corresponding volume averages. Thus, the singularities are suprcsscd,
and arbitrary n and T profiles can be used. Also, the convective heat flow is taken into account, in
addition to the conductive heat flow. Still, however, the heat balance equation is nc: included in the
analysis. Nevertheless, the agreement with experiments is better than in [2], at least when the plasma is
nearly isothermal.

One of the differences between a z-pinch and an FRC is that in a z-pinch there is a strong electric
field parallel to the current, while in an FRC there is not. Since exact knowledge of the electric field is



3

hard to get. Ohm's law is not suitable for determining the diffusion velocity in a z-pinch. Instead, we
will in the present analysis concentrate upon the heat balanc: equation, which can be used to calculate
both particle and heat flows across a flux surface. After specifying realistic pressure, current, density.
and temperature profiles, the heat balance equation can be 'jolved for the flow velocity and me heat
flux, without any knowledge of the electric field. In fact, the electric field, as well as the particle source
density, can be found from the solution.

The main object of this work is to provide some understanding of the transport properties of the
Extrap z-pinch [4]. The Extrap confinement scheme consists of a pure z-pinch located in an external
multipole field, making the plasma cross-section non-circular. So far, the experiments have been
carried out in a collision-dominated regime, where the ions are unmagnetized. In future experiments,
however, considerably higher temperatures will hopefully be reached, resulting in a completely
magnetized plasma.

This work is organized as follows: In Sec. 2 the basic plasma model equations are introduced.
Two plasma models will be used parallel to each other; one where both io.is and electrons are
magnetized, and another where only the electrons are magnetized but not the ions. In Sec. 3 a flux
coordinate system in a non-circular z-pinch with arbitrary cross-section is constructed. Then, in Sec. 4
heat balance equations for a flux surface are derived, and some simplifying assumptions are introduced.
Next, particle and energy' confinement times are defined in Sec. 5. Sec. 6 contains a presentation of the
equilibrium of a slightly non-circular constant current pinch in an external multipole field, being an
attempt to model the Extrap z-pinch. The solutions are discussed in Sec. 7, and a summary is given in
Sec. 8. Finally, there is an appendix where all results are given as analytical expressions.



2. BASIC EQUATIONS

2.1 Magnetized ions

Consider a plasma, consisting of electrons (e) and protons (i), being in a stationary state. When the
plasma is magnetized, £^ \ » £2,1, » 1 (Q and Tare the gyrofrequency and the collision time,
respectively), the one-fluid balance equations are given by [5]

V-(nv) = SP , (1)

Vp = j x B (2)

1 0 7 3 nj
E + v x B = T^I + nJ± + —Vp, - — V.,Te - 2 - ^ B x VTe , (3)

B*
/ 5 \ , 7 3 |

v - ^ P v J + V-q=vVp + TĤ  + nj i-Y^-j-(BxVT e) . (4)
B

The plasma is assumed to be slowly diffusing [6], so that terms quadratic in v can be neglected. The
symbols II and 1 refer to quantities parallel and perpendicular to the magnetic field, respectively. SP is
the volume source density of ions (or electrons). The resistivities are given by

n\ i
H "H TU (5>5

en:e

(6)
4{27i)1/2ln(A)e4n

and the perpendicular heat flux density is

(7)

(8)

4n1/2ln(A)e n

(q,i is not needed when calculating the heat flux through a flux surface), p is the total pressure, p=p,+pc

Terms in (2)-(4) associated with particle sources can be neglected as long as the effective mean free
path is shorter than the characteristic equilibrium scale length, and the particles are not born with
velocities larger than the thermal velocity. Any plasma-neutral gas interaction is completely ignored in
(2)-(4); only via the source term Sp in (1) does the neutral gas enter the problem. Finally, radiation
losses are not considered to be important.



2.2 Unmagnetized ions

When £\i^ » 1 » £2,^ , the heat balance equation is still of the form (4) with r\± given by (5). Since the

electrons are magnetized, and tied to the field lines, the heat conduction perpendicular to B is also here

due to the ions, but now with another heat conductivity

^ (10)

(11)

Thus, the only difference between the two models is the form of the heat conductivity; (8) is dependent
on B, while (11) is not.



