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ABSTRACT

The Inverse profclem is studied in a system with mixed spectrum,

i.e. the continuous part of the spectrum coincides with that of a

repulsive fi -potential and the discrete part coincides with that of an

attractive 6 -potential.
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From the Btandard analyzing of the one-dimensional Schrddinger equa-

tion, with a 6 -potential, we know that in a repulsive case, it gives rise to

a reflection coefficient without any bound state (see figure 1), while in an

attractive case, it gives rise to a reflection coefficient with a bound state

(see figure 2). The inverse problem for the spectrum containing only con-

tinuous part which is the same as that of the attractive 6 -potential has

been studied in a recent paper [lj. In that paper they find that the corre-

sponding potential still has the same S -distribution one, but besides this

there is one more repulsive piece, to the right of the 6 -distribution, that is

sufficient to prevent the formation of a bound state (see figure 3). In this

paper, we extend the inverse problem to a mixed spectrum case in which

the reflection coefficient comes from that of the repulsive 6 -distribution

potential and the discrete spectrum comes from that of the attractive one.

We find that the factorization method can still be extented to solve this

inverse problem. For the corresponding potential we find three terms: the

first is the same repulsive S -distribution; the second is an attractive piece,

to the right of the S -distribution, which is the same as that in [lj except

for a negative sign (because of this, we think that this piece is responsible
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for creating such a bound state); the third, as shown in figure 4, is to the

left of the S -distribution. This term ensure:; the potential '.rj.u the

same reflection coefficient in the appearance of the bound state. We are

now going on to the details.

For one-dimensional Schrodinger equation

with potential

V(x) = ~%ai{x) a > 0

it is easy to obtain a reflection coefficient

*(*) =

(1)

(2)

(3)J t - I Q

and a single bound state with a discrete level p=a and the wave function

40 ) = e""'1' (4)

from which one can deduce the normalization coefficient

(5)
J
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The spectral transform, thus, is

S\V(x)) = { ^ V , -oo < k < oo; a, a

For the potential

V(x) = 2aS(x), a > 0

it yields the following reflection coefficient

(6)

(7)

and there is no bound state. The corresponding spectral trans-

form is

Now we select a mixed spectrum

= { ^ - - » < * < oo}

; ft- a}

(9)

and ask what will happen to the potential V(x).

To solve this inverse problem we begin from the Gel'fand-Levitan-

Marchenko equation [2]

J ~ , z ) d z = O, y>x. (11)
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where the kernel M(x) is defined by

= — a${—x)exp(ax) + aexp( —ax)

Because of the existence of the 0(x) function, one has to separate the

function K(x,y) into three branches P(x,y), Q(x,y) and T(x,y), as shown

in figure 5.

P(x, y), if x + y > 0, x > 0;

K{x,y) = Q(x,y), if i, x < 0;

i, x < 0.T(x,y), i f x + |

The equations for these three functions are

P{x, y) + Qe-«(*+f) + a / " P{x, z)e—(>+*) d^ = 0

Q(x, y) + ae-t'+'J + a / . - T(x, z)C-^«+'1 dz

t1 dz

+a / - a / "

(13)

= 0

(14)

The positive exponent term appearing in M(x) makes the problem a
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little more complex. However, it 18 still solvable and the solutions are

(15)

i a i t *«"**-»«"'

Hence

(16)

The above equation yields the following potential

V{x) = -2 i f . (x ,* + 0+)

= 2a6(x) (17)

As seen from the equation (17), besides the original 6 -distribution,

there are two more pieces adding to the potential, with the attractive one

to the right of the 6 -distribution and the other one, which is attractive at

a short distance to the origin and repulsive at a long distance, to the left

of the S -distribution.
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In conclusion, we have extended the inverse problem for the spectrum

coining from a single 6 -distribution potential to the case with mixed

spectrum. Factorization method can still be generalized to the problem.

By comparing the result with that in [1|, we see that the potential form

-r2a2f)(x)cosech*(ax + ip) is responsible for creating (with negative sign) or

annihilating (with positive sign) a bound state with p = a and the corre-

sponding normalization factor p = a for the wave function.
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Figure Captions

Figure 1 : A repulsive 6-distribution potential without any bound

state.

Figure 2 : An attractive ^-distribution potential with a single bound

state.

Figure 3 : The inverse potential for the spectrum given by equation

(6)-

Figure 4 : The inverse potential for the spectrum given be equation

(7).

Figure 5 : The branch regions for the function K(x,y).
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