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ABSTRACT

A computational approach to error propa-
gation is explained. It is shown that the appli-
cation of the first-order Taylor theory to a
fairly general expression representing an inven-
tory or inventory-difference quantity leads nat-
urally to a data structure that is useful for
structuring error-propagation calculations. This
data structure incorporates six types of data
entities: (1) the objects in the material bal-
ance, (2) numerical parameters that describe
these objects, (3) groups or sets of objects, (4)
the terms which make up the material-balance
equation, (5) the errors or sources of variance
and (6) the functions or subroutines that repre-
sent Taylor partial derivatives. A simple algo-
rithm based on this data structure can be defined
using formulas that are sums of squares of sums.
The data structures and algorithms described
above have been Implemented as computer software
in FORTRAN for IBM PC-type machines. A free-form
data-entry format allows users to separate data
as they wish into separate files and enter data
using a text editor. The program has been
applied to the computation of limits of error for
inventory differences (LEIDs) within the DOE
complex.

INTRODUCTION

In order to evaluate the significance of
inventory differences using error-propagation
techniques, uncertainties for accounting quanti-
ties must be obtained to form the basis of a sta-
tistical model of the accounting system. While
the most difficult aspect of such calculations is
generally the estimation of the uncertainties on
individual measurement errors, the problem of
providing a transparent and flexible but general
method of calculating Che total uncertainty based
the characteristics of individual errors Is also
Important. It Is this latter question that Is
addressed here. Ideally, a computational method
for error propagation should be very general in
its capability to accurately model real-world
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phenomena, should be easy to use, and should be
easy to understand.

Three types of constraints tend to reduce
the generality of error-propagation methods: (I)
the use of a restrictive set of error-propagation
measurement-model formulas; (2) restrictions on
the manner in which error sources can be asso-
ciated with items in the material balance; and
(3) restrictions on the scope of systematic
effects within material strata. The approach
described here uses an admittedly complicated
input-data structure; this structure, however,
allows a great deal of generality and flexibility
in the statistical modelling of the accounting
system. In devising the personal-computer Imple-
mentation of the approach, an attempt was m&ie to
mitigate the difficulties of using this data
structure by providing an easily-understood and
easily-documented free-form data-entry format.

The first section of this paper describes
the derivation of general expressions for stand-
ard deviations of material-balance quantities
based on the first-order Taylor formula. These
are shown to lead in a natural way to a simple
algorithm based on the data structures referred
to above; this is described in the second
section. Finally, the third section describes
the IBM-PC/AT implementation of the algorithm and
associated data-handling software in FORTRAN.
This code is called PEP (Portsmouth Error Propa-
gation program, after Its Initial application).

ERROR-PROPAGATIOS THEORY

The term "item" will be used to denote a
nuclear-material quantity which Is given a dis-
crete value in the accounting system: a UFg
cylinder or a tank of plutonium-nitrate solution,
for example. Generally speaking, such items are
arranged in the material balance into sets of
items which are essentially similar, and are
measured In the same manner: all UFg-product
cylinders of a particular type or assay, or a set
of four similar nitrate tanks. These sets of
objects are sometimes called "strata." A single
item could form its own stratum. The nuclear-
material contents of a stratum can be written as
the sum of the contents of the individual items,
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Ji'where Che content of each Item is determined from
measured values:

2 2
(5)

(1) where ov2 Is the variance of

Here Tg denotes the total content of stratum s
and f3 Is a function denoting how the nuclear-
material content of each Item is determined from
the measurement values Kj^, M2i,...Mtli; the
index "i" refers to the item. The inventory dif-
ference Is computed as the sum of the stratum
values, with a minus one multiplying those strata
representing ending Inventory or shipment
quantities:

In the case of material accountancy, the
function F whose variance is desired is the
nuclear-material contents of a set of material-
balance Items, I.e., the 10; the random variables
are the measurement errors made in estimating
nuclear material quantities. One could compute F
as a function of all the e's by substituting all
the expressions like [3] and [4] into [1], and
substituting them into [2]; this is unwieldy in
practice. It is easier to use the chain rule;
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where S3 is +/-1 depending in the stratum s.

