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ABSTRACT

The Zitterbewegung of the Dirac particle ia given a visual representation by solv-
ing the two-component difference form of the Dirac equation. It is seen that the space-time
trajectory of a Dirac particle can be pictured as a correlated whole of a network of zigzags of
left- and right-handed chiral neutrino-like line elements. These zigzags can feel the curl of
the external electromagnetic vector potential and give rise to the spin magnetic interaction,
confirming Schrodinger's earlier intuitive picture of the spin as the orbital angular momen-
tum of the Zitterbewegung. The network of zigzags associated with an electron splits and
reunites in passing through the slits in the electron beam interference experiment. It is pro-
posed to interpret Nambu's empirical mass formula mn = (n/2)137m, = (n/2)(K/eL), n =
integer, as a radiationless condition for the Zitterbewegung of the hadronk Dirac particle
of the linear spatial extension of the order of the classical electron radius L = tP/rritC*.



During the last few years there has been a revival of interest in the phenomenon
of the rapid oscillatory motion of the spin 1/2 Dirac particle -Zitterbewegung- in the
light of new attempts to interpret quantum mechanics 1)-3)'3). Though exact solutions of
the Dirac equation with Zitterbewegung have been found in only a few cases (e.g., free
electron and relativist ic electron in a constant external magnetic field) *), the Zitterbewe-
gung is commonly accepted as arising from the compromise between quantum mechanical
uncertainties of the particle position and momentum (particle-wave duality) fi' and from
the interference between positive and negative energy states *K Then questions naturally
arise: What does an electron trajectory look like in the traditional two-slit electron beam
interference experiment? Why does the spin 0 Klein-Gordon particle cease to zitter in
spite of its wave mechanical properties? One can also wonder if the Zitterbewegung of the
electric charge radiates electromagnetic waves.

In Feynman's early attempt T) of path integral derivation of the Dirac equation
in one space dimension, the Dirac particle was supposed to travel in discrete zigzags both
forwards and backwards in space with the velocity of light (Zitterbewegung), the frequency
of the reversal of the spatial direction being related to the particle mass. This picture has
recently been generalized to a stochastic model in three space dimensions aK The Dirac
propagator has also been calculated as a path integral over a classical action S for a spinning
electron in the form /exp(iS) sh In his early attempt Feynman encountered difficulties
in extending the idea to higher dimensions, and dealt with spin "in a formal way" in
the paper on the "Space-Time Approach to Non-Relativistic Quantum Mechanics"(1947),
characterizing his incorporation into the formalism of spin and relativity as "adding nothing
to the understanding of Dirac and Klein-Gordon equations". There the "understanding"
meant the understanding of the role of Dirac's spin matrices "in keeping space-time track
of a succession of changes of the coordinate system" T*. In their canonical quantization
treatment of the relativistic classical electron model leading to a Zitterbewegung with
both positive and negative frequencies, Barut and others *' confirmed Schrodinger's earlier
intuitive picture of the spin as the orbital angular momentum of the Zitterbewegung of
the electric charge around the center of mass of the particle.

To see if the Dirac particle has a definite space-time trajectory, let us first write
the usual Weyl equations for the left-handed (+) and the right-handed (-) neutrinos at a
space-time point x = (t,x)

(7 + -3u{ £ }=0,

o~ • 9v(s) = 0 (1)

in the form of difference equations:

I') = »(l). (2)

Here £ = xl, a± = [l,±o), I the 2x2 unit matrix, a the Pauli apin vector, and 1 an
infinitesimal length parameter. The equivalence of Eqs.(l) and (2) as 1 —* 0 can be proved
by the use of the Sylvester expansion for matrix function °K Fig. 1 illustrates the Weyi
equations preserving the chirality of spin 1/2 massless particles along their null world-line
elements la*, which are mirror reflections to each other.

We can likewise write the Dirac equation (of mass m) in the form of difference
equations:

\~a") - v(s) - - iml"u(s). (3)

Here I* are infinitesimal parameters such that (1+ - 1~)/(1+ + 1~) is the velocity of the
particle in the <T+ direction. Let the initial conditions be

(4)

To the second order in 1* we can easily find solutions:

= 0

= 0 ,

(5)

Fig. 2 shows that the particle, which is initially in the left-handed state u(x) at
O, travels along the null line element l+tr+ from O to A where it reverses its direction of
motion —"zitters"— in the mirror reflected direction l~o~ and proceeds to C to become
a right-handed particle with the amplitude v(i+1+<7+ + 1"<T~) = -iml~u[z). In Fig. 2
there is also a probability for the particle in the left-handed state u(i) to go from O to B
at s + l"cr~ to become a right-handed state v ( i + l~<r~) = iml~ u(a) and proceeds to
C to restore the left-handed state with the amplitude u(a+ l~a~ + l+o+] = ((m)2l+l~
u(i). This second order process is described by the Klein-Gordon equation obtainable
from Eqs.(3) by eliminating v:

ife + - «*U + | - Ki + - «(*)] = -m3 l+ l-t.(i) . (6)

A similar equation for v is obtained by eliminating u from Eqs.(3). The trajectories for u
and v combined to give a trajectory of the spin 0 Klein- Gordon particle will look like
Fig. 3 — the particle ceases to zitter.



