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INTERVALLE DE CONFIANCE POUR UNE FONCTION

DE DISTRIBUTION CUMULEE EMPIRIQUE

par

T.H. Andres

RESUME

On met au point des techniques d'utilisation de valeurs provenant
d'une fonction de distribution cumulée empirique (FDC) (CDC) pour obtenir,
en chaque point de la plage de valeurs, un intervalle de confiance supérieur
de la valeur calculée de la FDC de base. La FDC empirique représente la
distribution de valeurs d'un échantillon de valeurs choisi au hasard. La
FDC de base est le cas limite de la FDC empirique lorsque la population-
échantillon approche de l'infini. Les deux FDC diffèrent du fait de la
variabilité existant dans un échantillon aléatoire fini. On peut se servir
des formules et graphiques présentés dans le rapport pour calculer un inter-
valle supérieur de la FDC de base inconnue pour des niveaux de confiance
entre 0 et 1. On y démontre des emplois dans lesquels on applique un inter-
valle à la distribution empirique de l'équivalent de dose maximal effectif
annuel obtenu d'après un ensemble de simulations Monte-Carlo d'une évalua-
tion de l'évacuation de déchets de combustible quant à lfenvironment. On
peut alors se servir de cet intervealle pour comparer la FDC empirique de la
dose avec les valeurs réglementaires de la dose provenant d'une installation
d'évacuation. Les techniques présentées dans le rapport peuvent servir t
choisir un certain nombre de simulations nécessaires pour respecter ces
règlements.
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CONFIDENCE BOUNDS ON AN EMPIRICAL CUMULATIVE DISTRIBUTION FUNCTION

by

Terry H. Andres

ABSTRACT

Methods are developed for using data from an empirical cumulative
distribution function (CDF) to generate, at each point in the range of the
data, an upper confidence bound on the estimated value of the underlying
CDF. The empirical CDF represents the distribution of values in a randomly
selected data sample. The underlying CDF is the limiting case of the
empirical CDF as the sample size approaches infinity. The two CDFs differ
because of the variability inherent in a finite random sample. Formulas
and graphs presented in the report can be used to calculate an upper bound
on the unknown underlying CDF for confidence levels between 0 and 1.
Applications are demonstrated where a confidence bound is applied to the
empirical distribution of maximum effective annual dose equivalent obtained
from a set of Monte Carlo simulations in an environmental assessment of
nuclear fuel waste disposal. This bound can then be used to compare the
empirical dose CDF with possible regulatory guidelines for dose from a
disposal facility. Methods presented in the report can be used to select
the number of simulations needed to meet such guidelines.
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1. INTRODUCTION

This report describes how an empirical cumulative distribution
function (CDF) can be formed from a random sample, how the information
contained in the empirical CDF can be used to place a confidence bound on
the unknown underlying CDF, and how this approach can be used in the envi-
ronmental assessment of nuclear fuel vaste disposal.

In an environmental assessment, stochastic simulation programs
can be used to estimate environmental impacts of nuclear fuel waste dis-
posal [cf. Wuschke et al., 1985; Wuschke et al., 1981; Dormuth and
Sherman, 1981]. SYVAC2 is such a simulation program. SYVAC2 typically
simulates a set of 1000 to 2000 scenarios, in each scenario computing
values for several consequence variables. Values for consequence varia-
bles are calculated by means of deterministic models that use a large
number (around 500) of randomly sampled parameters.

Analysis of consequence values from SYVAC2 simulations reveals
information about the behaviour of the model used in SYVAC2 to simulate a
disposal system. In particular, analysis using the technique described in
this report reveals information about the underlying CDF of a consequence
variable. An empirical CDF can be formed for a consequence variable from
the simulation results. For any given confidence level between 0 and 1,
the empirical CDF can be used to place a confidence bound on the underlying
CDF at any value of the consequence variable. The confidence level helps
to determine the usefulness of the simulation results in justifying deci-
sions. This technique is particularly appropriate for estimating a confi-
dence bound on the CDF of radiation dose to man due to radi.onuclides that
may leak from a disposal facility over a long time period.

Since the confidence bound is a concept of probability and sta-
tistical theory, and not of the physical sciences, it applies only to the
model with which it is used. If the model misrepresents physical and
chemical processes in a real-world system, then statistical implications
deduced from simulation results may be valid for the system model, but not
for the real-world system.

The approach has been developed in the context of analyzing
SYVAC2 simulation results, but the techniques developed here can also be
applied in other circumstances where random samples of data values are
being analyzed. These extensions are not explicitly addressed in this
report.

The report is organized as follows. Section 2 develops a sta-
tistical model of an empirical CDF, assigning a binomial distribution to
the height of the CDF at each point. Section 3 defines "confidence bound"
and describes how a normal approximation to the binomial distribution can
yield explicit formulas for a confidence bound. Section 4 describes three
different applications of confidence bounds. Those readers interested only
in the applications can skip the mathematical discussion in Sections 2 and
3, reading only the definition of confidence bound in Section 3.1 before
reading Section 4.
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Several examples in the report use simulation results from a set
of simulations called SYV009. A brief description of SYV009 is given in
Appendix A. Appendix B contains a summary of the mathematical notation
used in the report. Appendix C contains several plots of confidence con-
tours for handy reference, along with a summary of possible applications.

