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AN ALGEBRAIC STRESS MODEL FOR AXIAL FLOW
IN A BARE ROD-BUNDLE

Marcelo J. S. de Lemos
Building 308

Materials and Components Technology Division
Argonne National Laboratory
Argonne, Illinois 60439

ABSTRACT

The problem of predicting transport properties for momentum and
heat across the boundaries of interconnected channels has been the
subject of many investigations. In the particular case of axial
flow through rod-bundles, transport coefficients for channel faces
aligned with :?od centers are known to be considerably higher than
those calculated by simple isotropic theories. And yet, it has
been found that secondary flows play only a minor role in this
overall transport, being turbulence highly enhanced across that
hypothetical surface. In order to numerically predict the correct
amount of the quantity being transported, the approach taken by
many investigators was then to artificially increase the diffusion
coefficient obtained via a simple isopropic theory (usually the
standard k-E model) and numerically match the correct experi-
mentally observed mixing rates. The present paper reports an
attempt to describe the turbulent stresses by means of an
Algebraic Stress Model for turbulence. Relative turbulent kinetic,
energy distribution in all three directions are presented and
compared with experiments in a square lattice. The strong
directional dependence of transport terms are then obtained via a
model for the Reynolds stresses. The results identify a need for
a better representation of the mean-flow field part of the
pressure-strain correlation term.

*Current Address: ITA/CTA, Sao Paulo 12225, Brazil



INTRODUCTION

In axial flow through rod-bundles, transport coefficients for cell faces

aligned with rod centers are known to be considerably higher than those

calculated by simple isotropic theories. And yet, it has been found that

secondary flows play only a minor role in this overall transport, being

actually turbulence highly enhanced across that hypothetical surface[l-4].

Enhancement of that particular mechanism is due to the intriguing fact that

when two adjacent subchannels have the "gap" between them reduceu, for

instance by closely packing the pins, the total transport across that surface

is nearly constant. At a first glance, one would expect that the closer the

rods, the higher the resistance to any mechanism of exchange between channels.

In order to calculate the correct amount of the quantity being trans-

ported, the approach taken by many investigators was then to artificially

increase the diffusion coefficient obtained via a simpler isotropic theory

(usually the standard k-e model) and numerically "match" the correct

experimentally observed mixing rates. Solutions of this type are presented in

Refs. 3 and 4. These approaches clearly identify the need for a better

understanding of the mixing phenomena taking place in that geometry in order

to more realistically describe the transport processes.

Based on the foregoing application, the present work consists of an

attempt to describe turbulent transport across subchannel boundaries starting

out from Algebraic Stress Relationships (ASR). The ASR are approximations of

the full transport equations for -pu.u. and carry along all significant infor-

mation on the several processes contributing to the total level of -pu.u..

The following sections present a model for turbulent stress as well as

numerical results and comparison with experimental data.



A REPRESENTATION OF THE NORMAL STRESSES

The concept of subchannel is often used in the literature in connection

with rod-bundle thermal-hydraulic analysis. Typical subchannels for trian-

gular and square arrays are schematically shown in Fig. 1. It is emphasized

that the class of problems here studied is that associated with fully

developed situations. So no shear stresses are considered on the plane (r-0),

since inclusion of these stresses would preclude the neglecting of

diffusion transport along the streamwise direction.

The complete full transport equation for the stresses -pu.u. can be

transformed into a more simple, easy-to-handle, algebraic equation by means of

the well-known approximation proposed by Rodi[6|

u.u . = k (1)

where k is the turbulent kinetic energy per unit mass, and gravitational

effects are neglected. The quantities P^ and P represent the production

rates of p^u. and ek due to mean velocity gradients, respectively. When Eq.

1 is written for the cylindrical coordinate system in Fig. 1, the five

important stresses are then modeled as

7 •„..]
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In the above equations, e is the dissipation rate of k, c's are constants, and

IT'S are the components of the n ^ U term. The latter is a correction applied

to the "pressure-strain" correlation TT-JJ, to indicate the effect of nearby

walls on the fluctuating pressure field p.

Proposal for Tj4 W

The wall correction to ir^ has its origin in the integration of a Poisson

equation for the fluctuating pressure p, over a surface-bounded field. The

surface integral part of the resulting expression can then be multiplied by

the fluctating strain-field, and, after time-averaging, it yields TT̂ J w ^ *

The physical significance of ir.̂  w is therefore the overall effect that a

surface (a rigid wall or a free surface) has upon TT̂ -J.

