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ABSTRACT

The Woltjer-Taylor method is applied to spheromak plasmas in spheroidal flux

conservers. As models of the flux conserver, both oblate and prolate spheroidal

vessels with a center conductor are used. The plasma is not assumed to be nearly

spherical, and the Rayleigh-Ritz method and the finite element method are used to

evaluate the eigenvalues. The oblate spheromak is shown to be siable irrespective of

the shape of the flux conserver. Though the prolate spheromak is unstable if there is

no center conductor, it can be stable if the center conductor is installed.
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§ 1. Introduction

A sphcromak configuration, whose magnetic field is generated by the plasma

current only, has attracted considerable attention.*~2) The most attractive feature of the

spheromak is the absence of the external toroidal coils. This leads to the possibility

that the engineering beta can be quite high. Another attractive feature is that the

equilibrium characteristics are different from those of the tokamak. Therefore, we can

investigate plasma properties in a different parameter regime.

The magnetohydrodynamic (MHD) equilibrium and stability of the spheromak

plasma have been studied intensively.3"10^ By using the force-free approximation,

Rosenbluth and Bussacn) investigated the tilting instability of the spherical and the

slightly spheroidal plasmas. They showed that a slightly prolate spheroidal plasma is

unstable for this mode, while a slightly oblate equilibrium is stable. Finn et al.12) and

Bonderson et al.13) carried out the similar analysis on the MHD instability of the

spheromak confined in the drum-shaped flux conserver (FC). Taguchi et al.14) gen-

eralized their works to the spheromak plasma in the drum-shaped FC with a center

conductor.

The spheromak experiment using the oblate spheroidal FC with the center con-

ductor was performed at Osaka University.!) The ratio of the semiminor axis a to the

semimajor axis b of the FC used in the experiment is about 0.5. In other words, the

shape of the FC is not nearly spherical. The purpose of this paper is twofold. The

first is to investigate how Rosenbluth and Bussac's conclusions are modified, when

alb is not nearly equal to 1. As is well known, the center conductor enhances the

magnetic shear and, therefore, has a possibility to stabilize an unstable plasma. The

second purpose is to investigate the possibility of making the prolate spheroidal

spheromak stable by the center conductor. In the next section, we show the outline of

the Woltjer-Taylor method.15) In § 3, we investigate the MHD stability of the plasma

in the two cases; the oblate spheroidal configuration (oblimak) and the prolate
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spheroidal configuration (prolemak) We employ the Rayleigh-Ritz method16) and the

finite element method (FEM)17) to calculate the eigenvalue. Conclusions and discus-

sions are presented in § 4.

Here we must note that the method to be used in this paper can be applied18) to

not only the ideal plasma but also the slightly resistive one. Though, we are mainly

concerned with the ideal plasmas in the following, the results of this paper .therefore,

seem to be valid also for slightly resistive plasmas.

The MKS units with \IQ = 1 are used throughout this paper, where (i0 is the per-

meability of vacuum. The electrical conductivity of FC is assumed to be infinite

throughout this paper.

§ 2. Woltjer-Taylor Method

Let us use the Wolrjer-Taylor method to analyze the MHD stability of the

spheromak plasma by the force-free approximation. This method assumes that a stable

equilibrium state is a configuration having the minimum magnetic energy,

W = ±JB2dV, (1)

under the constraint

K = JA-BdV = const. (2)

Here A is the vector potential, and K is the magnetic helicity. The integrations are

carried all over the plasma domain. Introducing a Lagrange multiplier X, we take the

variation of the functional

/ = w - -jK. (3)

The Euler-Lagrange equation of the above functional / is given by

VxB = XB. (4)

This equation is known as the force-free equation and constitutes an eigenvalue prob-

lem with the boundary condition B*n=0 (perfect conducting wall). We can obtain the

energy of the eigenstate by integrating by parts and using eq.(4). The result is given
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by

W = y * + yJs(AxB)-ndS, (5)

where S denotes the plasma surface. When the FC has no center conductor, the

plasma domain is simply connected. In this case, the surface contribution is easily

shown to vanish. We use the models of the FC shown in Figs 1 and 3. These models

have the center conductor, and the plasma domain is doubly connected. The surface

contribution in eq.(5) generally does not vanish in this case. However, Reiman19)

showed that the eigenstate with the lowest eigenvalue is the lowest energy state, even

if the surface contribution exists in eq.(5).

We consider the MHD stability of the axially symmetric equilibrium state with

the lowest energy. Let us denote the lowest eigenvalue with a toroidal mode number

n by Xn. The following theorem was proved by Finn et al.12* The sufficient condition

for the ideal MHD stability is XQ < Xn for all n (n^l). Furthermore, if there exists no

mode-rational surface in the plasma, this condition becomes necessary and sufficient

for the ideal MHD stability.