3. FLUX COORDINATES IN A GENERAL Z-PINCH EQUILIBRIUM WITH
ARBITRARY CROSS-SECTION

Consider a straight plasma column possessing complete symmetry in the axial direction. The plasma
current is assumed to be purely axial

i=Jx i . (12)

Also, the magnetic field is assumed to be purely poloidal, implying the existence of a scalar function

\^r,9) = Az(r,8), such that

B = V \ | / x z . (13)

\y is taken to be zero on the magnetic axis, \|/(0,6) = 0. r and 8 are polar coordinates in a plane
perpendicular to z . The pinch cross-section is not restricted to be circular; conducting walls or current-
carrying conductors outside the plasma may deform it quite arbitrarily.

Let us introduce an angle-like coordinate x< s u c n ^ a t (X-V-2) forms a right-handed orthogonal

system. From (13) we have that B Vy = 0. i.e. the magnetic field lines are confined within surfaces of

constant \y, so called flux surfaces. Hence, % is related to the arc length, 1, along a magnetic field line.

Furthermore, we require x to have period 2K, i.e. for each traversal around a field line % increases with

2K.

In the coordinate system so defined the volume element is

dV=Jdxdydz, (14)

where J is the Jacobian

(15)

Moreover, the gradient and divergence are, respectively.

and

i a f M i a..-. . , 17)

Finally, we note that the magnetic field can be written

B = B x , (18)



and that the equilibrium equation, (2), gives

(19)



4. HEAT BALANCE EQUATION FOR A FLUX SURFACE

4.1 Simplifying assumptions

First of all, let us recall the relations

p = nT , (20)

T = Te + T ; . (21)

Now, two assumptions will be introduced in order to make the analysis as simple as possible:

(i) Electrons and ions have the same temperature, i.e.

Te = T, = i . (22)

(ii) Both the number density and the temperature are functions of \y only, i.e.

(23)

4.2 Magnetized ions

Using the flux coordinate system introduced above, the heat balance equation (4) reads

i a r \(5 vi i a [.nrs
Taxi B I IPVX

 + <h)\ + TSjTL J B l 2

- v J ^ + t i ^ f - l m u ^ . (24)v dy 1 \ dy J 4 -1 dy dy

where (19) and (22) have been used. A heat balance equation for a flux surface of unit length in the z-
direction is now obtained by operating on (24) witf '(...)Jdx, and integrating from x = 0 to x = 2n (i.e.
once around a field line),

l p»v +

(More precisely, (55) is the heat balance equation for the infinitesimal volume between the flux

surfaces y and y + dy). Note that, because of (22) and (23) we have r|± = r\±{y).



Next, we introduce the notation

Z7C

rp(v) = I nvvBJdx =(fcnv¥dl , (26)
J J
o

271

f
(27)

(28)

rp(\(f) is the flux of ions (or electrons), in the direction of increasing y , through a flux surface of unit

length in the z-direction, and rgC(\ |O is the corresponding conductive heat flux. After some

rearrangements, (25) can now be written

3dT T d n Y , _ d ^ d p (dp 3 dT
2d\(/ ndV( / J l p " d\|f " ^ d y U y 4ndV|/

drP
+ l ndV(/J lp" d\|f

It should be noted that the geometry of the magnetic field enters only through the quantity U(\|/).

(29) is an equation for the particle flux, r p (y) . It can, as we now will show, be converted into an

equation for the total heat flux. From (4) we observe that the total heat flux density is given by

(5/2)pv + q, where (3/2)pv is the internal energy carried by the diffusing particles, and pv is the work
done by the diffusing particles on the sunounding plasma. Accordingly, the total heat flux through a
flux surface is given by

If (30) is used in (29), an equation for TQ(\I) is obtained:

d r Q 2 1 d p 2 1 dp d p f d p 3 dT

From (7) we have

so that Tg^y) can be written

a Un2 dT
d? ' (33)

where
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a= 2_ - . (34)
2

Expressed in terms of a, r ^ is

^ - - ( 3 5 )

With (33) and (35) inserted into (31), we arrive at

,1/2£E2
dy

U d p 2IM dT J n \ V V d p 3 dT
-T—n-r- + 2 — -r- - Tn-r—

5
(36)

For a given pressure profile, the n and T profiles can be chosen quite arbitrarily, as long as they

satisfy nT = p. It is now assumed that a single profile parameter (i describes the relation between n,T,

and p

ET T .

Here, the subscript 0 refers to values on the magnetic axis. If p, n, and T are all required to vanish at the

boundary, u is restricted by

0< M-< 1 - (38)

In a real situation u. is not a constant, but rather a function of y. Nevertheless, we expect the Ansatz

(37) to be useful when studying the relative importance of density and temperature gradients as regards

transport. Note that the two extremes \i = 0 and u = 1 correspond to constant density and constant

temperature plasmas, respectively.