Shir[8J first argued that a surface changes the fluctuating pressure

field by impeding the transfer of energy from the streamwise direction to that

normal to the wall. The main effect of a surface is then to dampen velocity

fluctuations perpendicular to it while that parallel to the surface is

enhanced. These ideas can be clearly observed by the classical results of

Launder (see for example Hinze[9]) showing the increasing separation of normal

stresses as the pipe wall approaches. The same global effect also occurs in

free surface, and "echos" of pressure fluctuations can be used to explain why

the maximum velocity in open channels and rivers are located below the water

surface[10].



The work of Launder et al[llj further suggests that n ^ w is important

and significantly contributes to TT-JJ whenever the size of a typical energy-

containing eddy I , is of the same order of the distance to the wall X2» Shir

and Launder et al also agree that the strength of the surface reflections dies

out as the surface gets far away from the location in question, and propose a

multiplication factor proportional to l/^' ^ *-s also interesting to mention

that in many cases authors simply neglect TTJ^ W by adjusting model constants

to accommodate wall reflexions uponir^j.

An expression for it41 „ was first suggested by Shir[8], and has been used

by Ljuboja and Rodill2], and deLeraos and Sesonske[13], as follows

II
I

ij.l "1J,2

where

(8)

(ir)

and

In Eqs. 9 and 10, "n" is the direction normal to the surface and "f" is a

function which reduces TT JJ W for points located at a distance "xn" from the

wall. A discussion on this functional will be presented below.

When applied to the geometry here considered, Eq. 8 gives

„ 3U „
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and

It is further noticed that

"rr.w = ~ ̂ ee.w = " 2 ̂ zz.w

and that under contraction of indexes, i\ ̂  w
 = 0, as expected.

After substituting Eqs. 13 through 15 back into Eqs. 4 through 6,

rearranging, and using the local equilibrium hypothesis (P = e), the normal

stresses are then given by

W , c, ( 1 - 2cl f) + c - 1
_£ „ 1 _£_: 2 ; l I (17)
k 3 c + 2 cj f ' U / ;

? 2, [ ( c 2 - 1 ) | * c i r

and

3 2 , L^-^i^iir^f c2c2£]
k 3 c u ;

From Eqs. 2 and 3, with assumptions of Eqs. 11 and 12, the ratio of shear

stress is given by

3U
u

= K -§- 1 ^ - (20)
3U5 3Uu u u4 zz r r
3r

where

1 + c i 1 f
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Now, con^aring Eq. 20 with the eddy-diffusivity-like expression
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where p ̂ is a second-order tensor representing the directional turbulent

viscosity, one has

-ss- = K -2- (22)

vrr i?"

It is interesting to note that Eq. 22 links the ratio of normal stresses to

the ratio of eddy-diffuslvities, even though the two sides of this equation

are the outcome of two fundamentally different approaches. It is also inter-

esting because differences in normal stresses are known to drive secondary

flows, which, in turn, are not as important to heat transfer as anisotropic

diffusion coefficients are. Equation 10 indicates that, for the geometry here

investigated, the role of normal stresses is actually twofold. They will

yield different eddy-diffusivities as well as be responsible by cross-plane

currents.

Now, using Eqs. 4 and 5, the ratio of normal stresses in Eq. 22 can be

given by

+ ,f+ . . 3 , 3 £
ft 7 9 9 1 9 C 1 L-d £.£.£. 1 Z J . K

c2 - 2 c2c; f + c,, - 1 - 3 cj f- f

From Eq. 23, one sees that if f = 0, the normal stresses are equal, or say,

assuming all simplifications made so far, the differences in the normal

stresses are seen to be solely caused by the effect of the subchannel walls on

the fluctuating pressure field. This effect, as will be seen below, is a

function of channel geometry as well as the distance of the point in question

to the surrounding wall.



The Functional f

Launder et all 11] suggest for "f" a linear relationship of the form

£ k3/2f =7h-~hr (24)

V n Cwe

where Cw is a constant.

Since in the present work only the relative magnitude of turbulent

stresses are investigated, information on k and e or £ has to be provided in

order to represent f.

The only set of experimental values for the length scale % known to the

author are the classical results of Carajilescov and Todreasll], They

presented a correlation for the nondimensional mixing length 7— averaged out
y

over the angle 6 shown in Fig. 1. Since those results are independent of the

aspect ratio P/0, and in the present work one seeks a relationship for f sen-

sitive to wall proximity as P/D changes, the use of the many length correla-

tions in Ref. 1 was found to be unappropriate.

Other series of experiments 15,14] have shown that at the centerpoint (6 *

6 and y = y ) the ratio u?/iir is close to 1 and nearly constant for a variety

of P/Ds studied. These results seem to suggest that the channel walls have

little influence on separating the radial and tangential stress at that point.

