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METHODOLOGY FOR GLOBAL NONLINEAR ANALYSIS OF NUCLEAR SYSTEMS

Addressing the increasing demands on reliability, safety, and efficiency

of nuclear systems has stimulated the development of increasingly nore power-

ful methods of analysis. A recurring difficulty in the development of such

methods has been the proper treatment of nonlinearities which occur in virtu-

ally every aspect of modeling the nuclear system's behavior. Important exam-

ples of such occurrences are in optimal reactor control, in-core optimization

of fuel reloading and depletion, reactor thermal-hydraulics, reactor and/or

plant dynamics, and sensitivity analysis.

Nonlinear problems are notoriously difficult to solve. Thus, the

overwhelming majority of numerical procedures for solving realistic nonlinear

problems invariably involve linearizations, so the resulting solutions are

valid locally, but not globally. This severe limitation has been clearly

recognized in recent works on reactor optimization^-'^ and sensitivity

analysis.5-7 Furthermore, several of the latest works on nonlinear reactor

dynamics8" H and thermal-hydraulics*^-14 have conclusively shown that the

most significant phenomena, such as limit cycles and bifurcations, may be

missed completely by the customary linearizations.

Perhaps the most powerful mathematical techniques for obtaining global

results are those based on homotopy theory; only recently, though, have such

techniques been brought from the abstract realm of topology into applied

numerical mathematics--under the general name of continuation

methods.15-16 The application of continuation methods to engineering prob-

lems has so far been limited to solid mechanics and, minimally, fluid dynam-

ics; no application has been reported--to our knowledge--in nuclear engineer-

ing.



This paper outlines a general method for globally computing the crucial

features of nonlinear problems: bifurcations, limit points, saddle points,

extrema (maxima and minima); our method also yields the local sensitivities

(i.e., first order derivatives) of the system's state variables (e.g.,

fluxes, power, temperatures, flows) at any point in the system's phase space.

We also present an application of this method to the nonlinear BWR model dis-

cussed in Refs. 8 and 11. The most significant novel feature of our method

is the recasting of a general mathematical problem comprising three aspects:

(a) nonlinear constrained optimization, (b) computation of nonlinear eigen-

values and bifurcation points, and (c) sensitivity analysis, into a fixed

point problem of the form Flu(s), A(s)I — 0 whose global zeros and singular

points are related to the special features (i.e., extrema, bifurcations,

etc.) of the original problem. To ensure globality, the zeros and singular

points of F are obtained by using the pseudo-arc length continuation method

of Keller.15

Mathematically, we consider our physical system to be described by the

following (vector) quantities: independent variables x - (x-,...,x.), depen-

dent variables 4 - (+« ,•••,^M), systems parameters a - (a.,...,a_), nonlinear

equations (Including boundary and initial conditions)

N(^,a) - (N (4>,a),..., \(4,a)) - 0, inequality/equality constraints

g(a) • (g.,...,g. )^0, and a system response R(^,o). The objective is to find

all critical points of R (i.e., saddle points, local and global extrema) and

all critical points of N (i.e., bifurcations, limit points, and turning

points) subject to the constraints N(#,a) - 0 and g(a)<0. Note that all vec-

tors in this work are understood to be column vectors.

To use a continuation method, the above problem must be recast into a

fixed-point problem of the form F(u) - 0, where the vector-valued function F



must be twice differentiate. Overcoming the difficulties posed by the ine-

quality constraints, we have succeeded in recasting the above problem into

the following fixed-point problem: find all fixed points of

F(u) - (A*, N, S, K), where u - (*, y,a, z), y - (yx yM) is the vector of

adjoint functions corresponding to the equality constraints N-0,

z - (z.,...,z.) is the vector of adjoint-like functions corresponding to the

equality/inequality constraints g(a)sO, and

^R + < y.V^N >, S - 7aR + < y.VJl > + < z.V̂ g >,

[2 2A* ^ y . ^ , a y.J . ^g ,

and K - [tlj+zj2 + g j g j - Z l | 2 l l , . . ., (Vzk>2 + *k'«k' " Zk'Zk'] ;

here, V, and V denote the gradients ( i . e . , Jacobian matrices) in the direc-<p a

tions 4 and a, respectively. Note that A* represents the vector of adjoint

equations for nonlinear systems as originally derived by Cacucl5*?, while S

represents the vector of local, first-order, sensitivities. •*-7

To determine all fixed points of F(u), we construct the global homotopy

path T(s) - [u(s),A(s)] such that the function G(u,A) - F(u(s)) - A(s)F(u°)

is identically zero on this path. We then enclose the path F(s) in a

cylinder as shown in Fig. 1, and we follow F(s) from the starting point

(u ,1), where u - (̂  ,y ,a ,z ) represents the nominal values of the respec-

tive quantities, to a final point (u(s_), A(s )}, and determine all the

values s. of the arc parameter s where A(s.) vanishes. The points u(s.) thus

obtained are the critical points of F. We have shown that these points also

give the extrema of the response R. While following T(s), we also determine

all the points s. where the Jacobian matrix F vanishes; the corresponding

points u(s.) can be shown to give the limit points, turning points, and

bifurcation points of the solution(s) 4 of N(4,a) - 0.



We have tested our new method on two problems. The first is the follow-

ing unconstrained nonlinear optimization problem: find all extrena of the

nonlinear response R • $. - "$4>-,$n + 3a..a,?a_ - 15a« - 288a_ + 500, subject to

Nx - 4>1 + <l>2 - o ^ - a ^ - a2a3 - a^ - <*2 - a^ - 4 - 0 and

N2 " ^1*2 ~ ^al + °2 + a3^ al a2 + a2a3 + a3a4 + ^ " °" R e 8 a r d l e s s o f t n e

initial starting point, our method produced all of the (eight) extrema,

located at (e^. <*v aj - (2, 3, 10), (-2, 3, 10), (2, -3, 10), (2, 3, -10),

(-2, -3, 10), (-2, 3, -10), (2, -3, -10), and (-2, -3, -10), as well as the

bifurcation point 4>-> " <f>n • By contrast, several of the customary optimiza-

tion packages found in scientific subroutines yielded only one of the extrema

(depending on the starting point) and failed at the bifurcation point.

The second test problem was the nonlinear dynamical BWR model described

in Ref. 11. Recall that the bifurcation points for this model could only be

obtained^"H by repeated time-integration of the respective nonlinear dif-

ferential equations for various, intuitively chosen, values of the bifurca-

tion parameter; this integration was performed from t-0 until the solution

settled; obviously, this procedure is time consuming and not systematic. Our

method efficiently found all the bifurcation points, confirming, in the pro-

cess, the values previously reported.H

In summary, this work reports (a) the development of a powerful new

method for globally analyzing nonlinear problems and (b) the successful

application of this method to finding extrema and bifurcations in a nonlinear

BWR model. Current work is aimed at both extending the scope of our method

to include the determination of the exchange of stability between solution

branches and applying the method to perform a comprehensive nonlinear

analysis of a more sophisticated BWR model.10
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Figure Caption

Fig. 1. The homotopy path T(s) - ju(s),X(s)|.
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