'.Vhen (37) is used in (36), the heat balance equation is obtained in its final form

drQ 2 1 dp
? p
2 1 dp

where

(41)



The first term in G(n) corresponds to the heat transported by conduction into the volume between the

surfaces y and y + dy, while the second term corresponds to the heat production in the same volume.

Obviously, G(u) > 0, and in order to obtain heat balance the l.h.s. of (39) must be positive, i.e. heat is

transported away by diffusing particles.

4.3 Unmagnetized ions

Going through the same calculations as in 4.2, but now with q x given by (10) and (11), the integrated

heat balance equation becomes

dy

where

fdl (43)

is the enclosed current inside y, and

l/2 .. -TAA Ho In

The constant c0 is a measure of the amount of heat transported by conduction, as compared to the heat
produced.



5. CONFINEMENT TIMES

The particle confinement time for particles inside a given flux surface \j/ is defined by

N(V)

where

N(y)-JnUdy (46)
o

is the total number of particles (i^ns or electrons), per unit length in the z-direction, inside v/. Fp( y) is

the outward particle flux through this given flux surface.

Similarly, the energy confinement time is defined by

where
W(V|/) = j I pUdy (48)

o

is the total internal energy inside y, and Fg(y) is the outward total heat flux.

Of course, the natural surface to choose in the definitions above is the plasma boundary, y = yb .

One finds, however, that if p is assumed to vanish on the boundary, fp and F Q in general become either

zero or infinite there, depending on u. This singular behaviour should not be taken too seriously,
however, since our simple plasma model is not expected to be valid near the boundary anyhow.
Various non-ideal effects, interaction with neutral gas etc. must be taken into account if the boundary
layer is to be described properly. Consequently, useful definitions of the confinement times arc
obtained only if (45) and (47) are evaluated on a surface located somewhere in the plasma interior,
where p is non-zero and the fluxes are finite. Of course, the confinement times are different for
different choices of this surface. Despite this arbitrariness, the resulting confinement times are expected
to be good measures of the characteristic times for transport from the inner region of the plasma to the
outer region, provided the surface mentioned above is not too near the boundary. To be specific, in this
study we have chosen to evaluate (A 5) and (47) on the surface y = 0.9yb.
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6. CONSTANT CURRENT PINCH IN AN EXTERNAL MULTIPOLE FIELD

The procedure developed above is now to be applied to a straight Extrap z-pinch [4]. Extrap is a non-
circular z-pinch, where the non-circularity is due to currents in a number N of external conductors
parallel to the pinch axis (Fig. 1). Each conductor is located at a distance R c from the axis, and carries
a current Ic . Furthermore, the average plasma radius is RP, and the total plasma current is 1P.

Unfortunately, the general equilibrium problem can not be solved analytically. However, when

Rp « R c analytical equilibria can be constructed, and the corresponding theory has been developed by

Wahlberg et al. [7]. They have derived the equations giving \y(r,6) as an expansion in

(49)

for arbitrary current profiles jz(\y). The parameter e is a measure of the non-circularity, and the

experimental value is e — 10 .

The quantities which are needed are U(y) and I(\y), defined in (28) and (43), respectively. One
can easily show that for a purely poloidal field

2n

| | ^ | e ! (50)

and

£ - -v -*• («)
6

cty

In evaluating (50) and (51), r is to be regarded as a function of y and 9. Hence, one must be able to

invert the expression y = y(r,8).

At this point it turns out that only in the case of a constant current density,

= Jo = const- • (52>

is it possible to find r(y,6), U(y), and I(\|/) as analytical expressions. In this case y is given by [7]

\|f(r.e) = otr2 + eprNcos(N6) + e V N a » ( 2 N 6 ) + ... (53)

where
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1
a - -4M01 (54)

Y=

Vok
2JC

N
N-1

N

1

Jxp

1
In 2N-1 D2NRP

(55)

(56)

After inverting (53), it is now possible to evaluate U(y) and I(\|0 according to (50) and (51),

respectively. The result is

n

"kl
_2N(Nrl)

4 (57)

(58)

Combining (19) and (52), one finds the pressure to be given by

(59)

At the boundary, where y equals yb , the pressure is assumed to vanish. One also finds the relations

(60)

and

Po ^ (61)
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7. SOLUTIONS

We are now in a position where we can solve the heat balance equations (39) and (42) for the slightly
non-circular pinch equilibrium described in Sec. 6. Since (39) and (42) are first order ordinary
differential equations, analytical soluuons are obtained after integrating once. The resulting integration
constants are determined by imposing the boundary condition

= 0 . (62)

All the expressions for the fluxes, confinement times etc. can be found in the appendix, and the

corresponding curves are displayed in Figs. 2-12, where the superscripts M and U refer to the

magnetized and unmagnetized plasma models, respectively. The parameter value c0 = 10 has been used

throughout, being representative for present Extrap experiments. Note that when |i = 1 (constant

temperature plasma) no heat conduction takes place, and the two models yield the same result.

