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ABSTRACT

By imposing extended BRE symmetries on the Yang-Mills Lagrangian,

we obtained two types of BRS invariant Lagrangians, i . e . Lagrangians of the

non-gauge type and the gauge type. A Lagrangian of the non-gauge type ,

which was previously obtained by us , can yie ld the l i n e a r l y r i s i n g po ten t i a l

between a quark and anti-quark pair at the one-loop l eve l . By smoothly

re l a t ing the running coupling constant in the confining region t o tha t in

the asymptotically free region, we deduce a re la t ionsh ip between the s t r ing

tension and AQrfl, which shows good agreement with experiments.
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I. Introduction
In our previous works [lj[2], we proposed the continuum Lagrangian for strong

interactions at large distances which accomodated the color confinement of quarks
and gluons. That Lagrangian yielded an equation of motion with the fourth deriva-
tive of gluon field, and displayed dipole behavior ( - ^ 1/q4 ) for the free gtuon
propagator. This is the so-called dipole field theory of color vector fields. It is in-
variant under the extended BRS(e-BRS) transformations [3] as well as global color
SU(3) transformations. Moreover, it possesses some remarkable properties [2] such
as super-renormalizability, unitarity of the S-matrix, and the approximate equiva-
lence to the two dimensional Yang-Mills system. On the other hand, it is known
that the Faddeev-Popov Lagrangian [4| can successfully describe strong interactions
at short distances. It is observed [1][2] that both Lagrangians are connected with
the classical Yang-Mills Lagrangian [5], and they have the BRS invariances although
their representations are quite different.

In the present paper, we show that in a systematic manner based on the
BRS symmetries [6] as a guiding principle both types of Lagrangians are derivable
from the Yang-Mills action. We show that the running coupling constant at the
one-loop level for the dipote theory yields a linearly rising potential between quark
and anti-quark. No field theoretical derivation of this has been presented so far. By
smoothly relating the running coupling constant in the confining region to that in
the asymptotically free region, we deduce the relationship between the string tension
andAOcp in the minimal subtraction scheme, which shows good agreement with
experiments [7].

In sect.II a brief survey of the scalar dipole theory is given. Moreover,
it is shown that there are two ways of BRS-syntmetrization for the Yang-Mills
action. In sect.Ill, the p -function and the running coupling constant for the vector
dipole theory are calculated at the one-loop level in the background field method
[8|. Sect.IV presents a possible connection of two BRS invariant vector theories.
Sect.V is devoted to the concluding remarks
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II. Non-Abelian vector dipole theory
2.1 Scalar theory

Before treating rather complicated models, it is enlightening to deduce from
a simple model, features in common with dipole field theories. As a prototype of
dipole theories, we take the Froissart scalar model [9] given by

This Lagrangian is of fourth order in the time-derivative of fi because by eliminat-
ing the auxiliary field n(x) we have

( 2 .2 )

The problem with this Lagrangian (2.1) is the non-definiteness of the energy coming
from negative-metric states. This is a well-known property [10] common to any
theories exhibiting higher derivatives. A way out of this difficulty can be achieved
with the help of the e-BRS algebra [3], By introducing a pair of anti-corn muting
ghosts c(x) and c(x) (c*"= c, c"T= . t), we are led to the Lagrangian

( 2 . 3 )

This Lagrangian was employed by Parisi and Sourlas for their arguments [ll) on
the dimensional reduction from four to two dimensions. It can be checked that this
Lagrangian is invariant under the e-BRS transformations

= c

Here, the £ and £ are shorthand notations for the variations with respect to the
BRS [6] and anti-BRS(ABRS) [3] transformations, respectively, and satisfy the fol-
lowing algebra

= S* ~ I7 - 0 ( 2 - 5 )

Eq. (2.3) can be derived systematically as follows: Let us start with the usual scalar
Lagrangian coupled to the auxiliary field n(x) as

(2.6)
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supplemented by the e~BRS transformation properties of eqs.(2.4). Next performing
the &- and £ -operations on ^ ( x ) (i.e., J f it (*))> w« then arrive at eq.(2.3). From
this, it follows that the Hamiltonian densities Jtf,s,(x) and "^(x) corresponding to

/ f and are related (x) = (x). If, using the BRS and ABRS
charges denoted by Q andTI, we define the physical subspace [3J by

?/ }
then ^physj H-c | phys^$ = 0. This implies that there is no longer negative energy
problem. It is added that the transformation properties of (2.4) have nothing to do
with gauge transformations. We call (2.4) the e-BRS transformations of the non-
gauge type. The above arguments are general, and also hold for vector theories.
2.2 Non-Abelian vector theories