Then, at the centerpoint, f should approach zero, and close to the wall, the

value of unity, recommended by Launder et al[ll], should be obtained.

With these ideas in mind, the following relationship is adopted for f:

•-a
n

(25)
• f

y
where n * 1, and

y "ffeole^'i) " (26)



Equation 26 gives f - 1 for y = 0, and f - 0 only at y « y and 6 * 6*. A

discussion on the effect of the exponent n is shown below.

With the prescription of f, the normal stresses and the ratio of eddy

diffusivity coefficients can now be calculated. The following section pre-

sents results and comparisons with available experimental data.

RESULTS AMD DISCUSSION

The set of algebraic equations 17-19 and 22 was calculated with the

function f described above and the constants shown in Table 1. Predictions

were compared with data of Hooper!15] for a square lattice (9* " 45°) with Re

= 48000 and for two aspect ratios P/D, equal to 1.107 and 1.194, respectively.

Figure 2 shows results for f at different P/D and angle 6. The value of

f increases for the same relative distance y/y , when 6 or P/D decrease. The

results are in agreement with the idea that by either way (decreasing 6 or

P/D) one is getting closer to the wall surface.
ur U9 uz

Before presenting results for r—, T— , and T—, it is interesting to

investigate the role of the function f and constant C£ on the level of the

stresses. In addition, it is important to emphasize that it is their combined

effect which will count.

The wall correction added to IT^ and represented by Eqs. 13-15 indicates

that the amount of energy damped by the wall in the radial direction is

equally divided and fed into the z and 6 axes. Consequently, changes in f

will have a higher sensitivity on the level of r— than on the level of the

other two correlations.

On the other hand, C2 comes from the modeling of the mean-field part of

the pressure-strain correlation, or
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Considering that the present flow is fully dominated by radial and azinuthal

gradients of the axial velocity[16], all turbulent energy will be generated in

the axial direction and transferred by pressure fluctuations to u^ and uj.
r o

Then the terra n ^ 2 will be a "sink" for u^ (pZz
 = ^P) and a "source" for the

other two stresses (Prr
 = Pga = 0)« The combined role of f and C2 can now be

assessed.

In Eq. 17, f will act to reduce C2, or say, it will act to diminish the

transfer of energy to that particular direction. On the other hand, f greater

than zero can be seen as causing an increase in C2 for a^, and this can be

physically interpreted as an increase in the "source" term, TTQQ £• It is

further noticed that the f function will reduce the C2 value in Eq. 19, and

this will likewise physically cause a reduction in the amount of energy

extracted from t?\ It is also interesting to note that since the coefficient
z

multiplying C2 is higher in Eq. 19, a higher sensitivity on t?" is expected as

variations in C2 occur. With these ideas in mind, results for the stresses
can now be presented and more clearly discussed.

u?"
Figure 3 shows predictions for __r compared with experiments of Hooper[15]

k
when the exponent n in the functional f is varied by a factor of as much as 8.

The lower the exponent, the lower the value of f at the same radial location.

As mentioned above, that will reduce the wall damping effect on the radial

stress, raising the level of 7— . The value n = 1 is here adopted so that

reasonable agreement is obtained at both centerline and gap regions.

Figure 4 presents results for P/D = 1.107. The reduction of — as the

gap region (8 = 0°) approaches is well calculated. The value of C2 equal to

0.647, not too different from 0.6 used in the literature, reproduced the exact

value for — at the centerpoint (6 = 6*, y = y*). Results for r— , however,

show that the amount of enhancement at the gap region is uriderpredicted.
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Consequently, calculated r— profiles also show an overprediction at corres-

ponding locations indicating that the energy exchange between the axial and

tangential directions, as the gap is approached (e « 0°), is not well
A

calculated. Further results at y/y = 1 for n = 2 show that the exchange of
u2" i?"

energy between T — and -.— is very insensitive to an increase in the value of f.

Or say, the substantial enhancement in -r— as the gap is approached, can only

be partially predicted with the model here presented. And yet, inspecting

Eqs. 18 and 19 reveals that f will cause changes in the "same" direction on

-,- -~- °

both j-~ and r— , and therefore the exchange of energy between these two

correlations cannot be accomplished by the terra TT̂ J W. By making C£ a mono-

tonic function of 6, however, the correct exchange between u^ and u^ could be

obtained. Thus, predictions for -r— could be raised as the gap is approached,

as physically more energy is extracted from i? in the same region.
z

Figure 5 presents results for P/D = 1.194. The experimental values for

j—, T—, and — at the centerpoint (9 = 8 * , y = y*) and at the middle of the

gap (8 = 0°, y = y) could only be obtained by increasing C2 to 0.985. Results

using C2 = 0.647 and for n = 2 are also shown at y/y =1 for comparison. It

can be seen that predictions will be more sensitive to variations of C2> as

commented before.