First, the outward heat flux rgO(\|;) for the circular case (>• = 0) is displayed in Figs. 2a,b as a

function of \|/. Note that for u < 1, TQO is roughly one order of magnitude smaller than F™-

In Figs. 3a,b we find the outward particle fluxes when e = 0, calculated from (30). Negative, i.e.

inward, fluxes occur as well as positive. The result that Fpo approaches a negative constant value as \y

-» 0 is unphysical, and reflects the fact that the model with small gyroradii is invalid near the axis,

where B is small. The heat conductivity in the unmagnetized plasma model is, on the other hand,

independent of B. It is therefore not suprising that Fpo vanishes as \y -» 0.

At this point it is interesting to see how the particle source density varies with \\i, for different

values of \i. Integrating (1) once around a field line, we find

(63)

where S(vy) is the flux surface average of the ion (or electron) particle source density,

In

(64)

Since Fpisnow known, S(i|/) can be computed from (63). Again we put e = 0, and the corresponding

particle source density S0(y) is plotted in Figs. 4a,b. Observe that relatively flat distr ibutor of the

sources are obtained for (i - 1, while smaller u-values result in large source densities (positive or
negative) near the plasma boundary.
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The energy confinement time for £ = 0, ig^y) . is plotted in Figs. 5a,b. With the special choice \\i

= 0.9yb, tgo is plotted in Figs. 6a,b as a function of \i. In the range 0.8 < \i< 1, which often

corresponds to realistic profiles, the two models give almost identical results. The constant t0, by which

XgQ is normalized in the figures, has in typical Extrap experiments [4] a value ^ = 7 10 s, implying an

energy confinement time Tg, = 1 10 s.

In a similar way the particle confinement time for e = 0 is displayed in Figs. 7-8. Positive

confinement times, corresponding to outward particle fluxes, are obtained for 0.5 < u < 1 in the

magnetized plasma model, and for 0.97 < n < 1 in the unmagnetized plasma uodel. It should also be

noted that when u = 1 the particle confinement time is only slightly longer than the energy confinement

time.

Let us now begin to examine the effect of the external fteld, i.e. e * 0 is allowed. In Figs. 9a,b the

relative decrease, divided by e2p2, of the energy confinement time is plotted as a function of \y. p is the
current ratio

P = Y- •Jp

N = 4, the value used in all Extrap experiments so far, has been chosen. n0 , To , and \fb are assumed to

be the same in the circular and non-circular cases.

Exactly the same procedure is repeated for the particle confinement time, the result being shown

in Figs. 10a,b.

Finally, we want to study how the relative decreases of the confinement times are dependent on

the number N of external conductors. Figs. 11-12 show the relative decreases, divided by p2 , of the

confinement times for different N-values, keeping RP/RC = constant = 0.3. Except for the intervals with

inward particle flux, the relative decreases in the confinement times are fairly independent of JI, as well

as of the plasma model used. It is also a rapidly decreasing function of N; one can easily show from the

fonnulae in the appendix that when N » 1 both energy and panicle confinement times are changed by

an amount

At

irrespectively of the plasma model being used. Clearly, the effect of the external field upon classical

transport is negligible in the present Extrap experiments (p = -A, N = 4, RP /k c = 0.3 [4]), where -Ax/X

-5 -1O 3 .
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8. SUMMARY

A method has been devised, according to which it is possible to calculate both particle and energy
confinement times, without any knowledge of the electric field or the particle source density. Using
classical transport coefficients, the heat balance equation is solved for specified profiles. As an
example, a slightly non-circular constant current z-pinch equilibrium corresponding to the Extrap
configuration was used.

For relatively flat temperature profiles (\i« 1), confinement times xE - xp - 110 s were found.

irrespectively of the plasma model used (£2^ » 1 or Qixi « 1). The non-circularity was found to have a

completely negligible influence upon the confinement times.

