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INTRODUCTION

The Schwartz distributions are introduced as the linear continuous functional T
defined on the so—called space of test-functions P i.e. T : P —• C, and they are usually
denoted by brackets:

(T,T), r e P.

The class of all distributions P' turns out to be a linear space over the complex numbers
C with partial differentiation with respect to the potntwise addition, the multiplication by
a complex number and a specially defined operation of partial differentiation. We shall
call these operations tkt good operations in P'. Then by means of the so-called regular
distributions:

(TJ,T) = j Hx)T{x)dx, T E P

where / € Cioc we obtain the chain of inclusions:

£ cC°c Cloc c V

where £, C° and Cioc are the classes of the C°°-functions, continuous functions and locally^
integrable functions from R" into C respectively. More precisely, V contains £ with re-
spect to all good operations and C° and Zio^ as linear subspaces (the differentiation is
excluded). Apart from the classical functions P' contains several other interesting distri-
butions like: the Dirac delta-function 6 and its derivatives, the principal part P(x~m) of
x~m, etc. which are very important for different branches of mathematics and physics,
especially in Theory of Differential Equations, Quantum Mechanics and Quantum Field
Theory. The Dirac delta-function 6, for instance, is defined very simply:

(6,T)=T(0), re P.

It is not easy, however to define a correct operation of multiplication in P', a
situation known in the literature as The Problem of Multiplication of Distributions. At first
sight, the most natural product of two distributions 7\ and Tj is the pointwise product,
i.e.

(T1.T2,r) = <r1,r).(r2,T)> r€t>.

This product is consistent with the other operations (including differentiation) but it pos-
sesses the serious disadvantage of not generalizing the classical multiplication when Xi and
T2 are classical functions. So, the product above, a priori possible, is not accepted in the
Distribution Theory. Instead, the so-called Schwartz multiplication (or Schwartz product)
is used which is introduced by the formula:

( T 1 T * , T ) = { T 1 , T 2 T ) , T € P .

The Schwartz multiplication generalizes obviously the classical multiplication in E {£ is
another notation for the C^-functions) but, unfortunately, it is well-defined only in the
cases when T$ is a function from £ (Ti can be an arbitrarily chosen distribution). More-
over, the Schwartz product turns out to be non-associative (see the example below). The
question arises: Can we extend the Schwartz multiplication to the whole space P', i.e. to
define some correct product 2\.2a for any 1\ and T2 from P' in such a way that the new
multiplication coincides with the Schwartz multiplication when one of the distributions is
in £ ? Unfortunately, the answer is NO. More precisely the following results hold:

First Schwartz Impossible Result: There does not exist an associative
algebra A with a partial differentiation which is an enlargement of P', i.e.

P'QA,

with respect to all good operations in P' (see the beginning) with the additional requirement
that the multiplication in A be an extension of the Schwartz multiplication in P'.

Proof: Consider the so-called Schwartz example:

and notice that every product in it is a Schwartz product. We see that A cannot be

associative. This finishes the proof.

Second Schwartz Impossible Result: There does not exist an associative
algebra A with a partial differentiation which contains P ' with respect to the good opera-
tions in P' with the additional requirements that the multiplication in A reduces in C° to
the usual classical multiplication of continuous functions (C° C V C A by assumption).

Proof : We refer the reader either to the original Schwartz works, or to some of
J.F. Colombeau's books.

Colombeau'a Impossible Remark: Let x be a characteristic function of some
(measurable) set X C R", X ̂  0, i.e.

XEX,

Let x belong to some algebra with differentiation. Then the equality:

is necessarily false for m = 2,3, . . .

prOof For the sake of simplicity, we shall consider the one-dimensional case only:



Restrict this equality on X:

This is a contradiction since x' 4- 0-

Corollary: If a given associative algebra A with partial differentiation contains
the Heaviside distribution H, then

H'n = II, m = 2,3

are necessarily false.

The impossible results listed above could discourage anyone who would like to
introduce an operation of multiplication in D' or in some larger space. But, on the other
hand, several branches in mathematics and physics (e.g. the Theory of Differential Equa-
tions and Quantum Field Theory) need a correct multiplication in D'. In particular, in
QFT heuristic expressions like: 62(x),6(0),6(x).x~m,H(x).x~m, etc. arise during some
computations and are one of the causes of the divergence problem in this theory.

Because of the impossible results given above, the Problem of Multiplication
seemed for a long time to be unsotvable in principle. In spite of this, several years ago
the French mathematician J.F. Colombeau offered a new class of generalized functions Q
and claimed that within this class the problem of multiplication of Schwartz distributions
was solved once and forever. The class § turns out to be an associative and commutative
algebra also supplied with partial differentiations, integration, etc., i.e. with all operations
which are usually considered in the class £ = C°°(R") of the classical C00 functions. Then
£ is included in § isomorphically with respect to all operations listed above and in this
sense the ^-functions can be considered as generalized functions. Then the distribution
space D' is included Q in a canonical way, i.e. D' C Q, isomorphically with respect to
all good operations in D'. This really solves satisfactorily the problem of multiplication of
distributions since any two distributions can be correctly multiplied within the algebra Q.

Of course, the multiplication in the new class <3 induces in V a product which is
different from the Schwartz product {this is inevitable in principle, according to the First
Shwartz Impossible Result) but as a benefit we obtain the following very pleasant result:

because we perform the multiplication in an associative algebra! Moreover, it turns out
that the difference between the Schwartz product in P' and the new ^-product in D' is
in a sense small. So we look upon the new product in C as a repairation of the classical
Schwartz product in D'.

Finally, what is maybe more important, the new Mathematical Analysis based
on the Colombeau class Q was very successfully applied to the Theory of Non-Linear

Differential Equations and Quantum Field Theory which, in our opinion, opens the doors
for several other investigations.

The purpose of the present paper is to present the Colombeau theory of general-
ized functions in something like a sequential form, i.e. the new generalized functions will
be defined here as equivalence classes of sequences of smooth functions of the type:

f (x\ x (= R™

where <p 6 D and er 6 R+- For any fixed <p and e, /,,,«(•) is a function from £ (i.e. C°°-
function). So the pair <p ® € (which ranges in D x R + ) plays, in a sense, the role of the
index of the sequence. In a way, our Sequential Approach here is closer to the so-called
Simpler Version of the Colombeau Generalized Functions [3]. In the end it turns out that
the class of generalized functions defined here is a slightly larger than the original class
defined in Colombeau [3] (which is, on its part, a little larger than the class defined in
Colombeau [2]) but these enlargments have never been our purpose.

The plan of our paper is the following: (i) First we shall introduce the
ultrapower £D+ where D+ = D X R + , i.e. the set of all mappings from D+ into £ and
it will be considered as algebra with partial differentiation with respect to the pointwise
operations. The elements of this ultrapower will be our sequences of functions; (ii) Then
we shall separate a subalgebra £M

+ of the so-called moderate sequences and define an ideal
fo

p+ of ££+; (iii) The factor-space:

will be by definition the Colombeau class of generalized functions. In other words, every
generalized function from $ is by definition an equivalence class of moderate sequences of
smooth functions of the above mentioned type.

There are at least two reasons why we decided to develop the sequential method:

a) It seems that the sequential method is, maybe for some psychological reasons,
easier to study and more in agreement with our intuition especially for beginners; probably
because of the great popularity of Cantor's construction of the real numbers. On the other
hand, we believe that Colombeau's theory is really worth studying both by mathematicians
and physicists and our sequential construction could, as we hope, be a good elementary
introduction to the subject;

b) The sequential construction, presented here, seems to be, in a sense, more
flexible, especially for some modifications and generalizations. In particular, we intend (in
some future work) to use it to establish a connection between Colombeau's theory
and the Non-Standard Analysis and so to give an answer to one of the open problems
formulated by J.F. Colombeau himself:



"Understand and write clearly the connections between this theory of generalized
functions and the usual formulations of non-standard analysis. Then try to create some
hybride theory, in which the important positive aspects (including the applications) of
both constructions should be kept; the theory thus obtained should be some new version
of non-standard analysis." [J.F. Colombeau)

The paper is self-contained and only some knowledge in Classical Analysis and
Distribution Theory is presupposed from the side of the reader. But since it is written in-
tending to be something like An Invitation to Coiombeau's Theory of Generalized Functions
we included a longer list of references (than needed for the paper itself) on Distribution
Theory and the Problem of Multiplication as well as on the Colombeau Theory and its
recent applications.

Notations and Terminology

(N.I) By N, Z,R, R + and C we shall denote as usual the systems of natural, integer,
real, positive real and complex numbers, respectively and we shall use as well

N o = {0}uN.

