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ABSTRACT

The well-known Korteweg-de Vries equations with the coefficients

as two arbitrary functions of the time variable, is studied in this paper.

The Painleve property analysis provides the conditions on the two variable

coefficients, in order to form the Lax pairs associated with this equation.

The similarity analysis shows the non-existence of travelling wave solutions

when the equation has variable coefficients. These results are used to

show the non-existence of travelling waves in an inhomogeneous medium.
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I. INTRODUCTION

The propagation of a soliton type travelling wave, when the medium

is inhomogeneous, is an active field of study for the last two decades or

so [1-27], The well-known constant coefficient Korteweg-de Vries (KdV)

equation

= 0 (1.1)

is a model for the unidirectional propagation of a soliton in a weakly non-

linear constant depth shallow water medium.

The variable coefficient Korteweg-de Vries (VKdV) equation is a

standard mathematical model,describing the propagation of a long weakly

non-linear wave in a slowly varying media. A VKdV equation with general

form of time-dependent variable coefficients can be represented as

=° (1.2)

where f(t) and g(t) are two arbitrary functions of time variable alone.

Recently [5,6,7,16,19,20,21], the studies on the soliton propagation of the

VKdV equation are verified that the soliton experiences an irreversible

loss of energy whenever it travels in a slowly varying medium. It is also

shown that when the medium is inhomogeneousi the amplitude of the soliton

increases and finally the wave disintegrates into number of solitons.

All the previous observations are based on the approximate solution

and other properties of the equation (1.2). The well-known definition of

the soliton is a travelling wave solution of an inverse scattering technic

(1ST) solvable problem, demands at least the existence of a travelling

wave type solution to the system. Such solutions are possible, whenever

the partial deifferential equation has both space and time variable

translational invariance.

In this paper we study the Painleve'property (PP) of Eqs.(1.2).

The PP analysis gives the conditions on the functions f(t) and g(t) to

get the Lax pair. By using the similarity transformation analysis, the

possibility of the existence of x and t variable translational in-

variance is investigated and it is found that VKdV equations have no

travelling wave solution for any of the values of f(t) and g(t). The

PP analysis yields the auto-Backlund transformation (ABT) of this equation

(1.2).
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II. PAINLEVE PROPERTY ANALYSIS OF VARIABLE COEFFICIENT KORTWEC-de VRIES
EQUATIONS

Recently [28], Weiss et al. extended the study of the PP. well known

in the context of ordinary differential equations, to partial differential

equations (PDE's). A system of PDE's in n independent variables is con-

sidered In the complex domain, the coefficients being analytic on C . If

S is an analytic non-characteristic complex hypersurface in C , then the

PDE that is analytic on S is meromorphic on Cn. It is a well-known

conjecture that a field equation possesses the PP then it Is completely

integrable. If we say the existence of Lax pair as the PP, then we can

find the infinite number of constants of motion and the commuting symmetries

etc., which assure the Hamiltonian structure of the respective dynamical

systems [29-31].

Eq.(1.2) has the PP whenever its solutions u(x,t) are "single-

valued" about the movable singularity manifolds, determined from the

singularity analysis of the Lorentz series expansion

(2.1)

where u.(x,t) and 4(x,t) are analytic functions in a neighbourhood of

the manifold determined by $(x,t) = 0. The a is an integer to be found.

Inserting (2.1) into (1.2), a leading order terms analysis uniquely

determines the possible values of a . The PP demands that a be

negative integer. The resultant series expansion of (2.1) yields'the

required Lax pair an ABT. The compatibility condition of the Lax pair

gives the all possible form of the functions f(t) and g(t), such that

the system becomes 1ST solvable.

The leading-order terms analysis gives the value a = -2. The

recursion relation for u.(x,t) is found to be

i

(2-2)

where 4 = r^ , u. = -r-J- etc.
,x 3x j,x 3x
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Collecting terms involving u.(x,t), it is readily found that

" • " ' • 4 * • • • • . ) (2.3)

for j - 0,1,2,... This implies that the recursion relation (2.2) is

not defined when j - -1,4 and 6, but j - -1 is not admissible. These

values of j are called the "resonances" and for these

values of j, the u,(«,t) are arbitrary functions of x and t.

Assigning J = 0,1,2,,.. in Eq.(2.2) we get

(2.4)

(2.5)

= o

-3

j = 4, the compatibility condition

etc.

(2.6)

- o

(2.7)

-O

(2.8)

When we assign n^ « ufi = 0 and for u 3 = 0 , we can find

I Cx,O> ~ for all j * 3
(2.9)

provided u_(x,t) is a solution of Eq.(l.Z), which implies that

vlit
= o ( 2- 1 0 )
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From (2.1), (2.4)-(2.10) we get

(2.11)

(2.12)

From (2.7) and (2.9) we get

= o
(2.13)

The function *(x,t) is to be uniquely determined from Eqs.(2.6)

and (2.13). The set of equations <2.6), (2.10), (2.12) and (2.13) define

the ABT between two solutions u(x,t) and u2(x,t) of the PKdV equation

(1.2). Using Chen's procedure [32]. we can find the Lax pair from Eqs.

(2.6) and (2.13). For simplicity, here onwards we will replace u2(x,t)

by u(x,t), then Eqs.(2.6) and (2.13) yield

(2.14)

and

= o .
(2.15)

Using the transformation

(2.16)

Eq.(2.15) becomes

6 V,x V,
(2.17)

Multiplying Eq.(2.17) by y V"1, we then get
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1

v. = O

(2.18)

Eq.(2.14) yields

( 2 i 9 )

On using Eq.(2.16), then (2,19) yields

(2.20)

Eqs.(2.18) and (2.20) give

3
_ 0 ,

(2.21)

Integrating Eq.(2.21) with respect to x gives

(2.22)

where ii(t) is an integration constant. This implies that

where D = -r- and

X -=

(2.23)

(2.24)

where f(t) is to be determined and A is independent of the variable t.