As is well known, the solution to the equation (4) can be expressed in terms of

the solution to the scalar Helmholtz equation for the six coordinate system.20) Both the

cylindrical coordinate system used in ref. 12-14 and the spherical coordinate system

used in ref. 11 belong to the above six coordinates systems. Since we are now investi-

gating the stability of spheromak plasma in the spheroidal FC, it is convenient to use

the spheroidal coordinate system. However, this coordinate system is not belong to the

above six coordinate systems. So we must use another method to solve the eigenvalue

problem. In the present paper, we use the Rayleigh-Ritz method and FEM to evaluate

the eigenvalues of eq.(4), and compare the merit and the demerit of the two methods.

§ 3. Equilibrium and Stability

As explained in the previous section, we have to use the variational method to
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obtain the eigenvalues of eq.(4). We minimize the functional / , eq.(3), with respect to

variation 8A. First, we expand the vector potential as

A = £ An<>* (6)
B»-<«>

where <(> is the angle about the magnetic axis. Since the equilibrium state of the

spheromak is axisymmetric, its vector potential is given by the term with n = 0 only.

In the Rayleigh-Ritz method and the FEM, the vector potential AR is expanded as

Afl=£a,A;-. (7)
i=l

Here A ; is a complete set satisfying the boundary conditions,

n = 0, (8)
(VxAB)e0 = 0 (only for n =0),

where e^ is the unit vector of the <]> direction. The second condition is characteristic of

spheromak, i.e., there is no toroidal magnetic field on the plasma surface when it is in

the MHD equilibrium state. The substitution of eq.(7) into eq.(3) yields a discrete

quadratic form of the expansion coefficients

(9)

where

and (X,Y) represents the inner product of two vectors X and Y. Taking variations

with respect to each coefficient a,, we get the following eigenvalue equation

67 =Pa-hQ* = 0. (10)
After the truncation of the expansion eq.(7), P and Q become matrices whose

elements are finite, and the eigenvalues can be found by numerical computations.
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3.1. Oblimak

First, let us investigate the stability of the spheromak plasma in a toroidal vessel

shown in Fig.l. In this case, it is convenient to use a coordinate system («,Tl,<|>)

defined by

JC = rcos<|>, y=rsin<|>, Z=MCOST|, (11)

This system is essentially equivalent to the oblate spheroidal coordinate system (£,T| ,<(»).

Here r = ccosh^sinT), u = csinh^, and 2c is the distance between the two foci. The

first fundamental quantities hh k2 and A3 of this coordinate system are given by

"i = 5 2 '
C2+U2

h2 = I^-K^COS^I, (12)

The surface of the FC is assumed to be a spheroid of u = u0 (or 2; = £0). The

semimajor and the semiminor axes are denoted by b ( = "\c2+u2 or ccoshijo ) and

a ( = «o X respectively. The surface of the center conductor is assumed as a one-

sheet hyperboloid of T| = T|o and T| = 71-%. The intercepts of the surfaces of u = u0

and of T| = TJ0 ( or of r\ - TC—T|o ) with r axis are denoted by /?out and R^,

respectively.

As the expansion eq.(7), we take

15 15 „ T|-T|o

k=odd l=odd 2*

0. (13a)

k=oddl=odd
for n=0 and

16 16
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+ 2 2
k=odd l=odd

16 16 „ TlTln
= 2 2 c«sin(*7C -̂)cos(/Jt-̂ ) (13b)

15 15

for n=l, 2, 3..., where i5B, A,, and A^ are the components of An.

We choose the coefficients aa, ba, ca and da in eq.(13) so as to minimize the

functional / . The lowest eigenvalues Xn for every n are determined by eq.(10).

Figure 2 shows the results of computation for the normalized eigenvalue Xn, which is

defined by 3LB =hnb. Figure 2(a) shows the results for the FC without the center

conductor, where e is the ellipticity defined by e = vb2-a2/b. When e =0,

spheroid becomes sphere, and when e = 1, spheroid degenerates into a plain. When

e = 0, the value of 5LQ = 5LX can be obtained U ) analytically and it is 4.493. Our result

4.497 agrees well to this exact value. Figure 2(b) shows the results of computations

for the case of the FC with a center conductor. The radius R^ is assumed to be /Jout/4

in this figure. In both cases, >LQ < 5Li and %2- Then we conclude the oblimak is stable

for ideal MHD mode, whether there is a center conductor or not. Further we must

note that the separation between %Q and the next lower eigenvalue Xn becomes larger

when the FC has the center conductor [compare Figs. 2(a) and 2(b)]. This represents

the shear stabilization due to the center conductor.