2. BINOMIAL MODEL OF AN EMPIRICAL CUMULATIVE DISTRIBUTION FUNCTION

2.1 INTRODUCTION TO THE EMPIRICAL CUMULATIVE DISTRIBUTION FUNCTION

Section 2 is organized as follows. Section 2.1 introduces the
empirical CDF and presents some key definitions. Section 2.2 describes the
binomial distribution. Section 2.3 presents proof that it is the appro-
priate distribution to describe an empirical CDF.

A (downwards) empirical cumulative distribution function (CDF) is
shown in Figure 1. It shows the distribution of values of the SYVAC2 con-
sequence representing "maximum effective annual dose equivalent within the
first million years", hereafter called "dose". The values were taken from
a set of SYVAC2 simulations called SYV009 (see Appendix A). The detailed
inset shows that the "curve" is actually a step function formed from a
sequence of horizontal line segments. The mathematical definition of a
downward empirical CDF is:

{number of values in the sample greater than x)
D(x) = (1)

(number of values in the sample}

In Figure 1 the sample referred to is the set of dose values that occur in
SYV009. In general, the notation D(x) will refer to any empirical CDF,
where x is any value in the range of a random variable X.

As another example of an empirical CDF, consider Figure 2. It
shows two empirical CDFs, each based on half the simulation results in
SYV009. The parameter X that is plotted in Figure 2 is called uranium
solubility. It represents the solubility of used uranium dioxide fuel in
groundwater. The underlying CDF from which X was sampled (a lognormal
distribution) is also shown. Clearly all three CDFs lie close together,
but they are not identical.

The main thesis of this report is that the variability of empi-
rical CDFs about an underlying CDF can be described in probabilistic
terms. This thesis applies not only to sampled parameters like uranium
solubility, but also to consequence variables like dose. The values of
dose are not sampled, but calculated from the values of the hundreds of
parameters in SYVAC2. Dose is a random variable because it is calculated
from values of random variables. Hence, it must also have an underlying
distribution for its values, although this distribution is not known a
priori.
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The empirical CDF shown in Figure 1 is an approximation to the
underlying CDF for dose. Since the underlying CDF for dose is unknown,
the difference between the underlying CDF and empirical CDF is also
unknown. However the difference between an underlying CDF and an empirical
CDF becomes small as the number of simulations increases. In the limit, as
the number of simulations approaches infinity, the difference between
underlying and empirical CDFs at any point x approaches zero. For
variables that are not sampled, this observation provides a definition of
the underlying CDF, namely the limit of a sequence of empirical CDFs as the
sample size approaches infinity.

The empirical CDF that is plotted for any parameter or conse-
quence X can change from one set of simulations to the next set, just as
the value of X can change from one simulation to the next. Therefore the
empirical CDF of X, D(x), is a random function; that is, the value of the
function at any specific point x' is a random variable, D(x'), with its own
distribution. Though the details of the distribution of D(x') are not
known, the form of the distribution can be specified a priori.

Specifically, consider a sample of size N of values of a variable
X. From the definition in Equation (1),

D(x) = Y(x)/N (2)

at each point x in the range of X. Here Y(x) is the number of values of X
in the sample that exceed x. It is shown below that Y(x) has a binomial
distribution at each point x.

2.2 THE BINOMIAL DISTRIBUTION

A binomial distribution is an exact model for the number of
successes in a sequence of independent Bernoulli trials, such as a coin-
flipping experiment (see, for example, Durand, 1971). A Bernoulli trial is
an experiment with exactly two possible outcomes, often labelled "success"
and "failure". In a coin-flipping experiment, each flip is a Bernoulli
trial, and either heads or tails can be interpreted as success, the other
being failure.

A binomial distribution has two parameters, N and p. The first,
N, is the number of trials. The second, p, is the probability of success
(between 0 and 1) in each trial. The symbols Y ~ B(N,p) mean "Y is a ran-
dom variable distributed according to a binomial distribution with para-
meters N and p". Since Y represents the number of successes in a set of
trials, it can take on integer values between 0 and N. Some of the main
properties of a binomial distribution are listed in Table 1. The notation
used in the table is standard, and is defined in Appendix B.
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TABLE 1

PROPERTIES OF THE BINOMIAL DISTRIBUTION

Given that Y is binomially
( Y ~ B(N,p) ), where N is

Probability function:

Pr{Y=n} = (£)pn

Expected value (mean):

E(Y) = Np

Variance :

var(Y) = Np(l-p

distributed
in {1 2 3 .

(l-p)N-n

with

for 0

parameters N
and p is in

< n < N

and p
[0,1]:

(3)

(A)

(5)

2.3 PROOF THAT Y(x) IS BINOMIALLY DISTRIBUTED

According to Equation (2), D(x) is proportional to Y(x), the
number of values of a variable X that exceed x in a random sample of size
N. Suppose P(x) is the value of the underlying CDF of X at x. That is,

P(x) = Pr{a random observation of the variable X will exceed x} (6)

Then it is shown below that Y(x) ~ B(N,P(x)).

The proof of this assertion begins with the definition of the
binomial distribution given in Section 2.2. To verify that Y is charac-
terized by a binomial distribution, it is necessary and sufficient to show
that Y represents the number of successes in a set of Bernoulli trials.