In raising the value of C£, however, the curves fall higher than experi-

mental values as the wall is approached. These predictions seem to suggest a

further dependence of C2> now on the radial position y/y*. The inclusion of a

wall effect through the addition of ir̂ j w can ttv;n be seen to be not suitable

in predicting the important features of lateral turbulent transport in closely

packed rods. In order that further conclusions can be drawn,.a quick review

on important and recent experimental findings in the geometry in question

seems timely.
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In very recent works, Rehmei5] and Hooper and Rehme(l4], speculate that

the high value of the lateral diffusion coefficient \IQQ through the gap of two

adjacent channels is due to an increase in the turbulent stress -pu un. This
z a

increase was reported to be caused by a strong coupling of the normal stresses

-put; and -puT* With the help of spectral analysis, it was further indicatedz o

that the stresses themselves are composed mostly of low-frequency, large-scale

fluctuations representing a violent pulsating motion across the gap. The

generating mechanism for this large-scale oscillating flow was then assumed to

be of a static pressure-instability nature.
\
\

The foregoing ideas and present numerical results support the conclusion

that a better representation for the energy distribution among normal stresses

can be obtained through a better model for Tr̂ i 2* It is here suggested that

the value of C£ be made a function of the absolute distance to the wall y,

modifying the distribution of energy throughout the calculated domain. No

proposal for this C2 function is presented and that is here suggested as

further work.

Figure 6 finally shows the calculated profiles for the anisotropy factor

, for P/D = 1.107. At the line of maximum velocity [y = y) the increasing
v rr

ratio as the gap is approached is well predicted. However, due to the sensi-

tivity of the results shown so far on C2> predictions fall below experimental

values reported in the literature, for the region close to the surface. An

anisotropy factor of as mich as 5-10 has been reported by Rehmel5j in that

region, whereas predictions show a factor of about 2.5. Nevertheless, the

present calculations should be regarded as a first approximation, identifying

the need for inclusion of a direct wall effect on the mean flow part of the

pressure-strain correlation.

It should also be pointed out that in spite of the difficulties which
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arose, the model presented in this work represents a step toward reliable

turbulence modeling for closely packed rod arrays. In addition, it is

certainly a more realistic approach to represent the anisotropy of coeffi-

cients, since it greatly reduces the degree of empiricism associated with

prescription of the anisotropy factor throughout the calculation domain.

CONCLUDING REMARKS

This paper reported an attempt to describe the influence of the channel

shape on the levels of normal turbulent stresses and corresponding effects on

the coefficients of turbulent transport. Results for the center region are

well calculated, but the model fails to reproduce the strong coupling between

the axial and lateral stresses at the gap region. An analysis of the equa-

tions representing the stresses indicates that more accurate numerical results

shall be obtained with a better representation of the redistribution of turbii- .

lent kinetic energy extracted from the mean flow. It is suggested that a

model for the termir^^ 2 should consider a direct effect of wall proximity, by

making the value C£ a function of the wall distance y. Results were

considered as a first approximation, but encouraging, and are certainly a more

realistic approach than the prescription of empirical functions for the

anisotropic turbulent transport in rod-bundles. ;
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NOMENCLATURE

c model constants

D rod diameter

f wall effect function

k turbulent kinetic energy, u i
u
k/ 2

•Wo

I turbulence length scale, kJ/ /e

P rod pitch -u.u, = generation rate of turbulence energy due to
1 k 3 x k

mean velocity gradients

j. kinematic production rate of u u. by mean velocity gradients,

Re Reynolds number

Uz mean velocity in the z direction

u^ fluctuating velocity component in i direction, i • r, 8, z

u.u. kinematic Reynolds Stress

y distance from rod wall

y distance from rod wall to maximum velocity line

y maximum value for y, correspondent to 9*

Greek Symbols

e kinematic dissipation rate of turbulent kinetic energy

8 angular coordinate

6* maximum value for 8 , 8* = 45° for square latice, 9* = 30° for

triangular array

ir̂.: pressure strain correlation (general), ( ~ — + jT~^

iriJ j first part of "ii» associated with turbulence-velocity

interactions, - c. r (u.u. - -j 6 .. k)

/ 2 \
2 second part of ir̂ i, associated with- mean strain, - c2(P.. --76.. P)
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Table 1. Model Constants

c l

C2

"1

' 2

0
0

.647

.985

1.8

for P/D -
for P/D =

0 .5

0 .3

1
1

.107

.194
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Fig. 1. (a) Subchannel for Triangular and Square Rod Arrays;

(b) Notation of Coordinates
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