To conclude, it should be pointed out that a z-pinch is a high-f} device, where the confining
magnetic field is created by a strong current flowing through the plasma volume. In such a situation
various instabilities are likely to occur, thus introducing anomalous transport. Also, the neutral gas
penetrating into the plasma may change the dynamics considerably. Moreover, in future experiments
reaching higher temperatures one can expect the ion gyroradii to be almost as large as the pinch radius.
To describe such a situation the fluid model used here is inadequate, and a fully kinetic treatment must
be made. A further complicating factor, present even when the gyroradii are small, is the population of
trapped particles in the weak-field regions. Although our simple model does noi take any of these
effects into account, it may nevertheless provide some insight into the complicated transport processes
taking place in a z-pinch, and serve as a starting point for future investigations.
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APPENDIX

Here we present the results obtained when solving (39) and (42), using the equilibrium described in

Sec. 6. The letters M and U refer to the magnetized (i^T, » 1) and unmagnetized (Qt\ « 1) cases,

respectively. To make the formulae more compact, the following notation has been used

x = l-y/Vb, (Ai)

1

,s) = J(l-y)mysdy. (A2)

2rca "o ,

T-å-r. (A4)

•o-S-lf1' (A5)
n0

N3 f i e fC ' (A6)

go = 5 ^ " - (A7)

Note that D(x;m,s) can also be written

DC^s) = 2 , I (-]) I k 1 ̂ ^ i I - (-1) 1-s-lHx) , (AS,
k = 0

where the last term should be included only when -s-1 equals an integer in the interval [0,m].

We begin with the outward heat flux in the circular case (e = 0):

(A9)

(AK.)



Next, we have the outward particle flux when e = 0:

19

P (All)

(A12)

The particle source density corresponding to (Al 1) and (A12) are, respectively

S? - (A13)

)

f (A14)

Energy confinement time inside an arbitrary flux surface when e = 0:

" to
2(n-3/5) 1-x2

1-x2

3 ̂  J x2/5[cö(l-H)D(x;l,
(A 1 6 )

Particle ccnfinement time inside an arbitrary flux surface when e = 0:

u-3/5M , 5(,.-3/5)/2
(A17)

(A18)

where

(A19)
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Relative change in energy confinement time for non-zero e:

ATE(x) 2s r2D(x;N-2,l) 3( 3^D(x;N-2,3n/2-19/10)
= £

5/ , 3<it-3/5)/2 "J

2D(x;N-2,l)

1-x2

(1+3H)D(X;N-2 ,3M/2-19/1O)

Finally, we have the relative change in particle confinement time for non-zero e:

r
(l+U)D(x;N-2,n)

;N-2,3n/2-19/10) - 21/2(l-^)(l-x)N"2x3(H"3/S) /2

2 l / 2 n . 3(p-3/5)/2
3(n-3/5)

(A20)

(A21)

(A22)

l -x
l+H

! J -
where

- l , 11/10-7^1/2)

(A23)

2 N - l
7(3/5-ji)/2 (A24)
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FIGURE CAPTiONS

Fig. 1 The Extrap configuration with four external conductors (N = 4).

Fig.2 Outward heat flux when e = 0. (a) £2,1, » 1, (b) £2,1; « 1.

Fig.3 Outward panicle flux when e = 0. (a) i i ,^ » 1, (b) £2,T; « 1.

Fig.4 Particle source density when e = 0. (a) £2^ » 1, (b) £2,^ « 1.

Fig.5 Energy confmemert time as a function of y when e = 0. (a) £2jT- » 1, (b) £2jTj « 1.

Fig.6 Energy confinement time evaluated at y = 0.9yb when e = 0. (a) £2^ » 1, (b) i2,Tj « 1.

Fig.7 Particle confinement time as a function of y when e = 0. (a) £2,1, » 1, (b) £2,T, « 1.

Fig.8 Particle confinement time evaluated at \y = 0.9\|/b when e = 0. (a) £2,^ » 1, (b) £2,1, « 1.

Fig.9 Relative decrease in energy confinement time for non-zero e. (a) £2,1, » 1, (b) Q,!, « 1.

Fig. 10 Relative decrease in particle confinement time for non-zero e. (a) £2,1, » 1, (b) £2,1, « 1.

Fig. 11 Relative decrease in energy confinement time for non-zero e, keeping R p/Rc constant and
varying N. (a) Ciixi»\, (b) £2,11 « 1.

Fig. 12 Relative decrease in particle confinement time for non-zero e, keeping Rp/Rc constant and
varying N. (a) £2,1, » 1, (b) £2,1, « 1.
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