In this case, a Bernoulli trial is a single SYVAC2 simulation.
It is considered a success if the value of X in the simulation is greater
than x; a failure if the value is less than or equal to x. The number of
trials is N, equal to the number of simulations in the set of SYVAC2 simu-
lations. The trials are statistically independent because each one is a
separate SYVAC2 simulation. The probability p of success stays the same
from one simulation to the next because each simulation samples parameters
from the same distribution and applies the same models.

The statement that simulations are independent merits further
comment because it is actually an assumption. Extensive measures have been
taken to ensure that it is true for SYVAC2. All parameters and conse-
quences are re-evaluated from simulation to simulation. Parameters are
sampled using a pseudo-random number generator (IMSL routine GGCJBT, a mul-
tiplicative congruential generator using multiplier 397204094). Fishman
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and Moore (1982) have tested this pseudo-random number generator and found
no evidence of nonrandomness. It is therefore assumed that values of dif-
ferent parameters are statistically independent, and that values of each
parameter in different runs are statistically independent. In addition, it
is assumed that SYVAC2 contains no defects cr unexpected side effects that
could make successive simulations dependent.

With these assumptions, a set of SYVAC2 simulations constitutes a
set of Bernoulli trials. Therefore, Y(x) is binomially distributed, which
was to be proved, and the empirical CDF D(x) = Y(x)/N has been fully char-
acterized.

3. CONFIDENCE BOUNDS

3.1 DEFINITION OF CONFIDENCE BOUND

Section 3 is organized as follows. Section 3.1 defines confi-
dence bound. In Section 3.2, an implicit formula and graphs to evaluate
confidence bounds are presented. A normal approximation to the binomial
distribution is presented in Section 3.3. It is shown in Section 3.4 how
this approximation can be used to derive an explicit formula for a confi-
dence bound.

TÎ-- confidence bound is defined qualitatively as follows. Con-
sider a random sample of size N of values of a variable X. The empirical
CDF drawn from this sample is D(x). The underlying CDF is P(x), Assume
that P(x) is unknown. Then for any x, the confidence bound is an estimated
upper bound for what P(x) could be, given only D(x).

A confidence bound is useful because it translates statements
about sample data into statements about the unknown underlying CDF, P(x).
Statements about P(x) can never be certain, because there is always a small
probability that the sample was nonrepresentative of the underlying dis-
tribution — for example having all its values concentrated below the
median of. the underlying distribution. Using a confidence bound allows us
to quantify uncertainty in statements about P(x) in terms of a confidence
level C.

Use of a confidence bound is best explained with an example.
Suppose weather records showed that the temperature in Winnipeg on June 1
has risen above 42 degrees Celsius only once in 100 years. Based only on
this information, and assuming the weather each June 1 follows the same
probability distribution, a good estimate of the probability p of exceeding
42 degrees next June 1 would be 1/100. An intuitive upper bound on the
value of p might be 5/100, or even 10/100. Higher values of p seem to be
increasingly unlikely since, if the probability of exceeding 42 degrees in
Winnipeg on June 1 were really more than 10/100, the last 100 years would
have been unusual in having only one such day.

Using a confidence bound is a *ray of quantifying one's confidence
that higher and higher probabilities of exceeding a value x are less and
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less likely to be the correct probabilities. Denote the confidence bound
at a point x associated vith a confidence level C (between 0 and 1) by the
expression CB(x;C). The expression CB(x;C) is an upper bound on the
unknown probability. In the example, CB(42;C) is an upper bound on the
probability of exceeding 42 degrees in Winnipeg on June 1. Specifying the
confidence level C makes it possible to quantify CB(x;C). For example,
CB(42;.9O) is about 0.04 (see below for explanation of hov a confidence
bound can be calculated). That means that if one June 1 in a hundred years
has a temperature over 42 degrees, then 90% of the time we would be correct
in concluding that the underlying probability of exceeding 42 degrees is
less than 0.04. The confidence bound for C = 99% is CB(42;.99), which is
about 0.06.

In general, CB(x;C) represents an upper bound on credible values
for the underlying CDF P(x). The confidence level C determines what is
meant by credible. The confidence bound is defined such that if exceeded -
that is, P(x)>CB(x;C) - then the probability of observing a value of D(x)
higher than the given value in another set of results is at least C. In
other words, if the underlying CDF exceeds the estimated confidence bound,
then the value of D(x) determined from the sample data must be unusually
low; it constitutes a rare event of probability < 1-C. Other samples taken
in the same way would usually yield higher values of D(x).

As an example specific to SYVAC2, assume that N = 1000 simula-
tions were performed. Suppose the variable of interest is dose. Pick a
value of dose, say x, that was exceeded only once, so that Y(x) = 1 . To
determine CB(x;0.90) (the 90% confidance bound on dose at x), construct a
table showing the probability of observing Y(x)>l for various values of
P(x). Table 1 gives the expression for probability used to make the
following table:

Pr{Y(x)>l} = 1 - Pr{Y(x)<l}

P(x)
Pr{Y(x)>l}

= 1

0
0

- U

.001

.264

l-P(x)

0.
0.