The measured quantities "M" in Equation [1]
are subject to errors which are treated mathe-
matically as random variables. The relationship
between the observed (measured) value and the
actual or true value of the measured quantity Is
almost always expressed in one of two ways:

M - M(e) » A + e (absolute error) (3)

M - M(e) - A(l + e) (relative error) . (4)

Here, M is the measured or observed value (as a
function of the error e), and A is the actual
value. Note that In the absolute case, the error
(and its standard deviation) will be expressed in
the same units as the measurement Itself (kilo-
grams, grams per liter, kilograms U-235 per kilo-
gram of U, etc.) whereas in the relative case,
the error (and its standard deviation) is dimen-
3lonless, and will be expressed as a fraction.

The error e Is characterized by a mean value
(average value), which is taken to be zero, and a
standard deviation o which denotes the "size" or
"variability" of the error. In this treatment,
all errors will be assumed to be statistically
Independent (correlations between errors are mod-
elled as systematic effects). The errors in
Equations [3] and [4] enter Into the material-
balance Equation [2] through Equation [1].

The problem of error propagation is to
determine the standard deviation of the ID In
Equation [2], or some similar quantity, based on
the standard deviations of the errors in Equa-
tions [3] and [4]. This can be accomplished
using a first-order theory based on the "Taylor-
series formula." The Taylor formula can be
stated as follows: If Y. » F(et,€2,. ..e^ is a
function of the random variables ei, ej.-.e,,,
and the random variables are Independent, then
the variance of Y is given approximately by:

where

Ofs/3Me l)(3Me l/3e) (7)

Here Me^ is meant to indicate the measure-
ment variable that corresponds to the error e (if
e is a pressure error, Me^ is the measurement
value of the pressure for object i), and £j* Is
meant to Indicate a sum over all objects for
which the error £ occurs. According to Equations
[2] and [3], the values of (3Mel/3e) is either
1 (absolute error) or A (relative error), where A
is the actual measurement value. In practice it
is adequate to substitute the known value M for
A, so that we have

(absolute error)

M . (relative error)

(8)

(9)

The formulas above treat errors on an Indi-
vidual basis. An error in an NDA measurement due
to finite counting statistics, for example, would
apply only to one measurement, and so there would
only be one term in the sum in [6]. It is gen-
erally not convenient to try to treat each such
error Individually. It Is customary to use the
term "random error" to refer to a set of Inde-
pendent errors of the same type on the same type
of measurement. Thus, if 100 Items are being
measured by NDA, and there is on each of these
measurements an error due to counting statistics
with standard deviations of 51 each, there is
said to exist a "5X random error for r.he 100
items." The contribution of any one of these
errors Involves a single item, so that the sum
[6] becomes a single term whose contribution to
[5] is
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The total contribution of all these random errors
to all items 1 to which they apply would then be

(10)

A single error in the calibration standard
of an NDA device, however, would apply to all one
hundred measurements made with the device. This
type of error is generally described as a
"systematic" error in the NDA measurement. In
this case [6] would have 100 terms in it and the
contribution from this error to [5] would be

»,1
(11)

One can also imagine an intermediate sit-
uation between a purely random and a purely sys-
teaatic typj of error, in which the NDA device is
recalibrated every week. Any error associated
with the calibration process will affect all
measurements made on the following week. If "j"
is an index denoting week, and "i" denotes items
measured within the week, the contribution to [5]
will be

THE PEP ALGORITHM AND DATA STRUCTURES

Equations [5], 17], [10], [11], and [12]
form the mathematical basis of the PEP
algorithm. Six data structures are used to sup-
port the calculations defined by these
equations. Once these data structures are
defined, the algorithm itself becomes a simple
matter of looping through the summations in the
appropriate manner. These data structures are
illustrated in Figure 1; they can be described as
follows:

• Objects. An OBJECT . is the smallest
entity for which an error variance for a material
quantity la calculated. Basically an object is
an Item or stratum of material. An OBJECT could
be a diffusion-plant cell, a single UF6 cylinder,
a stratum of U?g cylinders (if they all had
approximately the same characteristics), or a
tank of solution. Each OBJECT has a number of
attributes which are quantified as PARAMETERS
describing that OBJECT. Generally speaking,
PARAMETERS are the measured values needed to cal-
culate the nuclear-material content of the
OBJECT. A parameter for a diffusion cell might
be its average enrichment; a cylinder, its
weight; a stratum, the number of items in it; a
tank, its volume.