3.2 Prolemak

Rosenbluth and Bussacn) investigated also the stability of the slightly prolate

spheromak plasma with no center conductor, and showed it is unstable for the internal

tilting modes. As is well known, the center conductor makes the shear of the magnetic

field strong and it stabilizes the plasma. An example of this was shown in the

previous subsection. In this subsection, we investigate the possibility of making the
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prolate spheroidal spheromak stable by use of the center conductor. For this purpose,

we adopt the two simple models. For these models, it is convenient to use a

coordinate system (u ,T|><t>) defined by

x = rcosfy, y=rsin<|>, z =VC 2 +M 2 COSTI , (14)

This system is essentially equivalent to the prolate spheroidal coordinate system

(£,T],<()). Here r = csinh^suvn and u = csinh | . The first fundamental quantities hit h2

and h3 of this coordinate system are give by

h2 = u2+c2sinh\, (15)

h3 = uhin\

The first model ( type 1 ) is shown in Fig.3(a). The surface of the flux conserver is

assumed to be a spheroid of u = M, ( or % = ̂ i ). The surface of the center conductor

is assumed as a spheroid of u = u0 ( or % = ̂  ), and a one-sheet hyperboloid of

T) = Tio and T| = it-T\Q. The semimajor and semiminor axes are denoted by b

(= Vc2+«2 or ccosh^j) and a (= «0), respectively. The second model ( type 2 ),

which is shown in Fig. 3(b), is identical with the first model except that the surfaces of

the center conductor are assumed as a spheroid and very thin rods.

For these models, An is expanded as

*=W=1 R out"* in 2

= 0. <16a>

for n = 0 and

oaTKia
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for n = 1, 2, 3..., where Au, An and A^ are the components of An. These trial

functions satisfy the boundary conditions eq.(8). For the second model, we should

take r|0=0.

Let us first investigate the first model. Figure 4 shows the results of

computations for the FC without the center conductor. The lowest eigenstate belongs

to n=l mode. This indicates the equilibrium state with n = 0 is unstable for n=\

mode, if there is no mode rational surface q (\sf)=m, where m is the poloidal mode

number, and q(y) is the safety factor. Here \|/ is the flux function defined by

Vf = rA$. As is well known, q(y) of the spheromak plasma takes maximum on the

magnetic axis and decreases monotonically. Hence we have no rational surface for

n - 1 mode, if 9 ^ < 1 is satisfied, where qais is the value of <7(y) on the magnetic

axis.

Figure 5 shows the results for the FC with the center conductor. We can see

from this figure that there is a stable region near e = 0 i.e., for nearly spherical

spheromak. Let us denote the value of e as ec, at which XQ = JLJ. In Fig.6(a), ec is

shown as a function of RuJRova- The safety factor q^^ increases monotonically with

e, and becomes unity at e=er. This ellipticity er is also plotted as a function of

R i,,//?out in Fig.6(a). For the second model, we make the similar calculations and the

results are shown in Fig.6(b).

We can obtain the following conclusions from Fig.6: The plasma is stable when

the condition e<ec is fulfilled, and is unstable when ec<e<er is fulfilled. Here we

must note that prolemak has a stable region, if the center conductor is installed in the

FC. In the region with e>er>ec, the eigenstate with the lowest eigenvalue is not

axisymmetric and, furthermore, there is the mode rational surface in the plasmas.

Therefore, we cannot decide whether the spheromak is stable or not by Woltjer-Taylor

method only.
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3.3. Analysis by use of FEM

In the preceding subsections, we evaluated the eigenvalues by the Rayleigh-Ritz

method. To estimate the accuracy of the results, we investigate the same prohlem by

the finite element method (FEM) in this subsection, and compare the results obtained

by both method.

As is well known, there exists the following relation,17^

l*XN~, (17)

between the true eigenvalue 51 (= 7J>) and the approximate value Xjy (= Xpjb) obtained

by the FEM. Here N+l is the number of mesh points on the u axis. This relation

means a curve 51 against \IN2 is a straight line, and %N approaches to 51 in the limit of

large N. Figure 7 shows eq.(17) surely holds in our calculations. The results of the

computations are shown in Table I, where the values %p are evaluated by the

Rayleigh-Ritz method, the values XF are obtained by the FEM and using eq.(17), and

the values XA are the values evaluated by the approximate formula given by

Rosenbluth and Bussac.n) Here we must note the values of XA are obtained by the

perturbation expansion with respect to ellipticity, so they are exact when e=0 (see §

4). This table indicates the value Xg are accurate enough to investigate stability.