) N +

002
594

N(l-P(x))

0.003
0.801

0.004
0.909

0
0
.005
.960

From the table, it can be seen that if P(x) were less than 0.004,
the probability of observing more than one dose over x in a set of 1000
simulations would be less than the confidence level .90. If P(x) were
greater than 0.004, the probability of observing more than one dose over x
would be greater than the confidence level 0.90. Hence for a 902
confidence level, the confidence bound on P(x) is about 0.004. That means
that 90% of the time one would be correct in assuming that the probability
of exceeding x in one simulation is no greater than 0.004, given that only
one out of 1000 simulation results exceeded x. A more precise value for
CB(x;90%) could be determined by using values of P(x) spaced more closely
together.
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3.2 CALCULATION OF CONFIDENCE BOUNDS

For the following derivations, assume a sample set of size N for
a variable called X. At each point x in the range of X, Y(x) represents
the number of values that exceed x. D(x) is the empirical CDF as defined
in Equation (2), and P(x) is the underlying unknown CDF.

Translating the verbal definition above into mathematical nota-
tion, and taking Y' to represent a binomial variate with parameters N and
P(x), CB(x;C) is defined at each point x by the following implicit
formula.

C = Pr{ Y'>Y(x) given that P(x) = CB(x;C) }

= 1 - Pr{Y'<Y(x) given that P(x) = CB(x;C) }

Y(x)

In general this expression cannot be solved explicitly for P(x)
and hence CB(x;C). It is possible, however, to use a root-finding proce-
dure to solve for P(x) numerically, given N, Y(x), and C. This technique
was used to generate Figure 3, which is discussed below.

For many applications, a graphical representation of the solution
is adequate. A graphical solution is shown in Figure 3 for C = 0.90. The
almost linear contours represent pairs of values for N and p where the
probability of exceeding n observations (n = Y(x)) equals C. At these
points, p = P(x) = CB(x;C); hence the name confidence contours for the
lines. Values of n range from 0 to 10, so these plots are suitable for
putting bounds on the tail of an empirical distribution, at consequence
levels reached by only a few simulation results. Plots for larger values
of n and other values of C are given in Appendix C.

A graph like Figure 3 can be used in many ways. In general,
given any three of the values N, CB(x;C), n, and C, the remaining value can
be estimated using the graphs. Examples of applications are given in
Section 4.

3.3 THE NORMAL APPROXIMATION TO THE BINOMIAL DISTRIBUTION

Figure 4 shows, using vertical lines, the probabilities that a
binomial variate with parameters N = 20 and p = 0.35 takes on the values 0
1 2 ... 20. It also shows the probability density function of a normal
variate with mean 20*0.35 and variance 20*0.35*0.65. Clearly the "shapes"
of the distributions are similar. The two distributions differ in that the
normal distribution is continuous and ranges from negative infinity to
positive infinity, while the binomial distribution is discrete and bounded.

In general, the probability function (that is, a vertical line
graph like Figure 4) of a binomial variate with large N and Np>5 has a
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bell-shaped envelope similar to the probability density function of a nor-
mal distribution with mean Np and variance Np(l-p). In fact, the binomial
distribution converges to a normal distribution as N approaches infinity.
This asymptotic renationship is a consequence of the well-known Central
Limit Theorem (see Kalbfleisch (1971) or Durand (1971)). It can be used
for applications where the differences between a continuous and a discrete
distribution can be neglected.

The notation Z ~ N(u,a2) indicates that Z is a variable having a
normal distribution with mean u and variance a2. Some relevant properties
of the normal distribution are listed in Table 2.

If Y ~ B(N,p), then the distribution of Y is approximately the
same as Z - N(Np,Np(l-p)) [Kalbfleisch, 1971]. Using the normal variate Z
in place of a binomial variate Y gives the following approximation to the
probability Pr{Y>n}:

Pr{Y>n} = l-Pr{Y<n} (11)

= l-Pr{Z<n}

i 1-9 I [n-N*P(x)]/ / N*P(x)*[l-P(x)]

TABLE 2

PROPERTIES OF THE NORMAL DISTRIBUTION

Given that Z is normally distributed with parameters y and a
( Z ~ N(y,a2), where -» < y < », 0 < a < ®) :

Probability density function:

1 [ (z-y)2"|
dz (7)

/2ÏÏa

Cumulative distribution function:

Pr{Z<z} = 9
a .

, where 0(w) = 0.5*[l+erf(w//2] (8)

Expected value (mean):

E(Z) = M (9)

Variance:
var(Z) = a2 (10)
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An even more accurate approximation can be made by allowing for
continuity by shifting the comparison point by 0.5; that is by using n' =
n+0.5 in Equation (11), in place of n [Kalbfleisch, 1971 or Durand, 1971],
giving Equation (12):

Pr{Y>n} [n+0.5-N*P(x)]/Z N*P(x)*[l-P(x)] (12)

Equation (12) can be used to calculate confidence bounds for an
underlying CDF.