Eqs.(2.20) and (2.24) give two linear operators

(2.25)
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and

L »

such that Eqs.(2.2O) and (2.24) are, respectively,

and

L V = ^ V

Using the compatibility condition, we can find

Substituting Eqs.(2.25) and (2.26) in Eq.(2-29) we get

7i c)t

Equating the coefficients of D , u and x, we get

and

=. O .

(2.26)

(2.27)

(2.28)

(2.29)

(2.30)

(2.31)

(2.32)

The admissible form of the functions f(t) and g(t), such that L

and M from a consistent Lax pair are to be determined from Eqs.(2.29) and

(2.30). It is interesting to note that when f(t) and g(t) are some

functions of any type, the Lax pair is consistent and they are

L = (2.33)
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f

M = D 3 + n
(2.3^,)

where F(t) = 1,

Recently [23], we reported the Lax pair of theVKdV' equation (1.2)

for a special case

and

(2.35)

(2.36)

(2.37)

where c, a and g are any parameters and n is a real number. It is easy

to verify that Eqs-(2.35) and (2.36) and (2.37) • form a particulr solution

of Eqs.(2.31) and (2.32).

Another new set of solutions of Eqs,(2.31) and (2.33) are the following:

(2.38)

(2.39)

and

(2.40)

where c«, c,, c, and c, are arbitrary parameters. It is easy to find more

solutions of (2.31) and (2.33) by fixing at least one of three functions.

III. SIMILABITY ANALYSIS OF A VARIABLE COEFFICIENT KORTEWEG-de VRIES EQUATION

First, we shall give the details of the Lie continuous point group

similarity transformation method [33] to find the continuous transformation

group associated with a given PDF

f --•) = o -
(3.1)

A family of one-parameter infinitesimal continuous point group transformations

is given by



X' = X e X (*, £, LA) + O
(3.2)

(3.3)

(3.4)

where e is an infinitesimal parameter. The functions X{x,t,u),. T(x,t,u)

and U(x,t,u) are then infinitesimals of the variables x, t and u(x,t),

respectively. They determine the continuous transformation group under

which the given PDE is invariant.

The derivatives of u(x,t) are transformed according to

0

o

(3.5)

(3.6)

(3.7)

where [U ], [U ] and [U 1 are the infinitesimals of the transformations
t* ) L ,XXX

of derivatives u , u and u . These are given by

[Uj = Ul* ^ - xrt «.* - T« i

and

- 3 T

(3.10)
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The given PDE (2.1) is said to be invariant under the transformations

(3.2)-(3.1O) if and only if it satisfies the invariant surface condition

On solving Eq.(3.11) the infinitesimals X, T and U can be uniquely determined.

The invariant surface conditions associated with the VKdV equation

(1.2) is given by

[uulx

( 3 . u )

Substitute Eqs.(3.8), (3.9) and (3.10) in Eq.(3.12) and equate the coefficients

of the same order derivatives of u(x,t) we get the following constraint

equations

U -

U
= o

(3.13)

(3.14)

(3.15)

(3.16)

and

(3.17)

The basic requirement for the existence of a travelling wave solution

for a given PDE (Eq.(3.1)) is the existence of a solution which is a function

of (px - at), i.e.

U (3.18)

where a and p are constants. Condition (3.18) is equivalent to saying

that the infinitesimals U, T and X are of the form
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X -
T -

U

(3.19)

(3.20)

(3.21)

This implies that for the existence of a travelling wave solution associated

with the VKdV equation (1.2). the Eqs.(3.19), (3.20) and (3.21) should satisfy

the constrained equations (3.13)-(3.17).

It is easy to verify that Eq.(3.19) uniquely satisfies the constraint

equations (3.13)-(3.17). Eqs.(3.I5) and (3.20) imply that

II = O

whereas, Eqs.(3.13) and (3.22) yield

u -k -
Then Eqs.(3.16), (3.17) and (3.20) gives

X = /

So the only possibility is

a constant.

(3.22)

(3.23)

Eq.(3.25) yields

g(t)-f(t) = c, a constant

From Eqs.(3.24) and (3.26) we can find that

X .. * 0

(3.24)

(3.25)

(3.26)

(3.25)

moreover, X is a function of x.using this condition in Eq.(3.1A) we then

get U as a function of x. This is a contradiction to our earlier result

(Eq.(3.13)), as U is independent of the variable x. So the only possibility

is fi = 0. Hence Eq.(3.2O) is false.

The above study implies that the VKdV equation (1.2) has no travelling

wave type solution for any of the values of f(t) and g(t) and so the VKdV

equation will not give any soliton type solution.

IV. DISCUSSION

The PP analysis provides the various possibilities of the functions

f(t) and g(t) such that the VKdV equations become 1ST solvable. For all

those values of f(t) and g(t), the VKdV equation (1.2) possesses

various algebraic properties like recursion operators, infinite set of con-

served covariants and commuting symmetries, etc. These algebraic properties

assure the integrability and Hamiltonian structure of the system.

It is well known that a constant coefficient KdV equation (1.1)

has a soliton solution which is found to be collisionally stable particle

like solution. But in our study we found that as soon as the coefficients

are tine dependent functions, the system will not give any soliton solutions.

Moreover, the VKdV equation is no longer invariant under time variable.

This property can be explained as the unstability of the travelling wave

when It enters an inhomogeneous medium from a homogeneous medium. Similar

studies are reported earlier for a perturbed Korteweg-de Vries equation

[24,27] and this equation when f(t) and g(t) are respectively t" and

t 2 n + 1 [25].
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