• Variance. The word "variance" is used as
shorthand for "variance component"; that is, a
source of variability which contributes to uncer-
tainty in an estimate of a material quantity.
For each VARIANCE is specified: (1) a name, (2)
the value of a standard deviation, and (3) a
"class." The class describes the degree of cor-
relation: either random, partial, or sys-
tematic. A random reading error on a pressure
gage would be a variance, as would a systematic
error in concentration. (The calculation assumes
no correlations between variances so that such
correlations must be modelled as an additional
systematic effect.)

• Group. A GROUP is a set of objects.
GROUPS can be used (among other devices) to
specify the range of systematic effects. They
determine the ranges of the summations in Equa-
tions [10]-[12]. A set of objects, each repre-
senting a cylinder, might be placed together into
a GROUP. A set of tanks to which some common
measurement system applied could form a GROUP.
GROUPS are defined as convenience dictates, and
may overlap arbitrarily.

• Subroutine/Partial derivative. This is a
function (defined by a subroutine) whose value is
the coefficient by which the standard deviation
of a variance component must be multiplied to
give the contribution made to the overall vari-
ance of that variance component for a particular
object. Specifically, SUBROUTINES compute the
expression in [7]. The numeric Inputs to the
subroutines are the PARAMETERS associated with
each object. The PEP Implementation allows the
user to define his own SUBROUTINE functions as
input data.

• Term. A TERM is the thing whose variance
is being computed. Examples of terms would be
"U-235 material balance," "Uranium material
balance," or "Plutonium inventory." TERMS con-
sist of one or more term-elements. A term-
element Is a set of four things: a group, a
variance, a subroutine, and a sign (plus or minus
one, depending on whether the objects in the
group contribute positively or negatively to the
ID). The term-elements simply list all the
OBJECTS which are to be Included in the -calcula-
tion, and the VARIANCES that apply to them. If
four sources of error (VARIANCES) apply to a
group of objects, there will be four term-
elements which refer to that group.

The calculation of the variance of a term is
accomplished by adding up the contributions of
the individual VARIANCE components in all the
term-elements of the term; the contribution of a
VARIANCE component is computed differently
depending on whether its class is (a) random,
(b) partial, or (c) systematic. The formulas
that are applied in these cases are basically as
follows:



(b) I (IoS(Po;g,v))
2Vv
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Here, £g Indicates a sum over all groups for
which tne variance 'v1 is relevant, £0 indi-
cates a sum over all objects 'o' within the group
'g', sg is the sign with which the group 'g'
enters into the term, S(P0;g,v) is the value
returned by Che subroutine (which is a function
of the parameters P, and depends on g and v ) , and
Vv is the value of the variance associated with
the VARIANCE 'v.1

MICROCOMPUTER IMPLEMENTATION

The PEP algorithm was implemented on an
IBM-PC/AT in FORTRAN. FORTRAN was chosen for
compatibility with other software at the
Portsmouth facility. The major elements of the
software package are shown In Figure 2.

The user Interacts with the PEP system (a)
through a set of ASCII files that can be created
by other software or by a text editor and (b)
interactively through menus and function keys.
The ASCII tiles contain the basic input data for
the program; operation of the program itself is
controlled interactively.