3.4 EVALUATING BOUNDS USING THE NORMAL DISTRIBUTION

The implicit definition of the confidence bound CB(x;C) was given
in Equation (6). Using the normal approximation from Equation (12), Equa-
tion (6) becomes:

C = Pr{ Y'>Y(x) given that P(x) = CB(x;C))

= Pr{ Z>Y(x)+0.5 given that P(x) = CB(x;C) }

= l-e[[Y(x)+0.5-N*P(x)]//N*P(x)*[l-P(x)]J

where Y' - B(N,P(x)) and Z ~ N(N*P(x), N*P(x)*(l-P(x))). Denote by zc the
argument of 9() that solves this equation; that is, C = l-9(zc), or zc =
Ö~*(l-C). Given C, the value of zc can easily be found from normal distri-
bution tables such as those published by the Chemical Rubber Company
(1969). To solve Equation (13) for P(x), equate the argument of 9 in Equa-
tion (13) to zc, yielding the following equation (where p and n' are used
to represent the longer expressions P(x) and Y(x)+0.5 respectively):

zc = (n'-Np)//Np(l-p) (14)

Expression (14) can be rearranged to solve for N, so that plots
like Figure 3 can be generated. The result of this rearrangement is:

N (15)

The two signs in Equation (15) correspond to two different com-
plementary confidence bounds, for example the 90% confidence bound and the
10% confidence bound. The positive sign should be chosen for the larger
and more restrictive bound C>50%, as the positive sign gives N a larger
value. The negative sign should be chosen for values of C<50%. Choosing
the positive sign in Equation (15) makes zc negative in Equation (14),
which fits its definition as 6~1(1-C).

Expression (15) has been used to generate Table 3. This table
lists the sample sizes N needed to yield a confidence bound p = CB(x;0.90)
at a point x, given that n observations may exceed x. For example, Table 3
shows that, at the 90% confidence level, a confidence bound of p = 0.01 is
met if no more than 10 samples out of 1552 exceed x.



- 14 -

Expression (15) has also been used to construct contour plots
shown in Figure 5 and in Appendix C. There is an advantage in using Equa-
tion (15) in making contour plots in that large ranges of p = P(x) and
n = Y(x) can easily be covered. However, the contour lines on these graphs
are not exact. To indicate the extent of the error in using the. approxi-
mation, the first line in Figure 5 (for n = 0) is shown in tvo forms, one
exact (from Equation (6)) and one approximate (from Equation (15)). For
the rest of the lines, the approximation is indistinguishable from the
exact line on this scale. Thus Figures 3 and 5 form a complementary set of
contour plots; Figure 3 applies to values of <10, and Figure 5 for >10.

TABLE 3

SAMPLE SIZE N NEEDED TO ESTABLISH A CONFIDENCE BOUND CB(x;0.90)
GIVEN n OBSERVATIONS EXCEEDING x

= Pi

n

0
10
20
30
40
50
60
70
80
90
100

0.001

2543
15552
27179
38443
49514
60461
71319
82108
92844
103535
114189

0.002

1271
7774
13587
19219
24755
30228
35656
41051
46419
51764
57091

0.005

507
3108
5433
7685
9899
12088
14259
16417
18563
20701
22832

P
0.01

253
1552
2714
3840
4947
6041
7127
8205
9278
10347
11412

0.02

126
775
1355
1918
2471
3018
3560
4099
4636
5170
5703

0.05

49
308
540
764
985
1204
1421
1636
1850
2064
2277

0.1

24
152
268
380
490
599
707
815
922
1028
1135

0.2

11
75
132
188
242
297
350
404
457
510
563

0.5

3
7.8
50
72
93
115
136
157
178
199
220

Alternatively, expression (14) can be rearranged to solve for p:

p = [2n'+z2±z (4n'-(2n')2/N+z2)*]/[2(N+z2)] (16)

Again there is a choice of sign for the square root. In this
case the two signs correspond to upper and lower bounds on the underlying
probability P(x). The upper bound is the one that is referred to as a
confidence bound in this report, and so the positive sign should be taken.

Expression (16) is useful for plottirg a confidence bound along-
side an empirical CDF, as shown in Figure 6, wnich is discussed in the
next section.
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FIGURE 5: Confidence Contour Plot Based on Normal Approximation
for 90% Confidence Level, with n Equal to 0 10 20 ... 100
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4. APPLICATIONS OF CONFIDENCE BOUNDS

4.1 GENERAL

Using a confidence bound is a simple way to quantify one's con-
fidence that the probability that a random variable X will exceed a given x
(a threshold) is less than a quoted value. To fit a confidence bound one
needs a sample of values of X selected randomly from the underlying distri-
bution. In this section, the use of a confidence bound is demonstrated for
three applications involving SYVAC2 results -- drawing a confidence bound
curve on the same plot as an empirical CDF, showing how an estimated dose
distribution changes with time, and calculating the number of simulations
needed to demonstrate statistical compliance with a possible regulatory
standard.

4.2 SHOWING THE CONFIDENCE BOUND ON A PLOT

As there is a confidence bound CB(x;C) at each point x in the
range of a variable X, it is possible to draw a confidence bound curve on
the same plot as the empirical CDF, D(x). A sample confidence bound curve
is plotted in Figure 6 for a confidence level of C = 99.9%. It was con-
structed following this procedure:

(1) The empirical CDF was plotted (Figure 1).
N = 2000 simulations.

In this case,

(2) The graphs corresponding to C = 99.9% (Figures C4 and C8) were
found in Appendix C.

(3) The horiEontal line N = 2000 was located. All the values of
CB(x;0.999) were taken from that line,

(4) At the right-hand tail of the distribution in Figure 1, beyond
all the points in the sample, the number of observations that
exceed each value x is n = 0. The diagonal line n = 0 inter-
sects the horizontal line N = 2000 above the point p = 0.0034,
so for all values of x beyond the sample points, D(x) = 0.0 and
CB(x;0.999) = 0.0034.

