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ABSTRACT 
The model ballooning mode equation of Connor, Hastie, and Taylor for 

large-aspect-ratio circular tokamaks is analyzed in the limit of large 
pressure gradient, and corresponding expressions for stability boundaries are 
derived. In particular, it is found that for a fixed radial wave number, 
there exists an infinite sequence of unstable bands, and that minimizing over 
the radial wave numbers leads to asymptotic merging between the neighboring 
bands. 
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It is generally accepted that ideal magnetohydrodynamic (MHD) ballooning 

instabilities place important limitations on the achievable s values in 

tokamaks [1,2]. Here, a = plasma pressure/magnetic pressure. The discovery 

of the so-calleu high-S second stability region [3-5] thus has had a 

significant impact on takamak research and makes it desirable to obtain 

analytical insights to the stability properties of high-a ballooning modes. 

Previous analytical studies [4,6] on this subject are confined to small or 

moderate magnetic shear in order to employ the two-scale-length expansion and, 

hence, tend to emphasize the average (over the surface) effects. On the other 

hand, in an insightful but basically numerical study, Greene and Chance [7] 

have pointed out the importance of local properties (e.g., the local magnetic 

shear) in determining the second stability boundary. The present work 

attempts to understand analytically the effects of such local properties. To 

facilitate the analyses, we employ the ballooning-mode equation proposed by 

Connor, Hastie, and Taylor (CHT) for modeling large-aspect-ratio high-a 

tokamaks with circular magnetic surfaces [2]. Furthermore, we take the limit 

of large (negative) pressure gradients so that, as will be shown later, the 

local structures become more pronounced. As a result, we are able to derive 

analytic expressions for the asymptotic stability boundaries. Our finding, in 

addition to demonstrating specifically the ideas suggested by Greene and 

Chance, also show that for fixed radial wave numbers, there exist infinite 

sequences of unstable bands, which significantly modify the hlgh-8 tokamak 

stability properties. 

The CHT ballooning mode equation is given as 

[^ f(n) ̂  * k(n)l#(n) = 0; - - < n < « , (1) 
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where 

f(n) = 1 + I2(n) , (2) 

I{n) = a sinri - s(n - 6. ) , (3) 

k{ii) - a COST - I(n)a sinn , (4) 

2 2 s = rq'/q is the (average) magnetic shear, a = -2Hq p'/B c measures the 
pressure gradient, and the finite radial wave number (\s^\ < TT) is also 

included [8,9]. Letting * = f 1 / 2 4 , Eq. (1) can be rewritten as 

(d 2/dn 2 - V(n)l* = 0 , (5) 

where 

V(n) = ( I V f ) 2 - a costi/f , (6) 

and I' -a cosn - s. Note, in Eq. (6), I 1, a cosn, and f correspond to, 
respectively, effects of local magnetic shear, normal curvature, and field 
line bending. Note also that at marginal stability, the boundary condition is 
jdl>/dTi| + 0 as |TI| * =>. The stability boundaries can then be calculated 
variationally, i.e., 

u[+ t] = J dn [v(n)* 2 + (d* t/dr) 2] = 0 . (7) 
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Here, *fc is an appropriately constructed trial function satisfying the above-
mentioned boundary conditions. 

Before proceeding with the analyses, let us consider some ordering 
arguments. In the limit a >> 1, we have formally |I|, |l'| ~ 0(a) >> 1, and 
|f| = |1 + I21 - 0(a 2) >> 1. V(n) is thus negligible except around n = n* 
where I(n#) = 0 , i.e., 

sin n # - (s/aHn, - 6. ) . (8) 

On the other hand, for n a n»i |f| - 0(1) and the stabilizing local magnetic 
shear, |l'| 2, is formally 0(a) bigger than the destabilizing normal curvature, 
|a cosn*|. Marginal stability thus suggests vanishing local magnetic shear at 
n#, i.e., I'(rm) = 0 or 

COSTIJJ = s/a . (9) 

Combining Eqs. (8) and (9) then gives 

a*t = s<i«5, - V / s i n T 1 n • ( 1 0 ) 

where n = 2S.n + n , I = integers, and In = cos~1(s/a )| < n. Equation 
*i »o *o *i 

{10) thus suggests the existence of an infinite sequence of asymptotic 
marginal-stability lines or, in practice, unstable bands, and this observation 
has strongly motivated the present analyses. Associated with each ith band, 
there are then the (2a + 1)th and (2t + 2)th stability boundaries denoted as 
at,1 a n d aa,2-
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To correspond with previous theoretical results [2,U] r we first analyze 
the zeroth band, i.e., the first and second stability boundaries for the 
e k i 0 case. For a fixed s value, as we increase a from zero to a < s, I only 
vanishes at n = 0. Around n = 0 , we have 

I' 2 
V(n) = Vfti) -- [ 2 ] S f { 1 1 ) 