Regarding the interpretation&l question in quantum mechanics of how a particle
can be in two places at one time in, for example, the traditional two-slit electron in-
terference experiment, Bohm, Dewdnwy and Hiley 10> considered an "information wave"
carrying information of environment which interfere with a material wave carrying energy-
momentum of the particle. We can, instead, picture the Zitterbewegung of an electron
through the two slits as shown in Fig. 4. In our picture the electron trajectory is a cor-
related whole of a network of neutrino-like line elements connecting the particle source
and absorber which splits on passing through the slits, reunites after passing the slits,
and converges towards the absorber. Such a trajectory is constructed by keeping track
of a succession of paths leaving the source and eliminating paths which do not reach the
absorber: To each line element in the network we can assign a probability amplitude of
arriving at a given absorber by solving the time-reversed Dirac equations on the neutrino
lattice.

In Fig. 2 an external photon line can enter the particle trajectory at O, where the
particle reverses its direction and leave it at C. Thanks to the zigzag OAC the Dirac particle
feels the curl (torque) of the external electromagnetic vector potential and gives rise to
the spin magnetic moment ~ (2m)"1 corresponding to two full rotations of the particle
around its centre of mass trajectory required for the cyclic return of the spinor particle to
its initial phase (see Eq.(8)). For the Klein- Gordon particle the external magnetic fields
felt by the zigzags OAC and OBC interfere destructively.

If the Zitterbewegung of a Dirac particle arises from its interaction with the
ground state of a Higgs field in the context of gauge theories with spontaneous broken
symmetry a \ it would be useful to rewrite the Dirac equation in the form relating the
particle mass to the divergence of the ehiral 4-current:

m = a(tiV+tt)/2/m(e'u) = -d(v*o-v)/2Im(vmu)

= /<*>, (7)

where u* and v* are respectively the complex conjugate of u and v, / the particle-Higgs
coupling strength, and < 4> > the ground state expectation value of the Higgs field.

That the 4-spin vector a of the particle rotates between the left-handed and the
right-handed directions, a+ and a~, on the null light cone with the frequency ~* 2m can
be seen by putting u,v ~ exp(±tmt) and observing

2m Jm(v*u) ~ 2msin(2mi) (8)

and
6"(uV+u) + d{v'<r~v) = 0. (9)

The Zitterbewegung can thus be pictured as a spiral motion, or a motion in a twisted
zigzag, of the Dirac particle around its center of mass trajectory.
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One may then wonder if the Zitterbewegung of the electric charge radiates elec-
tromagnetic waves. Barut *) attempted to derive the Planck constant A hi terms of the
values of the elementary charge e and the light velocity c by applying the classical radia-
tion formula to the Zitterbewegung as a self energy effect of classical electrodynamics and
comparing it with the Einstein coefficient of the rate of spontaneous emission of a photon.
It has also been shown u> that the classical radiating and spinning electron trajectories
with highly nonlinear radiation reaction exhibit chaotic behaviour and fill densely certain
regions of the phase space with characteristic gaps and attractors. There the quantum
Compton wavelength was expected to arise naturally as the thickness of strange attrac-
tors.

Early in this century Sommerfeld, Hergoltz and Herz l3> considered extended
electron models, and established the existence of radiationless self-oscillation. In 1933
Schott u> showed that a uniformly charged spherical shell will not radiate while in orbital
motion with period T, provided the shell radius is an integral multiple of cT/2. In 1964
Goedecke l*) extended the later work of Bohm and Weinstein 16> to orbiting, spinning
and nonradiating charge distribution and found that the spin angular momentum must
be an integer times e3/« multiplied by a form factor. We can likewise hope to obtain
Nambu's mass rule le) known to be obeyed by strongly interacting Dirac particles (but
not by leptons):

mn = - n(fcc/e3)ro, = -nl37m. = -nihicL), n = integer (10)
£ 1 2

from the radiationless condition for Zitterbewegung w>. Here mn is the mass of the
hadronic Dirac particle, m, the electron mass, and L = e3/m.c3 the classical electron
radius. We can alternatively write Eq.(9) in a more suggestive form of quantization of the
particle mass:

e3(mft/m.) = - nhc = - nGrn*3 (11)

where G is the gravitational constant and m* the Planck mass.

Can we then interpret Dirac particles in terms of a spin 0 particle carrying electric
charge e forming a bound state with another particle of spin 0 carrying the Dirac tnonopole
of strength gn = «(mn/m,,)? 18)'10) Can these interpretations be given visual represen-
tation in ordinary space-time without the notion of a multi-dimensional internal charge
space, or should we contemplate the radiationless vibration of linear strings of Planck scale
L* = h/m*e1 30>
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FIGURE CAPTIONS

Fig. 1 Weyl equations preserving chirality of massless spin 1/2 particles.

Fig. 2 Solutions of Dirac equations on the chiral "neutrino lattice". An external photon
line can enter the particle trajectory at O and leave it at C. Thanks to the zigzag
OAC the Dirac particle feels the curl of the external vector potential (magnetic
field) and gives rise to the spin magnetic interaction.

Fig. 3 An electron trajectory as a correlated whole of a network of left- and right-
handed neutrino-like line elements satisfying the final as well as initial boundary
conditions, which splits and reunites in passing through the slits in the electron
beam interference experiment.

Fig. 4 Trajectories of a pair of Dirac particles combined to give the trajectory of a spin
0 Klein-Gordon particle. For the Klein-Gordon particle the external magnetic
fields felt by the zigzags OAC and OBC interfere destructively.
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v(x + la') = v(x)
u(x + 1 a ) ' u(x)

u(x)

Fig.l

u(x+l o ) = 0,

vlx+l a ) - -vnl

u(x)

Fig.2
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