(5) Moving leftward on Figure 1 from the tail toward the main group
of points, the values of D(x) and CB(x;C) change at each value x
that corresponds to a sample value. For example, at the 4th
largest point, between x = .1 and x = 1, D(x) changes from
3/2000 to 4/2000, and CB(x;0.999) changes from 0.0064 to 0.0072
(values of p in Figure C4 at intersections of n = 3 and n = 4
with N = 2000). With N = 2000, thess jumps are so small that it
makes sense to show D(xi and CB(x;0.999) as smooth curves.

(6) In the same way, the vaLue of CB(x;0.999) can be found for every
point x in the range of n covered by Figures C4 and C8.
Additional values can be computed from Equation (16). Using a
mathematical formula is appropriate for computerized plotting
of confidence bounds.
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It is possible to misinterpret the confidence bound when it is
drawn as a function of x. Suppose that the underlying CDF P(x) were
superimposed on Figura 6 as well. By the definition of confidence bound,
the point {x,P(x)} will lie below the point {x,CB(x;0.999)} with 99.9% '
confidence, for any given x. That means that in a large collection of
independent plots, each showing D(x), CB(x;0.999), and P(x) from a dif-
ferent set of simulations, {x,P(x)} will lie below {x,CB(x;0.999)} for a
given x in about 99.9% of them. However, the chance that P(x) will lie
below CB(x;0.999) at all values of x is a different matter. In fact, we
cannot even claim witE~99.9% confidence that the bound will hold jointly
for two points x and y. It may be that the curves P(x) and CB(x;0.999)
intersect in 10% of the plots, even though the bound holds for a specific x
in 99.9% of them. In short, the confidence bound as defined in this report
applies to a single point x, and not to the whole range of the variable X.
This form of the confidence bound was devised under the assumption that
regulatory guidelines would be specified at one dose level. An analysis
based on Kolmogorov-Smirnov distributions for the supremum over x of P(x)-
D(x) [Johnson and Kotz, 1970] could be constructed if a bound were to be
placed on the entire curve at once.

4.3 SHOWING HOW THE DISTRIBUTION OF MAXIMUM DOSE CHANGES WITH TIME

The maximum dose in a SYVAC2 simulation does not occur as soon as
the disposal vault is sealed. The dose increases, usually over hundreds of
thousands of years, before a maximum is reached. SYVAC2 records the value
of dose at, and the maximum up to, five different times: typically 0.01,
0.05, 0.10, 0.50, and 1.0 million years. To show how dose changes with
time, statistics based on dose results can be plotted versus time at these
five times. Some statistics that may be plotted are mean dose, selected
percentiles taken from the empirical CDF (e.g. 95, 99, and 99.9 percen-
tiles of the sample of dose estimates), and confidence bounds for percen-
tiles. Such a plot is shown in Figure 7, with percentiles chosen for ease
in the computation.

The 90X confidence bounds in Figure 7 were found in the following
way. For each curve shown, a suitable sample rank was chosen. For
example, the top two curves were formed by taking the largest and second-
largest values in each sample. Then the value of the dose was plotted at
the appropriate time on the horizontal axis, and the points were joined
with a smooth curve. Because of the way in which the plotted values were
chosen, a probability bound can be assigned to each one. Thus, one can be
90% confident that the probability of exceeding the top curve is less than
or equal to 0.12%, simply by referring to Figure 3 with C = 90%, N = 2000,
and n = Y(x) = 0.

Figure 7 also shows the variation of mean dose with time. Taken
by itself, a plot of mean dose could be misleading. Since the sample mean
is a measure of central tendency, this curve could be taken as evidence
that the majority of simulations lead to dose estimates of the order of
0.001 mSv/a. However, this conclusion is wrong; most of the dose estimates
in the sample are exceedingly small. What happens is that since the dis-
tribution of dose is highly skewed, a few simulations with a relatively
high consequence make the largest contributions to the mean. The mean is
well out in the tail of the distribution. Showing the confidence bounds
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for a number of percentiles in the same plot helps to put the information
provided by the mean into perspective, and to indicate the degree of skew-
ness in this distribution.

Using the confidence bound instead of the empirical CDF in pre-
paring plots like Figure 7 makes the presented results more conservative
since the confidence bound doses are always higher than the corresponding
doses taken from the empirical CDF.

4.4 SELECTING THE NUMBER OF SIMULATIONS

The main uses anticipated for the confidence bound are to compare
simulation results with possible regulatory guidelines, and to select the
number of SYVAC2 simulations needed for a valid comparison. Assume that
there is a regulatory criterion which states: "In the first million years
after disposal, the probability must be less than 2* that dose to any
individual exceeds IX of that person's natural background dose; and the
proponent must show with 99% confidence that this limit has been met."
Then users of SYVAC2 could use the following approach to choose the number
of simulations needed to compare results with this guideline.

(1) Interpret the criterion in terms of the variables that have been
defined here. The criterion says that for dose, CB(0.01*d; 0.99)
must be less than 0.02, where d is the background dose.

(2) In the appropriate figure in Appendix C (Figure C3 for C = 992),
find the vertical line p = 0.02. This line intersects the dia-
gonal n = 0 line at about N = 230. Therefore, at least 230 simu-
lations are needed to compare simulation results with the stated
guideline at the appropriate confidence level. An analyst hoping
to achieve a higher-than-required level of confidence of 99.97.
would consult Figure C4, and find a minimum sample size of about
N = 340. Of course more simulations could be carried out for
other reasons, such as sensitivity analysis, but these values
of N are the minimum needed to make a comparison.