The PEP main menu identifies seven main
functions: load data, select terms and vari-
ances, compute, list results, list input data,
reinitialize, and exit. The "load data" command
invokes a sequence In which the user is prompted
to enter a list of input file names, or a file in
which such a list already exists. All data In
these files are gathered together and checked for
internal self-consistency by a portion of the
software called the "compiler." The compiler
notifies the user, for example, if he has input a
parameter name for which he has not set a numeric

value. The compiler also parses and "compiles"
any user-defined subroutine functions. The other
aspects of the program are largely self-
explanatory; a detailed description of the soft-
ware Is given In Reference [1].

An example of an ASCII input file is shown
in Figure 3. The input formac is largely free-
form; blank lines and comment lines (starting
with an '*') can be Interspersed throughout the
files as needed for documentation purposes. Any
text following the required data fields on a line
Is Ignored. Data need not be placed in any par-
ticular columns.

All six data types (TERMS, GROUPS, OBJECTS,
PARAMETERS, VARIANCES, and SUBROUTINES) are given
names by the user and referred Co by name except
for SUBROUTINES, which are simply numbered from
one to forty. Each of the six sections of input
data contains a number of subsections defining,
for example, the objects in a group, or the
parameters associated with an object: These sec-
tions of data can be dispersed in an almost arbi-
trary way among any number of input files; the
parameter data, for example, could be split into
three sections in two different files, one file
being classified.

CONCLUSION

The approach described above provides a very
general method pf modelling accounting systems
for the purpose of computing error-propagated
LEIDs. This power is bough? at the price of a
somewhat complicated input-data structure. How-
ever, the personal-computer implementation of the
approach is designed to mitigate any problems
caused by this complexity by providing a flexi-
ble, transparent data-input format and extensive
consistency-checking.
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A large accountability tank and two smaller storage tanks are
measured by volume and Pu concsntration. The volumes are each
measured separately, but the storage tanks cannot be sampled,
so their concentrations were measured by a single sample before
transfer.

OBJECTS

* Th« objects are the three tanks; each has two parameters.

1 ACCJTANX (name of accountancy tank object)
2 ACC_TK_VOI, (volume of liquid in tank)
2 CONCENTPA (concentration)

1 STO_TK 1 (namo of first storage tank)
2 STO VOL_1 (volume of liquid in tank)
2 CONCENTBA (concentration)

1 STO_TK_2
2 STO VOL_2
2 CONCENTBA

* Values are given to the parameters here:

PARAMETERS

1 ACC_TK_VOL 4000 (volume of accountability tank in liters)
1 STO_VOL 1 1000 (volume of 1st storage tank in liters)
1 STO_VOL~2 1200 (volume of 2nd storage tank in liters)
1 CONCENTHA 25.0 (concentration of all tanks in gr/1)

* Three sources of error are defined: a random absolute error on
* volume and a random and systematic error on the concentration
* measurement:

VARIANCES

1 VOL.ERROR RANDOM 1.0 (a 1-liter absolute volume error)
1 CON SYS SYSTEMATIC 0.015 ( 1.5% relative error)
1 C0N_RAN PARTIAL 0.02 (a 2* random error, which is

* modelled as PARTIAL so that it becomes a systematic effect within
* the STOR__TNKS group, but random between that group and the ACC_TANK
* group. These groups are defined below

GROUPS

1 ACCJTANK (this group contains only one object, the
2 ACCJTANK (accountability tank)
1 STOR_TNKS (this gorup contains storage tanks 1 and 2) •
2 STO_TK_1
2 ST0_TK_2
1 ALL_TANK5 (all tanks are included in this group)
2 ACC_TAHK - STO_TK_2

TERMS
I Pu-IO
2 VOL_ERROR ALL_TANKS +1 1

* This indicates that the VOL_ERROR is to be applied to the group
* ALL TANKS, that is is an input stratum (+1) and that the applicable
* subroutine is fl.

2 CON_SYS ALLJTANKS +1 2
2 CON_RAN STORJTNKS +1 2
2 C0N_RAN ACCJTANK +1 2

* The following section defines the subroutines; under most circum-
* stances, pre-defined functions would be used, and this section would
* be absent, but this example indicates the way the user would define
* functions as input data.

SUBROUTINES
1 1 P02
1 2 P01 P02 MUL

Figure 3