0 1 + (I 0'n) 2 1 + ( T n T 

where 1^ = o - s. Taking « t o = 1, Eq. (7) gives 

(s - a) - 2a , 

i.e., 

o o 1 = s * 1 - (2s + 1 ) 1 / 2 , (12) 

which corresponds to the first stability boundary. As to the second stability 
boundary, we have a > s and I vanishes at n = T\0 in addition to n = 0. Here, 
n 2

0 = 6(a- s)/a « 1. Thus, 

V(„> = V o + V o , 

with V 0 having the same form as V Q, except o and n are replaced by a = a cosri 
and i - i 0, respectively. For <t>to = 1, we have 

a Q 2 = s + 0.5 + {4s + 1) 1 / 2/2 . (13) 
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In Fig. 1 are plotted aQ . and a Q 2 along with direct numerical results, and 

good asymptotic agreement is evident. Mote also that n 0 - 0 and OQ ^, OQ ^ •* 

s asymptotically, which is consistent with I'(0) = 0. 

We now discuss qualitatively finite-6k effects on the stability of the 

zeroth band. With 8^ * 0, I(n) = 0 at n = n* 0 * 0. The asymptotic marginal 

stability condition, I'(n ) = 0, then suggests a* 0 > s. That is, 8,. * 0 
*o 

tends to tilt the zeroth unstable band toward the a-axis in Fig. 1 or, in 

other words, stabilize (destabilize) the first (second) stability boundary. 

In the following, we shall present general analyses for the 1th band. 

Noting the up-down symmetry (n + -n, 9^ •* -6^), we shall confine the 

analyses to the n > 0 region and let -ir < 8 k < ir. Consider the ith region, 

2tn < n < (i + 1)2n. It is easy to see that, as s/a is reduced toward the 

value at which I = I' - 0, we first encounter I' = 0 and, yet, 1 * 0 . Let 

I'tnj^) = 0, i.e., COSTI,,4 = s/a^. Also, we let I(nt_<|) = 0 such that n ] l_ 1 < 

ri*̂  and I• (nA_-|) * 0. There, thus, exists a large stabilizing potential 

barrier at na_-|. To minimize this stabilization, we employ the following 

trial function 

" C

1

( n - V r V - "1-1+ A i 1 n 1 n*i - fl2 
\t'- \ 1 ' n I n«e " L 2 

0 , otherwise . (14) 

Here, 1 >> A.., Ao >> corresponding scale lengths of the potential structures, 

and c t - {n» t - n^j -a.) -4 2) • Note that contributions due to h, and flj a r e 

asymptotically negligible. We then obtain, from Eq. (7), 

i 

sfs/i 1; 1^ = (2i M)- 1 • [c/*(i';)1/2] {2i #)5' 2 . (15) 
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Here, 1 ^ and I' J t are values at n = n*^. The stabilizing terras in the right-
hand side of Eq. (15) have a minimum at 

2/5 
I = -1 f ^ M f l " 1 1 / 5 - Ofa 1 / 5 1 (16) 
Win 2 l 3 C j l

J ^lHm} U l ° l J ' u ° ' 

where we have noted that e . = 2/3TT and I ' 4 - = a^. Expanding Eq. (15) around 

I H m y ie lds 

, 5 -4/5 -1/5 ^ 5 -12/5„ - 3 /5 , T T ,2 .„. 

From Eq. (17), we can readily obtain the asymptotic stability boundaries of 
the zth unstable band. Note that n*.** (4l + 1}*/2, we then have a- = a$. + 
6a £ with otj = s(n«t - e k) and 6a a = ± (2/5)n12/5(rH»!l - e k)" 1c. i, ] l

3 / 1 0. 
Noting that n#j(8 k = -IT) = n»g+1{8|j = n), minimizing the stability 

boundaries over 8^ thus leads to merging between neighboring asymptotic 
unstable bands. The effective second stability boundary, therefore, is given 
by Eq. (17) with I n = 1,^, i.e., 

a = 4.0 x s 1 - 2 5 . (18) 

Recently, a similar result has been obtained independently by Llobet et al. 
[10], Figure 2 summarizes both numerical and analytical results. It clearly 
demonstrates that minimization over 8^ modifies significantly, for moderate 
and large a values, the high-s second stability boundary from that of the 81. = 
0 case. Cn the other hand, for weak and .moderate a(s) values, finite-8k 

efrects are negligible since the relevant scale length becomes longer than the 
connection length. 
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In summary, the present work has demonstrated both analytically and 
numerically that finite (global) radial wave number (8 k) affects qualitatively 
the high-6 second stability boundaries of circular tokamaks. Physically, this 
is due to the dependence of stability on local properties as first suggested 
by Greene and Chance. Analytical expressions for the marginal stability 
boundaries are also derived and agree sufficiently well with numerical 
solutions. While our analyses have been United to the model CHT equation, 
many features obtained here appear to be quite universal and it would be 
interesting to investigate realistic equilibria along similar lines. 
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FIGURE CAPTIONS 

t 

Figure 1. First and second stability boundaries in the {s, a) plane for the 
9 k = 0 case. The region denoted as "stable" is further destabilized by 
finite-9k values. 

Figure 2. Stability boundaries in the (s, a) plane after minimizing over e k. 
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