In making a valid comparison between simulation results and
regulatory criteria, certain precautions must be observed to preserve the
assumptions on which the results in this report are based. The main
assumption is that of a random sample. An assessment analyst can easily
invalidate this assumption in two ways. First, he may generate several
sets of simulation results, and choose the one set that best demonstrates
the conclusion he wants to make. Such selectiveness invalidates the
assumption of randomness. Second, he may generate a simulation set, and if
the comparison is inconclusive or unfavourable, he may increase the sample
size by generating more simulations. In this case the bias in the results
is less obvious, since no simulations are thrown a^ay. Nevertheless the
assumption of a fixed-size random sample has been invalidated, and the
confidence bound theory presented in this report no longer applies. In
effect, the analyst has turned the comparison into a sequential test, which
would require a different statistical analysis [cf. Wetherill, 1966}.

To compare simulation results with the hypothetical regulatory
guideline quoted at the beginning of this section, the number of simula-



FIGURE 7: Time Dependence of SYVÜ09 Dose
Statistiis, using 90% Confidence
Bounds on Cumulative Probability
Estimates
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tions needed is achievable, since as many as 50 000 simulations have
already been run using SYVAC2. Even if the probability was changed from 2%
to 0.2%, and the confidence level from 99% to 99.9%, the required number of
simulations would be feasible, since a minimum of 3500 simulations would be
needed. It is expected that whatever the criteria eventually set by regu-
lators, control of statistical uncertainty will be feasible.

Confidence levels even higher than 99.9% could be required by
regulators, but it is questionable whether simulation models for nuclear
fuel waste disposal will ever achieve the degree of real-world corrobora-
tion needed to make a confidence of more than 99.9% in the statistical
analysis worthwhile. Even with 90% or 95% confidence levels, other uncer-
tainties, such as the differences between mathematical model behaviour and
real world behaviour, likely dominate the statistical uncertainty caused by
finite sampling error. Nevertheless, since statistical uncertainty may be
the only source of uncertainty that is both easily quantifiable and readily
controllable, it is justifiable to choose a relatively high confidence
level, such as 99.9%, to ensure that statistical uncertainty does not have
a significant effect on assessment results.

5. CONCLUSIONS

This report has addressed the problem of extending our knowledge
from an empirical CDF of a variable X to conclusions about the underlying
CDF that it approximates. First, it was proved that at any point x, t.""̂
value of an empirical CDF, D(x), equals Y(x)/N, where N is the number of
values of X from which the CDF was formed, and Y is a binomial variate.
Then the confidence bound CB(x;C) was defined, plots of confidence contours
were presented, and a conservative, approximate formula for CB(x;C) was
derived. Finally, the use of the confidence bound was demonstrated in
three applications. One of these, checking compliance with a regulatory
guideline, demonstrates how a finite amount of simulation data can justify
high confidence in the behaviour of the simulation models.

The main point of this report is that information from a finite
sample of a consequence variable ouch as maximum effective annual dose
equivalent (dose) can be used to make high-confidence conclusions about the
underlying distribution of dose. It should be emphasized that the under-
lying distribution of dose is a characteristic of the system that generated
the results. In the case of SYVAC2, the system is really a computer model,
and not the environmental system being modeled. Nevertheless, the confi-
dence bound is important to assessment studies, because it demonstrates
that one source of uncertainty in results has been analyzed and quantified.
That uncertainty can be controlled by taking large enough samples to
achieve acceptable statistical confidence in the results.
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APPENDIX A

SYV009; A SET OF SYVAC2 SIMULATIONS

The examples used in this report were based on a set of 2075
simulations called SYV009. In some examples, a subset containing only the
first 1000 or 2000 simulations was used. SYV009 was produced in December,
1983, using the then-current version of the computer code SYVAC2. The data
and models used in this version were preliminary. Updated versions of
SYVAC2, data and models were used in the assessment described by Vuschke et
al. (1985). More information about SYVAC2 results can be obtained from
that report.
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APPENDIX B

NOTATION

B(N,p): Binomial distribution with N trials and probability p of success
in each trial.

C: Confidence level, a number between 0 and 1, often expressed as a
percent.

CB(x;C): Confidence bound on some variable X, associated with the confi-
dence level C. Assume that in a random sample of N values of X,
only n of them exceed the threshold x. Then CB(x;C) is an upper
bound on P(x), the underlying CDF of X at x, such that if P(x) =
CB(x;C), then the probability is C of more than n values out of N
exceeding x. Refer to Section 3.1 for a more detailed explana-
tion.

D(x): The empirical cumulative distribution function of a random
variable X, based on a sample of size N. A formula for D(x) is
given in the text as expression (1).

E(X): The expected value of a random variable X, also known as the
average or arithmetic mean.

erf(w): The error function, defined as:

2
erf(w) .-* IV' d«/a Jo

N: The number of observations of a variable X in a sample.

Ndj,^2): Normal distribution with mean u and variance a2.

n: Abbreviation for Y(x).

n': Defined to equal n+0.5 (see Section 3.4).

P(x): The underlying cumulative distribution function of a random
variable X. D(x) is an approximation to P(x).

p: The probability of success in each trial in a set of Bernoulli
trials; used as an abbreviation for P(x).