(N.2) If n £ N, then R" will be, of course, the linear space R" = R x . . . x R (n-
times). By x,y,..., £, r j , . . . „ etc. we shall denote the points of R" and if x —
(xi,...,xn) e R" then

(N.3) The open sets of R" will be denoted usually by 0, 0 ' , etc. and the compact sets
of R" by K,K\ etc. In particular

\\X-XO\\<T}

for any xa £ R" and any r € R + .

(N.4) Under the term "smooth function" we shall understand C°°-function, i.e. a
function which has partial derivatives of any order. If 0 C R" is an open set of
R™, by £ (0) we shall denote the class of all smooth complex-valued functions
defined on 0, i.e.

(N.S) By D{0) will be denoted the class of all functions from £(0) with compact
supports (in 0); we shall call the functions from V{V) "test-functions". The space
of test-functions P(0) will be considered as a topological space supplied with the
so-called "test-topology" (described in any book on Distribution Theory).

(N.6) By C°(0) and £(^(0) we shall denote the classes of continuous and locally-
integrable respectively complex-valued functions defined on 0 (where 0 is an
open set of R").

(N.7) By D'(0) we shall denote the class of Schwartz distributions on 0, i.e. the space
of all linear continuous (complex-valued) functionals defined on D[0).

(N.S) By Q(0) will be denoted the classes of Coiombeau's generalized functions defined
on 0 . This class will be defined in Section 10.

(N.9) In the particular case 0 = R" we shall simplify the notations introduced above;
we shall set:

£ = f ( R " ) = C ~ [ R " )
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(N.10) Then, if a £ Nf}, i.e. a — (ai, ...,<*„) for some cti 6 No, and i 6 R", i.e.

i - ( x t i . . . ,xn) for some X; € R, we shall put:

a! = ft1!a2!. ..<*„!

- 1 , I 2 •

Qn.\a\ - a, + o2 + .

For the partial derivatives we shall use the notation

3 s d" = Sx = d" = „ ... ——

(We prefer them to the conventional one D = D" only to avoid a possible

misunderstanding connected with the class of test-function V). The number (a

is, of course, the order of d".

(N.ll) Good Operations: Under the term "good operations" in the space of distri-

butions D'(0) we shall understand the following operations: the addition, mul-

tiplication by a complex number and partial differentiations. Recall that the

"good operations" are well defined in distribution space for any choice of the

distributions, complex number and partial derivative.

(N.12) Ultrapowers: Let M and / be some sets. Then by M1 will be denoted the set
of all functions defined on / with values in M (ultrapowers), i.e.

M' = {/|/ : ; - M}

Examples: (i) R N is the set of all sequences of real numbers and C N is the set

of all sequences of complex numbers;

(ii) £ is the set of all sequences of smooth functions;

(iii) £B+ is the set of all families of smooth functions with a positive parameter
(i.e. of the type / , ( i ) , £ G R + ) and so on.

(N.13) Sequences: For the elements of the ultrapower MJ we shall often use "sequential

notations", e.g. / e M r will be written like

even in the cases when / is neither countable, nor ordered. In terminology we

shall sometimes also use "sequentional terms" calling / G M1 a "sequence of

elements from M" or just "M-sequence".

1. COLOMBEAU'S SUBSETS OF TEST-FUNCTIONS

All definitions and results in this section can be found in Colombeau's books, e.g.

in [2], p. 55. We shall give them here to make our text selfcontained.

{1.1) Definition (Colombeau's subsets): For any natural number q e N we define a subset

of test-functions Aq C D by

(1.2) = {<P e D\<p[x) e R for all x e R™,

f <p(x)dx = 1 , j x"<p{x)dx = 0, 1 < \a\ < g}

R" R"

where a = [alt..., an) € NJ (see the notations).

Obviously we have the chain of inclusions

(1.3) D D At D A2 D . . . 3 A, D ...

(1.4) Lemma (Colombeau): Av ^ 0 for all g e N.

Proof: We shall follow Colombeau's proof [2, p. 55[: Let us first consider the

case n = 1 and let ij> 6 P(R) have the properties: a) ip is real-valued; b) its integral over

R is one, i.e.

j *(x)dx = 1.

Examples of such kind of functions can be found in any book on the distribution theory.
Then we set

tpy = ift + OCI^J1

and d! £ R to be determined in order that <pi £ A , '-e-

ay = I x<p(z)dz.

- o o

Then we set

and determined a? € R in order that <p% £ ^',

oo

a» = -~ I
— oa

and so on. By induction, we set

10



where •£><(-1 £ Av-i and aCJ 6 R is determined in order that <p, £ Aq. In the end, we have
to generalize the construction to the n-dimensional case by setting

for x = [xi,... ,xrl) £ Rn and ip £ A^ determined above. This finishes the proof.

(1.5) Corollary: The set of all Colombeau's sets:

(1.6) J l = W « £ N }

is a basis of a filter in D, i.e. A has the following properties:

i) 0 £ A and A^H;

ii) AvriAp = Aq for q > p.

Proof: A direct consequence of the above lemma and (1.3).

2. ALGEBRAS OF SEQUENCES £D+ AND MODERATE SE-
QUENCES £^

(2.1) Definition (Index Set): If D = £>(R") is the space of test-functions and R + is the
set of all positive reals, then

(2.2) D+ = D x R +

will be called index set and for its elements we shall use notations like *V®t", i.e. <p®i £ D+
means "<p E P and e e R + " .

(2.3) Definition (The Algebra of Sequences): i) According to the notations and termi-
nology (N. 13) introduced at the beginning of the paper, the elements of the ultrapower

(2.4) £p+ = {f\f : D+ -* £}

where £ = <f (R") is the algebra of all C°°-functions on R" and P+ is the index set (2.2),
will be called sequences of £ -functions or just sequences (if no confusion can arise) and for
them notations like

(2-5) . / , /„ ,„ /„.,(•) or /„,,(*)

will be used where <p ® t £ P+ and x E R";

ii) £p+ will be considered as an algebra with partial differentiations with respect
to the pointwise addition, multiplication by a complex number, multiplication and partial
differentiation in £.

11

(2.6) Definition (Moderate Sequences): Let / £ £p+ (2.4). Then / will be called
moderate if for every compact subset K of R" and for every partial derivative d there
exist natural numbers p € N and q € N such that for every <p € Aq (1.2) the following
inequality

is valid for all e € (0,eo) and some so € R+ (we could put equivalents p = q). The set of

all moderate sequences will be denoted by £M
+.

(2.8) Example : The constant-sequence / of the type:

(2.9) fv<t(x) — F(x), x G R", <p ® E 6 D-+

where F G £ is arbitrarily chosen (and fixed) smooth function is obviously, moderate, i.e.

In the next section we shall give several other examples of moderate sequences.

(2.10) Example: The sequence

is in £D+ but not in f^/, i.e. / is non-moderate.

(2.11) Proposition: £%f is an algebra with partial differentiation (a subalgebra of £"+)
with respect to the corresponding operations in £p+ ((ii)-part of (2.3)), i.e. with respect
to the pointwise operations.

Proof: A direct consequence of definition (2.6)

3. COLOMBEAU'S REGULARIZATION

Our next step will be to include the Schwartz distributions in the algebra of
moderate sequences £^+. For any distribution T we shall define a unique sequence of
£ -functions / € £%f. The procedure is similar to the regularizcUion procedure in the
distribution theory.

(3.1) Definition (Colombeau's regularization): Let T e D' be a distribution and let us

set

(3.2)

12



Then the sequence of £-functions so defined t 6 £D+ (3,2) will be called the Colombeau
regvlarization of T.

(3.3) Remark: Notice that tp and t are not fixed in the above definition, which in
particular implies that for any T we have a unique ( 6 £D+.

(3.4) Remark (Regular distributions): In the particular case when T is a regular distri-
bution, i.e. it is of the type

(3.5) <T,r> = j F(Z)T(t)dt,

for some locally integrable function F £ £ioo, the Colombeau regularization / of T is given
by

(3.6)

Further, we shall often identify T and F (what is usual for the distribution theory) and /
will also be considered as a Colombeau regularization of F.

(3.7) Example (Dirac's Delta-Function): The Colombeau regularizations of S(x — xa) and
6(x) (Dirac's delta-distribution with pole at x0 E R" and x0 = 0 respectively) are given
by the sequences of functions:

(3.8)

and

(3.9)

respectively.

(3.10) Example (Heaviside's Distribution): The Colombeau regularization of the Heavi-
aide distribution.

