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A particle-beam injector delivers a pulse of current to an accelerator, which generally 
increases the beam energy for other applications. The injector has three main parts: an 
acceleration region, a drift region with solenoid magnets, and a pulsed-power network. For 
the current work, the pulsed-power network is modeled as a given voltage variation. The 
acceleration region consists of an emitting cathode, an anode, and possibly one or more 
intervening electrodes. The general arrangement of an injector requires a problem solution 
that includes the effects of internal boundaries. The electrodes enter a solution as a surface 
with a prescribed electric potential variation. They also enter as a boundary condition for 
the solution of the self-magnetic field of the beam. 

Physics issues that involve inductive effects, such as beam fluctuations, electromag
netic (EM) instability, or interactions with a cavity require a time-dependent simulation. 
The most elaborate time-dependent codes self-consistently solve Maxwell's equations and 
the force equation for a large number of macroparticles. Although these full EM particle-
in-cell (PIC) codes have been used to study a broad range of phenomena, including beam 
injectors, they have several drawbacks. In an explicit solution of Maxwell's equations, the 
time step is restricted by a Courant condition. This means that the solution time step 
must not exceed the mesh size divided by the speed of light, which may typically be 10 
ps. Thus, a primary disadvantage of running a full EM-PIC code is that it can be quite 
expensive. A possible solution to this problem is perhaps contained in some of the recent 
advances in implicit algorithms. A second disadvantage is the production of anomalously 
large numerical fluctuations, caused by representing many real particles by a single compu
tational macroparticle. If special precautions are not taken, an abnormally large amount 

•» of particle energy can be radiated into electromagnetic modes. Last, approximate models 

of internal boundaries can create nonphysical radiation in a full EM simulation. 
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In this work, many of the problems of a fully electromagnetic simulation are avoided 
by using the Darwin field model [1-5]. This model has been implemented for axisymmetric 
geometry in the Darwin Particle Code (DPC). The Darwin field model is the magnetoin-
ductive limit of Maxwell's equations, and it retains the first-order relativistic correction 
to the particle Lagrangian. It includes the part of the displacement current necessary to 
satisfy the charge-continuity equation. This feature is important for simulation of nonneu-
tral beams. Because the Darwin model does not include the solenoidal vector component 
of the displacement current, it cannot be used to study high-frequency phenomena or ef
fects caused by rapid current changes. However, because wave motion is not followed, the 
Courant condition of a fully electromagnetic code can be exceeded. In addition, inductive 
effects are modeled without creating nonphysical radiation. 

The benefits of the Darwin model are accrued at the expense of a more complicated 
numerical solution compared with that used by a full EM code. The field solution of 
the Darwin model can potentially be carried out fewer times than a full EM solution 
(larger time step), but each Darwin time step requires the solution of a number of iterated 
elliptic equations. The streamlined Darwin solution [5] was devised both to make the 
process of solving the elliptic equations more efficient and to provide a reasonable means 
of including internal boundaries in the problem solution. The solution method of the 
standard implementation of the Darwin model [4] necessitates vector decomposition of 
source terms into solenoidal and irrotational parts. This operation requires knowledge of 
source components that cannot be computed easily, because this requires specifications of 
solenoidal and irrotational component boundary conditions. With internal boundaries in 
the solution region, this requirement is particularly troublesome. The streamlined Darwin 
method provides an algorithm that avoids vector decomposition of source terms. It also 
reduces some of the formal manipulation required by the standard Darwin solution. 

The field equations to be solved in the Darwin model are the full Maxwell equations, 
neglecting the solenoidal part (subscript t) of the displacement current, 

4TT-VxB = — J , (la) c 
V B = 0 (lb) 

4*--V x V x E = — r J , (lc) 
c2 • 

V - E = 4TT/> , (Id) 

where E is the electric field, B is the magnetic field, p and J are the charge and current 
density, and J, = J + (l/c)dEi/dt (subscript / denotes irrotational). 
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DPC solves for fields on a rectangular r, z grid that contains an anode and a cathode, 
and may also contain additional electrodes. Because axisymmetry is assumed, it is not 
necessary to obtain the solenoidal part of the source terms in Eq. (lb). In the DPC 
implementation, the following two elliptic equations are solved for B: 

A ' ^ = - - r j , (2a) 
c 

4TT fdh 3 J r \ 

where \1>B = rB«, 4>A = rA$, A$ is the theta component of the vector potential, and 
A* = r 2 V • ( r _ 2 V ) . The solution of Eq. (2) is a straightforward elliptic equation solve. 

The electric field is obtained from a sum of irrotational and solenoidal parts, 

V2<j> - - 4 T T P (3a) 

V 2 E, = 47rc-2J, , (3b) 

where E; = — Vtj> and then E = E; + E ( . Equation (3a) and the theta component of 
Eq. (3b) are again straightforward elliptic equation solves. The boundary condition for 
Eq. (3a) is given by the time history of the electiode voltage. The theta component of 
Eq. (3b) is used to solve for E«. In axisymmetry, Ej is tangent to electrode surfaces so 
it has a zero Dirichlet boundary condition. The streamlined Darwin model is applied to 
the solution of the r and z components of Eq. (3b). The complication is that the r and z 
components of Eq. (3b) must be solved while ensuring that V • E< = 0 . This means that 
the boundary conditions for these two equations are related. Furthermore, the source that 
is readily available is J, not the solenoidal part J(. 

The streamlined Darwin method solves an auxiliary equation for £ = E< — Vx/>, 

V2£~= 4wc- 2 J . (4) 

Because Eq. (4) has J as a source, it is not necessary to stipulate boundary conditions 
on J/ • n in the process of decomposing J. As an added benefit, the computation needed 
to perform this operation is eliminated. It is necessary to iterate the solution of Eq. (4) 
because J depends on E,. Introducing the definition of J from previous work [4], and using 
superscript n for iteration level, the equation solved by DPC is, 

V2C+1 - 4TTC-2HC+1 = 4ffc-2[D + nV4> + CxB + fiVif,"] . (5) 
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The source dependency in Eq. (5) comes from the governing equation for ip, 

VJV = - V - f , (G) 
which has a source that depends on £, The boundary condition for Eq. (6) is chosen to 
be Dirichlet zero for \fc because whatever Vrj> may be is communicated to Eq. (5) by the 
( boundary condition. For a given component of Eq. (5), Dirichlet boundary conditions 
E|(6) | | l n are chosen on boundaries tangent to that component. 

((b) |i.n= £.(«>) | i . . -VV-(i) | . . . • (7) 

For consistency with V • E ((6) = 0, a corresponding Neumann boundary condition must 
be enforced on the normal derivative of the normal component. 

a n or[E,(6) | nor] — Otan [EI (6 ) | I . » ] • (8) 

A DPC result is shown below for a 1.5-MV diode with a voltage rise time of 10 ns. 
The plot on the left shows contours of the electric scaler potential at a time of 10 ns. The 
corresponding current is plotted on the right. 
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