Pr{A}: Probability of event A occurring; e.g. Pr{n<5} is the probability
that n is observed to be less than 5.

var(X): Variance of a random variable X.

x: A specific value in the range of the random variable X.

X: A random variable that could represent a parameter or a
consequence of SYVAC2.
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Y(x): Break a sample of N independent values of a random variable into
two parts: those values <x, and those >x. Then Y(x) is used to
represent the number of values in the second group, those >x.

zc: The value of a standard normal variate Z such that C is the
probability that a random value for Z will be greater than zc.

Z: A normal variate that approximates Y(x).

9(w): The cumulative distribution function of a standard normal variate
(one with mean 0 and variance 1).

N
( ): "N choose n" is the number of different combinations of n things

that can be taken from a set of N different things- That number
equals N!/(n!*(N-n)!) for n in 0 1 2 ... N, where "!" denotes
the factorial function.
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APPENDIX C

SETS OF CONFIDENCE CONTOURS

Confidence contours have several applications in environmental
assessments using computer models. For example, they can be used to
determine the number of SYVAC2 simulations required to achieve a specific
level of statistical confidence in the results, and they can be used after
the simulations have been conducted to compare results to possible regula-
tory criteria.

The contours represent the following situation. Given a set of N
simulations, a random variable (X) is observed to exceed a specified
threshold value (x) n times. The ratio D(x) = n/N is a simple estimate of
the underlying probability of exceeding x in each simulation. The true
underlying probability may be bigger or smaller than the estimate D(x).

A confidence contour depicts an upper bound CB(x;C) on the
underlying probability p = P(x) of exceeding x, given that n values out of
N simulations exceed x. Figure Cl through C8 each show a family of con-
tours, one for each value of n in the range 0 to 10 (or 0 to 100). An
upper bound p can be read off the p-axis below the point where the contour
for n meets the horizontal line for N. On the basis of this selection, one
can state with confidence C (e.g. 99% in Figure C3) that the probability of
the threshold x being exceeded in a subsequent randomly chosen simulation
is less than or equal to p.

A different family of contours can be drawn for any confidence
level between 0% and 100%, and for values of n anywhere between 0 and N.
For example, a family of contours could be drawn for confidence level C =
95%, and n = 0 10 20 ... 100 (Figure C6). Then an upper bound p chosen
from that diagram would be a true upper bound 95 times out of 100. An
upper bound p chosen from Figure C3 will be a true upper bound 99 times out
of 100.

The following contour plots have been provided in this Appendix
for the convenience of the reader:

PLOT

Cl
C2
C3
04
C5
C6
C7
C8

C

90%
95%
99%
99.9%
90%
95%
99%
99.9%

n

0
0
0
0
0
0
0
0

1 2 . .
1 2 . .
1 2 . .
1 2 . .
10 20
10 20
10 20
10 20

. 10

. 10

. 10

. 10

... 100

... 100

... 100

... 100

based on normal
approximation
(see Section 3.3)



- 27 -

These figures can be used to answer the question: "How many
SYVAC2 simulations must be performed to be 99% confident that the probabi-
lity is less than 2% of calculating a maximum annual dose equivalent
beyond a given threshold?" (cf. Section 4.4). In this application,
C = 99%, p = 0.02, and the threshold value x may be the annual dose equiva-
lent due to natural background radiation or some fraction of it; the goal
is to find N, the number of simulations required. From Figures C3 and C7,
one can read a value of N for values of n in the range 0 to 100. The mini-
mum value of N is obtained for n = 0 (i.e., the case where no calculated
doses exceed the threshold). Figure C3 gives a value of N = 230 for n = 0,
p = 0.02, and C = 99%. If instead it is assumed that n = 10, then N = 1000
corresponds to p = 0.02 and C = 99%. The analyst therefore has some dis-
cretion in choosing N, provided that at least 230 simulations are made.

Another application of the confidence contours is to plot confi-
dence bounds alongside SYVAC2 results presented in the form of a downward
cumulative distribution (cf. Section 4.2). A downward cumulative distri-
bution is a plot of the best estimate of probability of exceeding each
consequence value x. Another line plotted on the same graph could show the
upper bound on the probability of exceeding x, found using confidence con-
tours, for each x. For example, if SYVAC2 is used to perform 2000 simula-
tions (N = 2000), and if 10 of them have results that exceed some value x
(n = 10), then:

the best estimate of the underlying probability of exceeding x is
10/2000 = 0.005
an upper bound ( C = 99%) on the underlying probability of
exceeding x is, according to Figure C3, 0.01.

These results yield one point for the downward cumulative dis-
tillation, and one point for the confidence bound curve. Figures C3 and
C7 can be used in a similar manner to determine other points on the 99%
confidence bound curve. The other contour plots could be used to plot
other confidence bound curves, corresponding to confidence levels of 90%,
95%, and 99.9%.

A downward cumulative distribution showing a confidence bound
curve can be used to quickly determine an upper bound on the probability of
exceeding any given threshold x. However it says nothing about the joint
probability of exceeding several thresholds, xx, x2, ... . It should
always be used one point at a time.
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for Confidence Levels of 95%
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FIGURE C7: Confluence Contour Plots with n Equal to 0 10 20 ... 100,
for Confidence Levels of 99%
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