(3-11) <H,r) = I r ( f l d £ , r e D ,

is given by the sequence

(3.12)

13

where

andx =

; = {x € Ttn\Xi > 0, 1 = 1,2,...,*}

xn)

(3.13) Lemma: The Colombeau regularization t (3.1) of any distribution T is moderate,
i.e. t £ £fr for any T £ V.

Proof: The following proof is quite similar to the Colombeau proof of [2, Propo-
sition (4.2)]. Let T, dx and K be chosen arbitrarily. According to the Schwartz Theory
of Distributions there exist a continuous function F € C° and a. partial derivative d such
that T = dF on K (in distributional sense). So, the formula (3.2) gives:

for all x 6 K, all tp € D and all sufficiently small e e R+ where k and £ are the orders of
d and d respectively. So, we have

for all tp e D and all sufficiently small e £ i2+. This coincides with (2.7) for p = Jfc + t + 1
and q = 1. The proof is finished.

(3.14) Remark (More examples in £%,+ )•• The last result together with the fact that <f£+

is an algebra (2,11) supply us with more examples of moderate sequences from (TM
+:

i) We can put in formula (3.2) different distributions T and the sequences obtained
will be in £M

+. In particular, we can put in the formula (3.6) different locally integrable
functions F and the corresponding sequences will certainly be in £flS\

it) We can multiply the Colombeau regularizations of different distributions and
the products will also be in £M

+- Of course, the product of the Colombeau regularizations
of two distributions is not, in general, a Colombeau regularization of any distribution. The
following examples of moderate sequences are obtained in this way:

(3.15) Example : The squares of the Colombeau regularizations (3.7) of S(x — XQ) and

(3-16) KAx - xo) = -^f

14



and

(3.17) ' * 2 ( X \ n

belong to <fw
+. These sequences however, are not Colombeau's regularizations of any

distribution.

(3.18) Example: The square of h (3.12)

(3.19)

(3.20) Example : Let F,G £ £,OI! be two locally integrable functions and let f,g e
be their Colombeau regularizations (3.4) respectively. Then the product

(3.22) Remark : Let us suppose that the product F • G is also locally integrable, i.e.
F • G £ £[„., Then its Colombeau regularization is given by

(3.23) KAX) =

x e R", <p® e e D+,

according to (3.4). Of course, we have

(3-24) f-g^M,

The interpretation of this simple fact is that the multiplication in £D+ (or in £^) does
not generalize the classical multiplication between the classical functions. We shall repair
this disadvantage in the next sections where we shall show that f • g — h belongs to some
ideal of £w

+ at least in the case when F and G are in £.

What follows to the end of the present section are different asymptotic properties
of the Colombeau regularization.

15

(3.25) L e m m a (Asymptotic Expansion): Let T £ V be some distribution and t € £M
+

be its Colombeau regularization (3.1). Then for any test-function r 6 P the asymptotic

expansion is valid:

(3.26)

for all q G N and all ip 6 Aq (1.1) where the summation in the second sum is spread over
all possible indexes j m , m = 1,2,.. .k, such that 1 < j m < n and £ = (£i , . . . ,£„) £ R™,
V — {lif-i In) £ H" (f and TJ are ranging, in fact, in compact sets: supp T and supp p
respectively) and the derivatives of T is in a distributional sense.

(3.27) Remark: Comparing with the notations introduced in (N. 10) we see that k = \a\.

Proof:

J

R»

- en) -

for all g € N and all <p e Av. This finishes the proof.

16



t

(3.28) Corollary (Short Notations): The formula (3.26) could be written in the form:

(3.29) f tv,.(x)r(x)dz = (T,r) + O(e«+l,e -» 0)

for all q £ N, all p £ Aq and all r £ P.

(3.30) Corollary (Classical Regularization): By the condition oflemma (3.25) we have

(3.31) I'm / tv,,{x)r{x)dx = (T, T),

for any (fixed) <p £ A\.

We see that for a fixed p £ i , the family of smooth functions {tv>t(-),e G R.+},

turns out to be a regularization of the distribution T in the usual sense accepted in the

Schwartz Theory of Distributions (the formula (3.2), of course, is very well-known in

Distribution Theory). Notice once again that the test-function <p is not fixed in the notion

of Colombian' 3 rtgularizaiion introduced above!

(3.32) Lemma: Let F £ £ be a smooth function and let / G <f£+ be its Colombeau

regularization. Then for any compact set K of R" the asymptotic expansion:

(3.33) \^<p(n)dr,

holds uniformly on K for all q £ N and all p £ < , where the summation is as in Lemma

(3.25) and x and T; range over K and supp <p respectively.

3roof: Using the Taylor formula we obtain

f^.(x) = / F(x J

+ > TT

uniformly on K which coincides with (3.33) for <p S Aq. This finishes the proof.

(3.34) Corollary (Notations): The asymptotic expansion (3.33) implies the following

asymptotic formula:

for any compact K c R", any ( £ N and any p € A,, where K inside 0(e'!+1,£ -» 0 ,^)

means uniformly on K.

17

(3.36) Corollary: By the condition of Lemma (3.32) and using the notations (3.34) we
have

(3.37) dfv,.() = 9F() + 0(E'+l, e - 0, K)

for any compact K C R", any q 6 N, any p e Aq and any partial x-derivative d.

Proof: Replace F by dF in Corollary (3.34).

(3.38) Corollary; By the condition of lemma (3.32) we have

(3.39) J fv,.(x)dz = J F(x)dx + 0(E*+\ £ - 0)
K K

for any compact K C R", any q £ N and any >̂ € ^ g .

Proof (Trivial):

4. THE IDEAL £<f+

We continue fulfilling our plan announced in the Introduction.

(4.1) Definition (The Ideal £\f+): By £0
P+ we shall denote the set of all sequences /

from £ p + (2.3) having the property: for every compact subset K of R™, for every partial

derivative d and for every natural number p £ N there exists j e N , (which depends in

general on the choice of K, d and p) such that for every <p £ A^ the following inequality

(4-2) \dfv,.(z)\<

is valid for all £ £ (O.ero) and some £o € R+.

, x£K,

(4.3) Remark: Using the notations (3.34) the above definition could be written as

follows: / £ <f0
P+ if VK, Vd.Vp £ N, 3 9 € N,V^ e J!,,

(4.4) a/v,,(-)=0(E'>,e->0,K).

Obviously we have,

(4.5) tf+ C £^

and obviously, the zero-sequence is in f0
P+. The next lemma will supply us with more

(non-trivial) examples of sequences in £0
 + .

(4.6) Lemma: For any F £ £ = C°°(R") the sequence:

- J
18



belongs to £0
 + .

Proof: A direct consequence of corollary (3.36).

(4.8) Proposition: (i) fo
p+ is an ideal of £&+ (2.6); (ii) / £ £<?+ implies df € £0

P+ for

any partial x-derivatives d.

Proof: A direct consequence of the definition of £0
 + .

(4.9) Corollary: If / £ (Ttf
+, then f.F £ <?0

P+ for any F £ £ in particular, for any F £ P
where F is considered here as a sequence of the type (2.9).

Proof: Since £0
 + is an ideal of £M

+ we have f.g (z £0
+ for any g £ ifw

+ and on

the other hand, we have F € £M
I (2.6). So we can put g = F. This finishes the proof.

The next result is of importance for what follows.

(4.10) Lemma: Let T € P' be some distribution and let t £ £%f be its Colombeau

regularization (3.1). Then t £ £Q
D+ if and only if T = 0.

Proof: X = 0 implies obviously t = 0 so we have to show the sufficiency of the

condition only. Suppose that t E £0
 + and let r £ D be chosen arbitrarily. Then apply the

definition of £0
 + by d = l,p = 1 and K = supp T, i.e.

IV'C1)! <£> xe S UPP T

for some q £ N, some *3 £ /!„, some E0 £ R + and all e £ (0, e0). Then we obtain

tVil(x)r(x)dx\ < CE

for all E £ (0, €o) where the constant c is determined by

c = J \r(x)\dx.

So we have

lim / iVl,(x)T(x)dx = Q

which implies immediately (T,T) = 0 according to corollary (3.30). Or, we have T — 0

which finishes the proof.

5. COLOMBEAU'S GENERALIZED FUNCTIONS

The construction which is followed here, as we have already mentioned in the

Introduction, is different from the one used by J.F. Colombeau in his original works [2],[3].

In spite of that we shall use the terra Colombeau's generalized junctions in advance, since as
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we shall show at the end of the present section, the class of generalized function Q defined

below contains (isomorphically) all generalized functions defined in Colombeau works \2\

and [3].