§ 4. Conclusions and Discussions

By using the Woltjer-Taylor method,15-18) we have investigated the equilibrium

and the stability of the spheromak plasma confined in the spheroidal flux conserver.

The ellipticity e of the FC is not assumed to be nearly equal to 0 ( i.e., not nearly

spherical). Therefore, the conclusions obtained in this paper are generalization of

Rosenbluth and Bussac's11' ones. Conclusions obtained in this paper are as follows:

1) The oblimak is always stable, whether there is a center conductor or not. 2) The

prolemak without the center conductor is shown to be unstable for all values of e. 3)

The prolemak with the center conductor is shown to be stable, if the value of e is
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smaller than a critical value ec. This critical value depends on the radius of the center

conductor and on the shape of it. 4) To check accuracy of our results, we evaluate

eigenvalues by the Rayleigh-Ritz method and by the FEM. The former method is

easier than the latter to evaluate the eigenvalue. We can see from Table I that both

methods give similar results. Hence the Rayleigh-Ritz method seems to be convenient

to solve similar problems in the plasma physics.

As stated in § 1, the above conclusions is valid not only for ideal plasmas but

also for slightly resistive ones.

By using the spherical coordinate (p,6,<|>) and on assuming e is small, we can

express the periphery of the FC as

p = Po(l+ecos2e),
where p0 is the r intercept of the periphery (i.e., Po=6 for the oblimak and po=a for

the prolemak) and e is given by

1 e 2

E ~
2 \-e2 (oblimak)

—e2 (prolemak)
(18)

Rosenbluth and Bussac U ) derived the following approximate formulas by considering

E as small perturbation:

31 =
>—Jn (« =0)

b_. _ • <19>

Po711

Here j n is the first zero of the spherical Bessel function j$c). The values evaluated

by this formula are denoted as %A and are also shown in Table I Agreement of XA

with JLJJ or %p is fairly good for the prolemak, but is rather poor for the oblimak. The

reason is clear from eq.(18); namely .although 6 is small enough for prolemak even

when e ~ 1, e for the oblimak diverges as e approaches 1. In other word, Rosenbluth
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and Bussac's approximate formula is relatively accurate for the prolemak, but is

accurate only for small e for the oblimak.
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Figure Captions

Fig.l. The model of the oblimak. The surface of the FC is a spheroid of « = «0

and that of the center conductor is a one-sheet hyperboloid of t] = r\Q and

T\ =Jt-Tlo.

Fig.2. The normalized eigenvalue %n {="knb) for the oblimak (« =0, 1,2) as

functions of the ellipticity e. (a) Rm/Rout = 0.0 and (b) RiJR0Ut = 0.25.

Fig.3. The model of the prolemak. The surface of the FC is a spheroid of u - u j .

In (a), the surface of the center conductor is constructed by a spheroid of

u = u0 and a one-sheet hyperboloid of TJ = rj0 and T| = Jt-T|o- In (W, the

surface of the center conductor is constructed by a spheroid u = u0 and very

thin rods.

Fig.4. The eigenvalue Xn for the prolemak (R^R out = 0.0, n = 0, 1, 2) as functions

of the ellipticity e.

Fig.5. The eigenvalue %n for the prolemak (n = 0, 1) as functions of the ellipticity

e. (a) RiJRon = 0.10 and (b) R^Rom = 0.40.

Fig.6. The critical ellipticity ec and er, at which q(y)=l on the magnetic axis, as

functions of RiJRom. Figure (a) and (b) correspond to Fig.3a and 3b,

respectively.

Fig.7. The eigenvalue JLv &* * e prolemak (Ri,/RoM = 0.10, n = 1,

e = 0.0, 0.1, 0.2, 0.3 ) as functions of N.
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e

0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

OBLIMAK

4.497

4.505

4.532

4.581

4.658

4.772

4.940

5.198

5.633

6.572

4.494

4.503

4.531

4.581

4.659

4.774

4.945

5.210

5.660

6.639

*A

4.493

4.502

4.530

4.582

4.664

4.793

4.998

5.356

6.091

8.324

PROLEMAK

h
4.513

4.532

4.582

4.663

4.786

4.965

5.232

5.656

6.422

8.286

*F

4.490

4.510

4.550

4.620

4.740

4.910

5.170

5.590

6.350

8.200

K
4.493

4.507

4.549

4.626

4.746

4.929

5.212

5.675

6.530

8.639

Table. 1 The eigenvalue 3lR, JlF and 3lA for both the oblimak and the prolemak

(Rm!Rom = 0.0, n=l) . Here £R, 3iF and XA are calculated by use of the

Rayleigh-Ritz method, the FEM and eq.(19), respectively.
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