Starting from the classical SU(3) Yang-Mills theory with the Lagrangian

f ---i-- 4
where

we look for the quantum Lagrangians which are invariant under the e-BRS symme-
tries. By analogy with the scalar model, we consider the case in which CL, couples to
the auxiliary field njx), and both (L, and r\Jx) belong to the quartet representation
[12] denned by

= 0

- o ,

= 0

= o c .9)

Namely, to ito(x) given by

Let us perform the 6- and 6- operations successively. Hence we have

* One may add the term CLifl/" to (2.10). This gives the mass term for vector
fields in (2.11) which may regulate the infrared divergences.
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where

The Lagrangian (2.11) for X =̂ 0 coincides with the one obtained from different

viewpoints in previous papers [l][2]. Note that as justified in [l] the canonical

dimensions of the field operators are determined to be
dwar =0 , a ; » i ^ = d U c , , = 1 , JiKiiv = 2 , (2.13)

and then the coupling g has dimension one in mass units. This implies that

the theory is super-renormalizable. Due to the e-BRS invar iance and the super-

renormalizability possessed by (2.11), we can develop perturbative calculations us-

ing Feynman diagrams.

According to the ghost counting rule [13], the physical degrees of freedom of

eq.(2.1l) are zero since

= 4 + 4 - 4 - 4 =0 . (?1M

This means that there are no transverse gluons. This is due to the norm cancellation

mechanism based on the representations of the e-BRS algebra [14]. Therefore,

gluons i-aMiut be observed (gluon confinement). However, this does not imply

that the theory described by eq.(2.11) is a trivial one, since this theory yields the

linearly rising potential between quarks (quark confinement) as will be given in

sect.IV. This is analogous to what happens in QED, where the exchange of non-

propagating modes (the scalar and longitudinal photons) between charged particles

give rise to the Coulomb potential (15). Therefore, our theory, i.e., the dipole

theory ( \ £ OJ invariant under the e-BRS transformations of the non-gauge type.

can describe the strong interactions at large distances.

It is well-known that short-distance phenomena in strong interactions can

be successfully explained by the conventional QCD Lagrangian which is invariant

under the BRS transformations of the gauge type. Before closing this section, we

give a prescription to obtain the conventional QCD Lagrangian along the same lines

for the dipole theories. Consider a Lagrangian of the following form

(2.15)

Here, the first term is invariant under the local gauge transformations , whereas the

second term is invariant under any e-BRS transformations. By promoting the local

gauge transformations to the e-BRS transformations of gauge type, it is possible to

obtain an e-BRS invariant Lagrangian. Take £f (x) of the ghost number zero as

" Z f r (2.l6)
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and consider the e-BRS transformations;

ic - 8" , sr = B , Sc =
Then, eq.(2.15) reads

• l?C "•" -£ I t* + B J . (2,i0)

This Lagrangian was obtained by Delbourgo and Jarvis [16] in the context of the

Osp(4/2)-symmetric formulation for the Yang -Mills Lagrangian. In order to obtain

a more familiar form, i.e., the Faddeev-Popov Lagrangian, in eq.(2.18) we need only

violate the ABRS symmetry while still preserving the BRS symmetry.

It is now understood that there are two types oJ "Bffii" Invariant LagritriR

both of which stem from the classical Yang-Milk Lagrangian. We suggest that both

types of Lagrangians should have equal citizenships Era quantum Lagrangians in thier

own regimes, i.e., in the weak and the strong coupling regions. This viewpoint is

embodied in sect.IV.
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III. >3-function and running coupling constant
In order to calculate the /^-function for the dipole Lagrangian (2.11), herein

we employ the background field method [8j. For the calculations at the one-loop
k-v"l, we use the superfield notations flj[2j. Consider the functional

(3.1)

iviih

where the superfield $u is decomposed into Wu and $„ which represent, respec-
tively, classical background field and quantum fluctuation. As a gauge fixing we
take

= -I (ti (3 .M

w h e

p>tfi _
(3.S)

3y using Wick's theorem for the products of superfields and the super- propergator
given by

ith

v>

= 0 , = fl

We compute the divergent counter terra A(f(Wp) for
calculations we have

(3.7)

. After some
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which leads to

Z w = Z« = "t , (3.9)

where Zu, and Z 9 denote the renormalization constants for the wave function
W ft

of Wu and coupling constant. However, unlike the usual case this does not imply
that the |S -function vanishes at the one-loop level. This is so because the coupling
constant ge is dimensionful in d = 4. This can be understood as follows: In d-
dimensions, we may introduce a dimensionless bare coupling constant defined by

( 3 . 1 0 )

where V is a mass scale parameter introduced by'tHooft |l7]. The renormalized
coupling constant oi is related to by

-1 - 1

The & -function is given by

Then, by inserting (3.11} into (3.12) and using eqs.(3.9) and (3.10) we arrive at

(3.13)
In d = 4 we are interested,

whereby the running coupling constant is computed as

with the initial condition

Here, ft1 is the renormalized group invariant parameter. It is noted that the
perturbation expansions are always carried out with respect to the dimensional
coupling g , not with respect to oL .