(5.1) Definition (Colombeau's Generalized Functions)

i) The elements (equivalence classes) of the factor-space (in fact, the factor-

algebra (5.3))

will be called Colombeau's generalized functions and for them the usual distributional-like

notations will be used, i.e. F(-),G{-),T(-), ...,S{), H(), etc;

ii) Let F,G € Q, e € C at 5 be some partial derivative. Then the sum F + G, the

product cF, product F.G and the derivative 8F, will be defined (as in any factor-space)

by: f + g £ F + G, cf e cF, fg £ F.G and df £ dF respectively where / £ F and g £ G

are chosen arbitrarily.

(5.3) Proposition: $ is a commutative and associative algebra with partial derivatives.

Proof: A standard consequence from the fact that £^+ has the above properties

and proposition (4.8).

(5.4) Remark: Notice that the product cF turns out to be a particular case of the
product F.G when F = c. On the other hand, "F = c in £" means nothing but / £ F for

(5.5) fv,t{x) = c, x £ R", p®e€t>+,

where c is the complex number under consideration.

(5.6) Remark: (Connection with the Original Colombeau Generalized Funtions): In
fact, Colombeau offered two (and even more) different constructions of his generalized
functions: let us, for convenience, denote the class defined in Colombeau [2] by §i, the
class in Colombeau [3] by $n at the class of generalized functions just denned (5.1) by

9m.

In fact we have:

(5.7) 9i c Qu c §

although Colombeau himself has always used the same notation $ for Qi and QJI. What

about $ni, let us define the following mapping:

(5.8) F -> F* € Sin
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where F* is determined by / £ F* and

(5.9) U..{x) = H<PM,X), i G R " , <p®e£D+

where R e F (see Colombeau [3]) is chosen arbitrarily and

(5.10) ,pt(z) = 1-p (L\ f € R " , ^ ® < r € P + .

A simple comparison of the corresponding definitions shows that the mapping (5.8) is
correctly defined (does not depend on the choice of R £ F), is injective and preserves alt
operations introduced in 9II and 9m, i.e.

(5.11) 9IT c

It can be shown as well that the above extension is proper but we are not going to deal
with that question.

For the sake of simplicity from now on we shall use the same notation 9 for
5/i Su a n d 9m and the generalized functions from these classes we shall call Colombeau's
generalized functions as we did, in fact, from the very beginning.

Notice also that apart from the classes mentioned above there are many other
(not equivalent in general) classes of generalized functions of Colombeau's type. Several of
them are described in Colombeau's books [2] and [3] and we shall also make some remarks
concerning this question in Sec. 15.

6. THE SMOOTH FUNCTIONS AS GENERALIZED FUNCTIONS

Under a smooth function we understand here a function from the class £ (N.4),
i.e. C°°-function defined on R". Now we shall show that the theory of Colombeau's
generalized functions offers a generalization of the notion of classical smooth function in a
stronger sense than the Distribution Theory does.

(6.1) Theorem: The mapping

(6.2) £ 9 F - * F e Q

where *F is determined by / £ *F where / is the constant-sequence defined in example
(2.9), is an injection from £ into Q which preserves the operation of addition, multiplication
and partial differentiations (i.e. all operations introduced in Q till now).

(6.3) Remark: Notice that (6.2) can be defined equivalently by / 6 *F where / is
the Colombeau regutarization of F (3.6) if F is considered as distribution (3.5). The
equivalence of both definitions follows directly from lemma (4.6) (i.e. the sequence f (2.9)
and f (3.6) are equivalent).
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Proof: "F = 0 in 9 means / 6 £0
 + so if we apply the definition of £a

 + to
the constant-sequence (2.9), we should obtain immediately F = 0. We prove that (6.2)
is injective. What about the preservation of the operations mentioned above it follows
directly from the type of the constant-sequence f (2.9). This finishes the proof.

(6.4) Remark: We shall identify F and *F in the future, i.e. we shall write F = *F. In
other words, we shall consider £ as a »ubalgtbra (or tubring) tvith partial differentiations
of $ and we write this as

(6.5) £<-$.

(6.6) Remark: Recall that in the Schwartz theory of distributions, we have

£ CD'

with respect to the good operations in P' only, i.e. the addition, multiplication by a complex
number and partial differentiations. The multiplication is excluded! So that in this sense
the Colombeau generalized functions offer us a generalization of the classical notion of a
function in a stronger sense than the distributions do!

7. SCHWARTZ DISTRIBUTIONS AS GENERALIZED FUNC-
TIONS. A SOLUTION OF THE PROBLEM OF MULTIPLICATION OF DIS-
TRIBUTIONS.

Here we shall see that the class Q contains not only the smooth functions £ but
also the Schwartz distributions, i.e. ((-function is, in a sense, a generalization of the notion
of distribution.

(7.1) Theorem (P' C 9)- The mapping:

(7.2) P' => T -> FT e 9,

is an injection which preserves alt good operations in P' (N. 11), where FT is determined
by t € FT and t is the Colombeau regula.riza.tion of T (3.1).

Proof: The injective property follows directly from lemma (4.10). The preserva-
tion of the addition and multiplication by a complex number is obvious. The preservation
of the partial differentiations also follows easily from the formula (3.2). Indeed, it is easy
to verify that

dtv

for any partial x-derivative d (N. 10) where dtVt,[x) is in classical and dT is in distribu-
tional sense. But this means nothing but T goes to dF-t by the mapping (7.2) where, of
course, dFT is performed in Q ((5.1), (ii)). The proof is finished.
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(7.3) Interpretation: We shall consider the space of Schwartz distributions D' as a subset
of Q and write this like

(7.4) D' c g,

always keeping in mind that the above inclusion concerns the good optrations in V only.

(7.5) Notations: On the ground of the above theorem and its interpretation (7.3) we
shall very often not make a difference in notations between a given distribution T and its
image FT in §, i.e. we shall sometimes write just T = FT. For example, we shall often
write and speak about the delta function 6 or the Heaviside function H as though they
are elements of Q.

(7.6) Remark (Canonical Inclusion): It is worth paying attention to the fact that the
inclusion of D' into Q (7.2) is, in a sense, canonical! Indeed, any distribution T determines
a unique sequence t ( t is considered as an element of te+) and then t determines a unique
generalized function FT from §. But on the other hand, according to Corollary (3.30), for
any (fixed) ip € A\ the family of smooth functions:

(x,e) = tVt,[x), eeR +,

is a regularization of T in the distributional (classical) sense. In other words, the set

contains in fact alt classical regularizations of T (of a given type (3.2)). So we see that
all classical regularizations of T play the same role in the inclusion (7.2) without any
particular preference of one classical regularization of T to another.

(7.7) Remark: (Solution of the Problem of Multiplication): The problem of multiplica-
tion of Schwartz distributions finds quite a satisfactory solution in the Colombeau class of
generalized functions in the sense that every two distributions J"i and T? can be correctly
multiplied within ff, i.e. 2VTa e Q. And what is more important, this product pos-
sesses very good properties (as the product of any commutative and associative algebra).
Of course, the product T\.T2 lies, in general, outside the V; you could not expect, for
example, the square of the Dirac delta-function to be a distribution.

8, COLOMBEAU'S GENERALIZED NUMBERS

In order to continue our study of <J we need some enlargements of the usual
systems of real R and complex C numbers. To become aware of that let us try to define
the operation of integration in Qt i.e, to invent some natural definition of

F{x)dx
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where F € £ (and dx is, to say, the Lebesque measure in R"), What we can do is to take
some representative / of F, to integrate it:

•<**>,• = / fv,,(x)dx, p ® e e D+,

and then to show the independence of this definition on the choice of / £ F, taking limit
by e -» 0 or something like ip € Av, q —• oo and so on. Unfortunately, the above limits
turn out not to exist in general. For example if you put F = S2 where S is the Dirac delta
function, then we have to work with the integral (see (3.17)):

-i-^2 (-^) dx,

which is obviously convergent for any (fixed) <f> € D and s e R + but the limits mentioned
above do not have any sense. So that we have to use the sequential method again and
to define some more general systems of numbers; any of which will be (by definition) an
equivalence class of sequences of the type {A^,,,}.

In fact, we are going to define two systems of generalized numbers: the Colombeau
real generalized numbers R (or, for short, just real generalised numbers) and the Colombeau
complex generalized numbers C (or for short, complex generalized numbers). Both of the
systems R and C are commutative rings (but not fields; see the end of the present section)
with the usual representation

(8.1) C = R®»R

which, in particular, implies

(8.2) R C C.

Finally, the reason why we consider the elements of R or C as gtntraXiztd numbers lies in
the fact, that R and C turn out to be enlargements of R and C respectively, i.e.

(8.3) R C R, C c C,

and both inclusions are in the sense of rings (i.e. R or C are subrings of R and C
respectively).

We shall present the construction of C only; the definition of R is absolutely

similar.

Let P+ be the index-set defined in (2.2) and Cp+ be the corresponding ultrapower
(N. 12), i.e.

(8.4) = {A\A :
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According to the terminology (N. 13) we shall call the elements A of Cp + sequences of

complex numbers or just sequences. We shall denote their values mainly in the way

(8.5) AVtt, <p®e€P+

where, AVt, £ C for any (fixed) <p ® e.

(8.6) Definition (Moderate Sequences); A given sequence A 6 Cp+ will be called moderate

if there exist natural numbers p e N and q € N such that for every <p € Aq (2.1) the

following inequality

(8.7) \AVi.

is valid for all e £ (0, E0) and some Co £ R + (we could put equivalently p = q). The set of

all moderate sequences from Cp+ will be denoted by CjJ\

It is evident that CJJ+ is a subring of C p + .

(8.8) Example: The sequence:

Vt, = - >p{x)dx, <p ® e

is obviously moderate.

(8.9) Example: The sequence

,,, = e1/# / <p(z)dx, <p ® £ £ P+

is non-moderate.

(8.10) Definition (The Ideal Co + ): By c j + will be denoted the set of all A from Cp+

having the property: for every p £ N there exists 9 £ N such that for every <p £ Aq (2.1)

the following inequality:

(8.11) \Ae,.\<e"

is valid for all e G (0,eo) and some EQ £ R + .

(8.12) Proposition: c£ + is an ideal of C^.

Proof: Eiementary (compare definition (8.6) and (8.10)).

(8.13) Example: Let F E £ and F(0) = 0. Then the sequence defined by

= [
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belongs to CP + . To verify this it is sufficient to develop F at the point 0 by the Taylor

formula and keeping in mind that x ranges in a compact set, to use the definition of the

sets Aq (1.1). So we shall obtain the asymptotic expansion:

whenever <p E Aq. So that A really satisfies the condition of the above definition.

(8.14) Lemma: Let T E V be a distribution and ( e i " + be its Colombeau regularization

(3.1) and T £ D be some test-function. Let us define A £ C p + by the formula:

(8.15) v,i = I t'cA

Then A belongs to the ideal C 0 + .

Proof: A direct corollary of (3.28).

The next temma is closely connected with the operation of integration we are

going to define in Section 11.

(8.16) Lemma: Let / 6 £D+, let K be some compact subset of R." and let us set

(8.17) AVit = j fVl.{z)dz.
K

Then:

i) / € £ £ + implies A £ C ^ ;

ii) / £ £o+ implies A € c £ +

Proof: An elementary implication of the corresponding definitions.

(8.18) Definition: (Complex Generalized Numbers): The elements of the factor-space

(8.19) C = c £ / C £ +

will be called complex generalized numbers.

(8.20) Proposition: C is a commutation ring.

Proof: Elementary consequence of (8.12).

(8.21) Proposition: C is included isomorphically in C as a subring by means of the

injection:

(8.22) C3a-*seC
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where a is determined by the representative A& a where A is the constant-valued sequence.

(8.23) APl , = a, D

The system of real generalized numbers R is constructed similarly: starting from
the ring of all sequences of real numbers Rp + we separate the subring of the moderate
sequences R ^ by the help of the same definition (8.6), then we have to define the ideal
R Q + (8.10) and finally, to obtain the R us the factor-space

(8.24)

The inclusion of R in R is defined by the constant-valued sequtncts (analogously to (8.22))
and so on.

On the grounds of the above result we can look upon the elements of R and C
as generalized numbers.

(8.25) Remark: R and C are not fields. Consider the generalized number a € C defined
by A e a where

/ 2 x , <p ® £:~ /

Then a is neither zero, nor an mvertible element. Indeed, o ̂  0 since for any ? e N there
exists <fi 6 Aq for which the above integral is not zero and consequently, A & C o

+ . On the
other hand, a"1 does not exist because for any j 6 N there exists <p € Av for which the
above integral is equal to zero.

(8.26) Definition (Associated Number): We shall say that a given generalized number
a t C admits an associated complex number a t C if there is a representative A G a such
that

(8.27) lim AVt, = 5

for all <p € Aq and some (sufficiently large) q 6 N.

(8.28) Remark (Correctness): Keeping in mind the definition of c £ + (8.10), it becomes
clear that the above limit, if exists, does not depend on the choice of A € a, and a is
uniquely determined.

(8.29) Remark: It is clear that o = a for all complex number a € C C C.

(8.30) Example: Let a £ C be defined by A £ a where

I <p(z)dz, <p ® s €
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for some e € C. It is clear that d = c but a^ e,

(8.31) Example: The generalized number o G C denned by A £ a and

v,, = - I

does not admit an associative complex number.

(8.32) Remark (Non-Standard Analysis): There exists many similarities between the
Colombeau generalized numbers It and C and the non-standard extensions R and C
in the Robinson Non-Standard Analysis. In particular, the notion of associated complex
number (8.26) is, in a sense, the counterpart of the notion of standard part in the Non-
Standard Analysis. We shall clarify this very surprising connection in some future work.

9. POINTVALUES OF THE GENERALIZED FUNCTIONS

Recall that the distributions in the Schwartz theory do not possess, in general,
point values; they are not, in general, mapping from R" into C. We can, of course, define
values of some distributions at some (but not all) Bpecial points of R n . For example, in a
sense, 6(x) = 0 for all z £ R", x ^ 0, but <5(0) has no sense in the Distribution Theory.

Here, in the Colombeau class of generalized functions we have more possibilities
since we have larger systems of real and complex numbers. For any generalized function
F € ff we are able to define a value F(x) 6 C for any real point x € R", in particular 6(0)
is a well-defined generalized number from R.

(9.1) Definition (Pointvalues): Let F £ Q and * G R n . Then the values y = F(z) will
be defined as a generalized number j [ 6 C determined by Y 6 y where

(9-2) YVt, = /„,.(*),

and / £ F is chosen arbitrarily.

(9.3) Lemma (Correctness): Let / e £p+ and let Y € C + be denned by (9.2) for some

x g R". Then:

i) / € Eft (2-6) implies Y 6 c£+ (8.6)

ii) / € €g+ (4.1) implies Y £ c£ + (8.10)

Proof: Compare the corresponding definitions.

(9.4) Theorem: If F € £ C Q (6.5), then for any i £ R " the classical value F(x) coincides
with the value F(x) in the sense of Definition (9.1)

Proof: A direct consequence of Corollary (3.34),
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(9.5) Remark: The above result shows that for the smooth functions the notion of values

just defined turns out to be a generalization of the classical notion of values.

(9.6) Remark: Let C be the set of all functions defined on R" with values in C. Then
the mapping

(9.7) C R "

where Fo : R n -» C is defined by Fv{x) = F(x), x e R", turns out to be non-injective.
The following example is given by Colombeau. According to (13.4), the generalized func-
tion F = x.6(x) £ Q is different from zero. On the other hand it is not difficult to show

that F{x) = 0 for all x £ R" so that in this case Fv = 0 in C
for

C R \ Indeed, we have Y G F(x)

(9-s) Y*.' = *--p:

i.e. Y £ c £ + (8.10) for all x € R".

(9.9) Interpretation: We managed to define correctly a value in C of any generalized
function from Q and at any point of R™. So that the generalized functions possess values in
the Colombeau theory. But the example given above shows that the generalized functions
from Q cannot be treated as mappings from R" into C, i.e. they are not mappings even
in the systems of Colombeau's generalized numbers.

(9.10) Example (<5(0) = ?): For the values of the Dirac delta-function we obtain the
result:

(9.U) «•>-{* Hi R "

where t € R is a generalized number defined by L € t and

(9.12)
1

10. COLOMBEAU'S GENERALIZED FUNCTIONS ON OPEN
SETS

We are going to generalize the Colombeau theory and define the class §{0) (in
fact, infinitely many classes of this type) of generalized functions on some open set 0 of
R n . These classes are not only interesting for themselves but they are necessary for the
definition of the operation of integration which will be presented in the next section.