T -



at: •"wire:-

IV. Bridge between two BRS invariant vector theories
The qq potential based on the one-gluon exchange is, in momentum space,

given by

Ct.D

where for color SU(3) the ^ ' s are the Gell-Mann matrireaand <A«X;V equals
-16/3. From eq.(3.15) it follows that at large distances eq.(4.1) becomes

shows the anti-screening effect. With an appropriate regularization of infrared
;nce, in coordinate space we have

j ( f - f +f

which is the linearly rising potential. This equation can relate ^ to )C (string
tension) as

Now the questions arise as to whether there is any method to relate U. andAo h >
nr n'.; :..i l:ow ,,oc am match umootiil.v the weak and the strong coupling regimes.

We examine under what circumstances this is possible.
In order to relate / \ to A ̂  c p in the MS or MS scheme, we put

.5)

"did regard "k" as a free parameter. For convenience we use the x-variable defined
by x = -q Irf- rather than "t" of eq.(3.15). In the weak coupling region at the
one-loop level [18] behaves like

These behaviours of o( *S are shown schematically in Fig.l.

As is clear From Fig.l, there are three cases depending on the values of k : (i) k ̂  k

the curve C ,, doe.1; not III) k ••. k ; L a o
K

twice , and (iii) k = kc ; C. and C become tangential at the location of x = ekc .
In the third case the strong coupling behaviour ( curve C ) matches smoothly onto
asymptotically free behaviour ( curve Ct ). Note that only in this case the value
of k becomes uniquely determined to be

and hence

From eqs.(4.4) and (4.9) it follows that at the one-loop level one has

XL = - (4-Tte/3 /3, ) AftC4> tt.w)

The estimate for Aecp with input data of V»t"= 0.42 Gev and R = -11/2 for N t =
3 and N , = 0 in eq.(4.10) yields

A a c t > ~ 2 ^ 2 ( M e V ) , (i . . l i)

where N t and N , stand, respectively,for the numbers of color and flavor for quark
fields. This value is consistent with the deep-inelastic scattering experiments [7|.
It is expected that the dynamical treatment for quark fields may lower the above
value to some extent.

which is parametrized by k. On the other hand in the strong coupling region

= A/TC for " t . i « A 1 , (CltrlKL C ) , (U
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V.Concluding remarks
(i) From the formal procedure in sect.II, one might think that even in QED

there exists a confining phase since the photon propagator in the e-BRS invariant
theory of the non-gauge type shows l/q+ -behaviour leading to a linearly rising
potential between a quark and anti-quark pair. In our previous work [lj, we con-
structed the dipole Lagrangian (2.11) so that each entity of that Lagrangian corre-
sponds to a single field or a product of some fields in the Faddeev-Popov Lagrangian,

On the other hand, in the case of QED, due to the Abelian nature of U(l)
there no longer exists such a correspondence. This implies that in QED the dipole
structure has no reality.

(it) We have shown that there is a field theoretical model leading to a linearly
rising potential which is deeply associated with the Yang-Mills action. Moreover,
as was shown in the previous work |2], this system is approximately equivalent to
the two dimensional Yang-Mills system coupled to the paeudoscalar fields. These
features indicate the string picture [19] where the color electric flux lines form a
one-dimensional object that connect quark and anti-quark pair.

(iii) As one is approaching from the weak to the strong coupling region, one
must begin to worry about the ambiguity of gauge fixing called the Gribov problem
[20] in the Faddeev - Popov Lagrangian. However, in the strong coupling region the
theory should be replaced by the vector dipole theory which is no longer a gauge
theory. Therefore, it seems that this problem has nothing to do with our world.

(iv) Within the present framework, we cannot predict the existence of the
glueball excitations. However, this does not imply their non-existence, since it is
possible to add to eq.(2.1l) the terms representing the particles of the color singlet
and e-BRS singlet.

(v) By promoting the perturbative calculations in ;.;oct,.IV to the higher
orders, and treating the quark fields dynamically, we may expect more rigorous
result. This will be treated elsewhere.
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(1) Fig.l. Behaviour of the two kinds of running coupling constants. Curve C* is tangential
to C when k = Jfcc = - j ^ . Ck' and C^are curves, respectively, for k' = 0.5tc and
k" = 1.5*0.
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