Let 0 C R" be an open subset ofH." and let €{0) s C*>(0), D{0), P'[0), ...

be the corresponding classes of functions and distributions defined on 0 (N.4)-(N.9) (see
the beginning of the paper).
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Let us define

(10.1) D+(0)

which will also be called index set. In the case 0 = R™ it reduces to the index-set P+
defined in (2.2).

According to our general scheme (N.12), we shall define the following ultrapowers:

(10.2) Rp + ( 0> = {A\A : P+{0) - • R}

(10.3) = {A\A : C}

(10.4)

We shall call their elements sequences of real numbers, complex numbers and
£(0)-functions respectively, according to the terminology introduced in (N.13). We shall
very often also use the notations

Av,, and fVl.[x), xG.0n, ^®eeP+(0)

respectively for these sequences.

Then replacing everywhere in the previous sections R.", P+ and £°+ by 0, D+[0)
and £(0)"+'°), (where, of course, in the corresponding definitions K must be arbitrarily
chosen compact set of 0) , we shall define, firstly, the algebras of the moderate sequences:

(10.5)

then the corresponding ideals

(10.6)

and finally the factor-spaces:

(10.7)

(10.8)

and

and

(10.9)

respectively.
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In particular, §{0) is the class of Colombeau's generalized functions defined on 0 .
Of course, in the particular case 0 — R" we shall come back to the old class $ = <5(R").

The properties of 5(0) are similar to the properties of Q. In particular, we have

the inclusions:

£{0)c9{0)(10.10)

and

(io.il)

instead of (6.5) and (7.4) respectively.

(10.12) Definition (Restriction): Let 0 and 0' be two open subsets of R" such that

0' C 0. For any F E $(0) we shall define the restriction:

(10.13) F'= F\0'€ 5(0')

of F on 0' by / ' G F' where

(10.14) / ' = / | 0 '

is the restriction of / on 0' for some (arbitrarily chosen) f €. F.

Notice that (10.14) means nothing but

(10.15)

and

(10.17) Definition Let 0 be an open set of R" and 0' C 0 be open in 0. Let F £ 5(0).

Then we shall say that F is zero on 0' if the restriction F' = F\0' is zero in 5(0').

(10.18) Remark: Notice that if F € 5(0) for some open 0 C R", then F = 0 in Q(0)

means nothing but F = fofO)'*'*' (10-6) (we consider .F as an equivalence class).

It can be shown that: If F is zero on some open neighbourhood of every point of

0, then F is zero on 0 as well. So we are able to introduce the notion of support of F:

(10.19) Definition (Support): If F € Q(0) then the support suppF of F will be denned

as the complement in 0 of the largest open subset of 0 where F is zero.

(10.20) Proposition: Let F e £(0) C g(0) (10.10) be a smooth function (considered as

a generalized function from $(0)). Then the support of F in sense of Definition (10.19)

coincides with support of F in the classical analysis.
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Proof: According to (6.1), F considered as an equivalence class is given by:

where F(') inside is considered classically (in fact, we use the generalization of (6.1) for

the class 9(0)). If 0' is some open subset of 0, then the restriction of A on 0' belongs

to £a(0')1>+i0">. What Temains is to apply the definition of the ideal (f0(0')P + ( 0 ' )- T h i s

finishes the proof.

(10.21) Proposition: Let T E t>'(0) C 5(0) (10.11) be some distribution considered as

generalized functions from S(®)- Then the support of T in the sense of definition (10.19)

coincides with the support of T in a distributional sense.

We shall omit the proof.
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11. INTEGRAL IN £

For the sake of simplicity we shall continue the study of the class Q = ^(R n ) ; the
generalization to the classes ${0) for arbitrary open set 0 of R" can be done without any
complications. Nevertheless we shall certainly use the classes $(0) as auxiliary notions.

We are going to define two types of integrals:

i) the integral of a given generalized function F & $ on some compact subset
/ f e l l™ and

ii) The integral of some generalized functions F 6 Q with compact support (as
the deita-distribution, for example) on the whole E", The second definition is, in a sense,
a generalization of the first one. Everywhere the classical integrals are Lebesque's (or
Riemann's) integrals.

(II.1) Definition (Integral on a Compact Set): Let F € Q and K be some compact subset
of R". Then the integral of F on K:

(11.2) a= I F{x)dx

will be defined as the generalized number a 6 C (8.18) determined by A £ a where A is
denned by

(11.3) = j fv,.(x]dx,

for some (arbitrarily chosen) / € F.

(11.4) Remark (Correctness): The independence (correctness) of the definition on the
choice of / £ F is guaranteed from (ii)-part of lemma (8.16).

(11.5) Proposition: For any generalized function F 6 9 and for any complex K C R"
the integral (11.2) is convergent.

Proof: The classical integral (11.3) is obviously well-defined for any p and e since
/<>,«(•) is C°°-function for any fixed p ® e £ P+ . The (i)-part of lemma (8.16) ensures
that A is moderate (8.6) and consequently A & a will uniquely determine the generalized
number o f C . The proof is finished.

The meaning of the next result is that the integral just defined turns out to be a
generalization of the usual classical integral of the smooth functions on the compact sets
of R".

(11.6) Theorem: Let F £ £ C § be any smooth (C""-function) treated as Colombian's
gentraliitd function (6.5) and let K be any compact subset K of R". Then the integral of
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- 4: Mi.

F on K in the sense of § coincides with the classical (Lebesque's or Riemann's) integral

(11.7) JF{x)dz,

Proof: According to proposition (11.5) the integral (11.7) is convergent in $.
Then, according to theorem (6.1), the classical function F ( ) 6 £ is a representative of
the generalized function F € Q, i.e. F(•) £ F (we hope that the reader will excuse us for
the clumsy notations) so we can put fv,t[x) = F(x) in (11.3) (the integral (11.2) does not
depend on the choice of the representative). This finishes the proof.

(11.8) Definition (Integral on R"): Let F 6 § be a generalized function with compact
support (10.19). Then the integral

(11.9) a= F{x)dx

will be defined as the generalized number a e C determined by A 6 a where A is defined
by

(11.10) v,. = J !Vlt(x)dx,
K

for some (arbitrarily chosen) f € F and some (arbitrarily chosen) compact set K C R™
having the property: suppF C K" where supp F is the support of F (10.19) and K° is
the interior of K.

To justify the above definition we shall prove the following lemma:

(11.11) Lemma: Let F and if be as in definition (11.8) and let Ki be some compact set
of R" such that K C if t . Then

(11.12)

belongs to c£ + (8.10), i.e. A e CQ + for all f € F.

Proof: Jf! - K° is a compact set of R" and the restriction of F on the interior
of if! - if° is zero, (10.17). That means f\0 € £o(0)o+l°> for 0 = R" - K which,
according to lemma (8.16), implies A e CQ + (in fact, we have not used lemma (8.16) but
its counterpart in the class Q(0) (10.9)). This finishes the proof.

(11.13) Corollary: Let F € $ be a generalized function with compact support. Then

(11.14) j F(x)dx = I F(x)dx
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for any compact K C R" such that suppf c K" where K" is the interior of K.

(11.15) Remark: (11.14) can be considered as a definition of the integral (11.9)

(11.16) Example: Let S be the Dirac delta-distribution considered as generalized function,
i.e. 6 g V C g. Then

(11.17) I 6{x)dx = l,

R*

More general, if K is a compact subset of R",

(11.18)

where K" is the interior of K and

(11.19)

l, 0£K°,

/ 6{x)dx = a if Q£K~ K"

where the generalized number a 6 5 (8.24) is determined by A € a and

(11.20) A^. = j l-tp^-^jdx- J<p(t)dx, <p®£GP+

K K,

(11.21) h

£"

For the derivatives dk5 we have

(11.22) f dS(x)dx=l1
n' * " °

JR- 1,0, * T 0
where k is the order of d.

Calculations: Put A G S (3.9) in (11.3) instead of / and use the formula (11.14).
The calculations are, in fact, elementary.
(11.23) Theorem: Let T g D' C $ be a Schwartz distribution, let T E D C $ be some
test-function and let T.T be their product in §. Then

(11.24)

If T has a compact support, then the same result holds also for any r € £.
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Proof: Let t & T be the Colombeau regularization of T (3-1)- Since the function
r considered classically is a representative i considered as an element of 51 according to
(6.1), then tr 6 T.T (the product tr is performed in Cp+). Let K be some compact set of
R n such that suppr C K° where K° is the interior of K. Since supp (T.T) C supp r we
have also supp T.T C K". Then, corresponding to (3.28),

K

which is equivalent to (11.24). The proof in the case when T has a compact support and
T 6 £ is analogous. This finishes the proof.

(11.25) Example: If 6 is the Dirac delta-function we have

(11.26) J S(x)r(x)dx = r ( 0 ) , T € D

and, more general

(11.27) f dkS{x)rdx= (-l)*dfcr(0), T € P.

(11.28) Remark (Heuristic Notations): The above equalities and more generally, the
formula (11.24), coincide exactly with the heuristic notations used by the physicists (who
have always been braver than the mathematicians).

(11.29) Remark: The integrals (11.22) can be derived as particular cases from (11.26)
and (11.27) respectively, after setting r = 1.

(11.30) Remark (An Open Question): In the present section we introduced two types
of integrals of the generalized functions from Q: the integral on a compact set of R n and
the integral on the whole R n . The question arises: Are we able to generalize our theory
of integration in order to include more general (measurable) sets of R"? For the present
being this is an open question in Colombeau's theory.

12. CONTINUOUS FUNCTIONS IN Q

We showed in Section 6 that the class £ of C^-functions is included in Q as a
subalgtbra with partial differentiations, Then we showed that this inclusion concerns also
the integration (11.6) and the pointvalues (9.4), so that the class Q is a real extension of
£ with respect to all operations and notions introduced in Colombeau's theory. Then we
included the Schwartz distributions V in Q (7.1). This implies immediately the inclusion
of the continuous functions in $ as well, i.e. C C $ since C° is a subset of D'. But
we cannot expect that this inclusion will preserve the classical multiplication in C° since,
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according to the Second Schwartz Impossible Result (see the Introduction) it is impossi-
ble in principle to extend C° to some algebra with partial differentiations preserving the
multiplication in C°. We have a similar phenomenon for the values and integral of the
continuous (but not smooth) functions; the new values and new integral are not, strictly
speaking, generalizations of the corresponding classical values and integral in C°. So, the
inclusion C° C Q is more delicate and should be considered more carefully.

(12.1) Theorem: The class of continuous functions C° = CQ(R™) (considered as distri-
butions) is isomorphically embedded in $ as a linear subspace, i.e.

(12.2) C C g,

by means of the mapping (7.2).

Proof: A direct consequence from the embedment D' C Q (since C is a linear
subspace of D').

The following example comes to show that for the continuous functions F £ C
the classical value F(x) at a given point i £ R" does not always coincide with its value at
the same x in the sense of Q (9.1).

(12.3) Example (Colornbeau): To take the continuous function F(x) = ||r||, x e R".
Classically, we have, of course, F(0) — 0. Let us include F in Q, according to our scheme
(7.2). First, we have to consider F as a distribution, then to calculate its Colombeau
reguiarization:

(12.4) *,.{*) = J

and then to put x = 0:

(12.5) V;

The value F[0) in Q is determined as a generalized number F(0) G C (8.18) denned by
Y e F(0). But Y <£ C°+ (8.10), since for any q 6 N there exists <p e Aq for which the
above integral is non-zero. All this means nothing but F(0) yt 0 in £.

The following theorem shows that the classical and the new value of F are, in a
sense, almost equal.

(12.6) Theorem: For any continuous function F 6 C° and for any point x g R" the value
F[x) in <J admits an assocaitive complex number (8.26) which is just the classical value
F(x) in C, i.e.

(12.7) F(x) in $ = F(x) in C

37

for any i £ R" where " is the associative mapping (8.26).

P r o o f : W h a t we h a v e t o show is t h a t t h e r e ex i s t s g e N such t h a t for any p & A q \

(12.8)

for all i 6 R " where

lim dp,,(s) = 0

/

is that

But (12.8) holds even for all ip € Ai (keeping in mind that <p has a compact support).
This finishes the proof.

A similar result holds for the integral.

(12.9) Theorem: Let F € C° C Q and K be some compact subset of Rn , Then the
integral of F on K in Q (11-1) admits an associative complex number (8.26) and this
number is the classical integral of F on K (in C), i.e.

(12.10) f F[x)dx in g= f F(x)dx in C°
K K

where " is the associative mapping defined in (8.26).

Proof: Let / be the Colombeau reguiarization of F (3.1). What we have to show

\im J fVlt{x)dx = J F[x)dx
K K

for all ip 6 Aq and some q 6 N (where both the integrals above are in classical sense). But
this is obviously valid even for all ip £ Ai (you could use, for example, (3.30) choosing T
to be equal to 1 in a suitable subset of K). This finishes the proof.

(12.11) Example: Notice that, in general, we have:

(12.12) I F{x)dx in § / / F(x)dx in C,
K K

For example, if you take F(x) = ||z|| and K is chosen so that 0 6 J f ° (where K" is the
interior of K), then

I \\z\\dx in Q ,4 f \\x\\dx in C
K K

Indeed, the Colombeau reguiarization of | | i | | was already determined in (12.4). So we have

to consider the difference

v,, = f I - J . <P ® e e

38



which obviously doos not belong to the ideal CQ (8.10), i.e. A g Cg * .

Finally, let us consider the multiplication in C°. We have already explained why
that the mapping (7.2) (by the help of which we realized this inclusion) does not preserve
the classical multiplication in C. This could be predicted in advance as we have already
mentioned at the beginning of the section. But, nevertheless, the multiplication in £
induces some new kind of multiplication in C, which should be different from the classical
multiplication (according to the Schwartz general theorems mentioned above). In order to
discuss this question more easily we shall introduce the following notations:

(12.13) Notations: From now onwards the classical product between two continuous
functions F,G e C" will be denoted by FG (without any sign between them) and by F.G
(with a point between them) will be denoted their product in Q.

The following example was offered by Colombeau:

(12.H) Example (FG ^ F.G): Let F{x) = z and G{x) --= \\x\\ for any i € It". Then
the classical product FG is included in $ by its Colombeau regularization

J
i.e. h e FG € §. On the other hand, since i is a smooth function we could include it in
Q directly (6.1). Finally, g e G e § where

9V AX) = /

Let us consider the difference:

t\\x
R"

, se l l™,

Obviously wo have d $ fo"
+ (4.1), since for any <j £ N there exists ip e Av for which the

above integral is non-zero. This implies nothing else but

(12.15 x | | x | | ^ I - H i l l .

(12.16} Remark: Notice that the class of continuous functions Cn (considered as gener-
alized functions from $) is not closed with respect to the multiplication in $, i.e. C is
not algebra any more by the ^-multiplication. In particular,

ft *> 171 ~. II l[ s- r /-*Q
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But, we think that it is not worth worrying too much about this. Recall that even in the

Schwartz theory of distributions the class of continuous functions C is not closed with
respect to all good operations in V (N.ll). In particular, C is not closed with respect to
the partial differentiations, i.e. there exists F € C and d such that

(12.18)

where the differentiation d is in a distributional sense.

The next result shows that for continuous functions the difference FG - F • G is,
in a sense, small:

(12.19) Theorem: For any two continuous functions F,G € C" we have

F(x}G(x)T{x)dx in CI

(12.20)

= J F{z).G(x).r(x)dz in $
R-

= j (F(x)G(x)).r(x)dx in Q.

for all test-functions T 6 P where * means the association mapping defined in (8.26)
applied to the value of the corresponding integrals (see the notations (12.13)).

Proof: We shall omit the proof which is quite similar to the proof of Theorem

(12.9).

(12.21) Remark: As an addition to the above chain of equalities we could add as well:

F[x)G{x)T(x)dx in C°L
(12.22) = j F(r)G(x)r(x)dx

R"

which is a particular use of the already proved (12.9).

13. CONNECTION WITH THE SCHWARTZ PRODUCT

According to the First Schwartz Impossible Result (see the Introduction) it is
impossible in principle to include isomorphically the distribution space P' in some asso-
ciative algebra with partial differentiations and preserving as well, the Schwartz product
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in V. So, we cannot expect the product in Q to be an extension of the Schwartz product
in V.

(13.1) Notations: Let T € D' and F € £ = C°°(Rn). Then by TF we shall denote the
Schwartz product of T and F in D' and by T.F (with a point between them) its product
in $.

(13.2) Example (Colombeau): We shal! show that

(13.3) S(x) ' X ^ 0 in §,

Indeed, let A 6 6 be the sequence (3.9). According to theorem (6.1) we have A ( I ) I £
<S(i).x. On the other hand, it is not easy to see that the sequence

A^W^ip^) , i ell", ^®e€P+,

does not belong to <f(f* (4.1). Indeed, let if C E " be a compact set such that 0 £ K°t

{Ka is the interior of K) and let us put i , = er/2, £ E R + . We have

We see that for any j f N there exists tp £ Aq such that V (—§) / 0 which
implies nothing but I A £ £0

 + . In other words,

(13.4) < ( I ) . I ?! S ( I ) I = 0

(13.5) Remark: Without doing any more calculations we can state that

(13.6) [Mz).z|.-j-=*(*

in 5 (where the distributions: S[x), x and — = P(x~l) are treated as generalized func-
tions) in contrast to the Schwartz Theory of Distributions where we have

\± * 6{x) [z±] .

Proof of (13-6): Q is an associative algebra!

So that we look upon the new multiplication in § as a reparation of the Schwartz
product in D'\

The meaning of the next result is that the difference between TF and T.F is, in
a sense, small.
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(13.8) Theorem: Let F € £ = C"(R") and T £ V. Then we have:

(13.9) {TF,r) = (T,FT) = j [TFT)(x)dz

= J[{TF).r](x)dx= J [T.F.r\(x)dx

j= j F[x).F{x).r[x)dx
R"

for any test-function r e D where the sign * means the associative mapping defined in

(8.26) (and applied to the value of the corresponding integrals).

(13.10) Remark: The first equality of (13.9) is, in fact, the definition of the Schwartz
product. Moreover notice that all equalities above are in C (since a <E C for any a £ C
which admits an associated complex number (8.26)). Recall that everywhere we have used
the notations (13.1). Finally, the last integral in (13.9) is just a notation for the last but
one. So that what remains to be proved is, in fact, the second, third and fourth equalities
of (13.9) only.

Proof: The Becond equality follows directly from theorem (11.23) (since TFT is
a distribution with compact support. Notice that there is no " o n the integral of TFT
since this integral is a usual complex number). The equalities:

j \[TF).r\{x)dx =

and

follow directly from Corollary (3.30) (having also in mind (6.1) for the inclusion of T into
<5). This finishes the proof.

(13.11) Example: In spite of (13.4) we have

(13.12) S[x) - x - r{x)dx = 0

for all test-function T € />. That follows directly from theorem (13.8) by T = * and

F{x) = x.



14. SOME PRODUCTS OF DISTRIBUTIONS IN Q: 62(z), U2{x)i

6(x).H(z), ETC.

Recall (7.1) that all distributions T £ f are included in $ by its Colombeau
regularization i (3.2). In particular the smooth functions F € $ can be included into
Cj in two different (but equivalent (6.1)) ways: either by their Colombeau regularization
/ (3.6), or, directly, by the constant-sequence f = F (2.9). We presented already the
Colombeau regularizations of the Dirac delta-distributions S(x) and S(x - x0) and of the
Heaviside distribution H: in (3.8), (3.9) and (3.12) respectively. The reader could calculate
himself (herself) the Colombeau regularizations of several other distributions putting in
the formula (3.2) the distribution T which he (she) is interested in. We are going to pay
attention here first of all to some products of distributions which have no sense in the
Distribution Theory but have significance for some branches of mathematics and physics.
As we already explained in (7.7) every two distributions have a correct product in $; we
have to multiply pointwisely two of their representatives respectively (chosen arbitrarily; in
particular we can multiply their Colombeau regularizations) and the product determines a
unique equivalence class, which is by definition the product of the distributions in §. Let
us apply the above scheme to calculate the square of the Dirac delta function.

(14.1) Example [S2(x) = ?) The square of the Dirac delta-function in $ is defined by
A2 € S2 where A2 is the square of A € 6, in particular, A3 can be the sequence (3.17). So,
as you see, the square 62{x) is obtained easily and naturally. The derivatives of d can be
calculated according to the Leibnitz rule (aa in any algebra with partial differentiations).
In particular by n = 1, we have

(14.2) (6*} = 266'

where *' is the x-derivative of S in Q which, of course, coincides with the derivative of 6
in the distributional sense (the differentiation in $ is a generalization of the differentiation
in P' (7.1)). The integral of S'2 on R™ cannot of course be, a usual complex number but
nevertheless, the integral:

(14.3) 6*{x)dx = a £ R

is convergent and a is defined by A £ a where

Ft" R"

So, obviously, a does not admit an associative real number (8.26).

(14.5) Example (Heaviside Distribution): For the sake of convenience we shall make a
difference in notation between the Heaviside function

(14.6) 6{x) •
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where x = [xi,xi,...,xn) and the Heaviside Distribution H defined in (3.11). The
Colombeau regularization of H was already calculated in (3.12). Obviously, we have

(14.7) ' = 0

but H2 has no sense in Distribution Theory because H is not a smooth function. It
is absolutely clear that (14.7) cannot be satisfied in any algebra witk differentiation; we
discussed this in detail in the Introduction of the paper (you will immediately come to a
contradiction if you derive (14.7) by the Leibnitz rule). So we cannot expect to obtain

(14.8) H2 = H

in Q although if2 is well denned (any product of distributions is well defined in §). So
H2 is determined by h2 € H3 where h is the sequence defined in (3.12), i.e.

(14.9)

where

(14.10) R+ = {i e Rn\ii > 0, 1 = 1,2 n),

and x = [xi,..., xn). Of course, if you do not believe in the general arguments presented
above, you could check directly that h?-h& £g+, i.e. ft3 and h are not equivalent so that
(14.8) is not true in Q, Of course, in the one-dimensional case n = 1 we have

-H = « ( , ,(14.11)

and

(14.12)

The integrals

are both divergent.

(14.13) Example [6(x}.H[x) =?): The product 6.H, as we know, does not exist in Dis-
tribution Theory. In Q it is defined by Ah e S.H where A £ 6 and k £ H are denned in
(3.9) and (3.12) respectively, i.e.

4-H2 = 2H.S[x).
ax

f H(x)dx and I H2{x)dx

(14.14)
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The integral

(14.15)

is convergent and b is defined by B € b where

f f
(14.16) BVt, = I dy I drjp(y)<p{y + T)),

J J

where R" is defined in (14.10).

We could continue the list of products of distributions with

(14.18) = 1,0,...,

etc. where x m is the principle part of the function x m , i ^ 0 but we shall stop. The
reader has probably noticed that the multiplication in S is performed without any efforts
since we use the natural and correct pointwlsc multiplication between the corresponding
sequences.

Very interesting applications of the product of distributions in § have been re-
cently offered by Colombeau himself and other authors (see the References),

15. OTHER CLASSES OF COIOMBEAU'S GENERALIZED
FUNCTIONS

Here we considered first of all the class of generalized functions $ = §(H") as
well as the classes of the type 5(0) when 0 is some open subset of R". But, in fact, there
are many other classes of generalized functions of Cotombeau's type. At least three are the
parameters which determine (uniquely) these classes:

i) The choice of the class of test-functions (D, S, £, etc.);

ii) The definition of the Colombeau chain of sets of test-functions:

(see definition (1.1);

iii) The domain 0 C R." of the functions.

45

(15.1) Example: Let us preserve the class of test-functions D (having compact supports)
but slightly change the definition (l.l) of {X,}, for example, as follows:

(15.2)

A, = {<p E D\<f>(x) e R for all x € R";

supp p C fli(0); <p{0) = 1; J <p{x)dx = 1,

R»

x"<p(x)dx = 0, 1 < \a\ < q), q e N.

Then, we shall obtain a class of generalized functions which is, strictly speaking, different
from the class Q (R1*) = $ denned above. In this case the difference is not essential and the
properties of this new class is quite similar to the properties of $ but anyway this example
shows how we could modify the definition of the Colombeau generalized functions.

(15.3) Example: Let P be replaced by the Schwartz class of test-functions S and let
{Aq} be denned by (1.2) (where £> is replaced by S). Then the method presented above
(with some slight modifications of the proofs) will give the class of Colombeau generalized
functions <Js(Rn) respectively $s(0], where 0 is some open subset of R". The properties
of these classes are described in the book by Colombeau [2] (Chapters 9 and 10). In
particular, it turns out that the classes $s(0) are closed with respect to the Fourier
transforms and contain a copy of the distribution space S'(0), i.e. S'(0) C $s(0)-

In a similar way we can introduce several other classes of generalized functions.
The applications of Colombeau's theory of generalized functions to the Theory of Differ-
ential Equations (in particular, the Theory of Shock Waves in Hydrodynamics, Elasticity
and Acoustics; see the References) and Quantum Field Theory, Colombeau [2], show that
there does not exist the best class of generalized functions and for the different problems of
the theory or applications we will have to choose different (and suitable for the purpose)
class of generalized functions. Recall that we have a similar situation in the Schwartz
Theory of Distributions.
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