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Abstract
Boos E.E. On One Estimate of Glueball Mass: IHEP Preprint 86-234. - Serpuk-

hov, 1986. - p. 8, figs. 3, refs.: 22.

The Bethe-Salpeter equation for the wave function of the bound state of
two gluons is considered. In this paper the mass of the glueball 0

+ +
,

(M
g l
~1.3 GeV), is estimated using some expansions in the equation kernel

in the spirit of those made in the QCD sum rules method. In the leading
approximation, the masses of the glueballs o

+ +
 and 2

+ +
 appear to be dege-

nerate. A possibility to improve the accuracy of estimating the mass by
using the expansion in 1/N

C
 is also discussed.

Аннотация

Боос Э.Э. Об одной оценке массы глюбопа: Препринт ИФВЭ 86-234. - Серпухов,
1986. - 8 с , 3 рис., библиогр.: 22 назв.

В работе рассматривается уравнение Бете-С олпитера для волновой функции свя-
занного состояния двух гпюонов. С использованием некоторых разложений в ядре
уравнения в духе тех, которые делаются в методе правил сумм КХД, проводится
оценка массы глюбола 0+ + (М £~ 1,3 ГэВ). В главном приближении массы глюбо-
лов 0 и 2+ + оказываются вырожденными. Обсуждается возможность повышения
точности оценки массы, связанная с 1/NC разложением.

/Институт физики высоких энергий, 1986.



I, The works of Gell-Mann and Fritch, Fritch and Minkow-
ski'•*/ were a starting point for evoking an interest to
pure gluonic bound states from both theoretical and expe-
rimental viewpoints. At present, a number of experimental
candidates having different quantum numbers for glueball
states exist fe.g. fQ(1240) (J

pc=0++)/2/, G(I590) (0++)/3/,
0(1720.) (2++)'4/, i(1440) (0" +) / 5 /. Besides, there is no
deficiency in theoretical articles whose authors attempt
to estimate somehow the masses and widths of such states.
The approaches applied are various. These include calcula-
tions by the QCD sum rules/6/, Monte-Carlo lattice calcu-
lations/7/, estimates in the bag model/**/, calculations in
potential models, and the ones applying the method of'9/
some effective Lagrangians/10/, etc. Without going into
details of various proposals put forward in these papers,
let us think it over how to visualize purely qualitavely
a glueball, or gluonium, i.e., the bound state of two or
more gluons with a large mass, of the order of 1-2 GeV.
From the viewpoint of a potential picture, with the reserve
that the notion of the potential itself is rather relative,
no negative potentials are apparently suitable in this case
because the mass of +he bound state, (if any) is less than
the sum of the masses of its constituents by the value of
the binding energy. However, if there is a growing positive
potential, then two massless particles may well produce a
fairly heavy bound state.

In the present note, the masses of the 0 + + and 2+-l" glue-
balls are estimated from the Bethe-Salpeter equation in
whose kernel one manages to single out the most important
contribution in a definite kinematic region essential for
the glueball. The paper is arranged as follows: in the next
Section we discuss some properties of the lower-order Green
functions of a gluon which are necessary for further con-
sideration, the Bethe-Salpeter equation is analyzed,then
the result, itself, as well as, its consistency with other



estimates and experimental data are discussed and some
reasonings relevant to the expansion which could help to
improve the accuracy of the estimate are given.

2. Let us introduce some momentum scale k
o
 separating

qualitatively the soft and hard regions of QGD. Such a

scale is introduced, for example, in calculations applying

the QCD sum rules/
11
/ and traditionally is chosen to be

of the order of 3-4 \QCJQ B O that the contributions from

the regions above k
2
 relate to the coefficient functions

(perturbation theory is dominant here) while those from

the regions below k
o
 (nonperturbative contributions) relate

to condensates. When calculating condensates we have esti-

mated the scale k
2
 as «700 MeV"/

12
/. Let us consider now

some properties of the Green gluon functions in the Eucli-

dean region, which will be necessary later.

a) Gluonic propagator.

к.,к

Here with к
2
» к

2
 Z(k

2
) is described well by perturba-

tion theory and tends to 1 in the lower order. With k
2
«k

2
,

there exist a number of indications that Z(k
2
) — M

2
/(k

2
).

Though this result cannot be considered as the one proved

rigorously, there are the following points favouring it:

- consideration of the Schwinger-Dyson equations/13-16/;

- correspondence to the linearly growing "string" poten-

tial/
17
/ following from the spectra of heavy quarkonia/

18
/

as well as from the Monte-Carlo lattice calculations/
19
/;

- a possibility to solve the U(l) problem by applying

the considerations related to the expansion in 1/H
C

2
 i

- a fairly good agreement for condensates of lower-or-

der dimensionalities with their values obtained with the

QCD sum rules/
12
i

21
/;

- the result obtained in/
22
/ in the QCD lattice formu-

lation that with g-x» /3(g)-»-g; this corresponds to a

«*l(k
2
) behaviour of the propagator.

Therefore let us use as a hypothesis, the singular beha-

viour of the gluonic propagator at k
2
 -»0 D(k)<*"M

2
/(k

Z
)

Z
.

Further we shall use the gauge-fixing term f(k
2
)=(l-d)M

2
(k

2
)

in the gauge d=4/(5-n) (the Arbuzov gauge, п=4+2[, e -*()).

In this gauge, all the calculations become substantially

simpler because ghosts in it do not effect the leading in-

frared behaviour/
16
/.



„abc
b) Three-gluonic vertex Г^„

а
 (p,t,k).

Consider the vertex in the momentum range p
2
, t

2
» k

2

k
2
« k

2
. Expand Г in the momentum ratio k/p: ,

(2)

In this formula, Г^£(р,р,О) is related to Z - 1
(p

2
) by

the Ward differential identity and in the first order of
perturbation theory, which is we11-applicable for this
region, is just a free three-gluonic vertex.

Similarly, the four-gluonic vertex r
abC
g(p,t,k,q) in

the region p
2
, t

2
 » k

2
; к ,q

2
 « k

2
 is also a free vertex

with an accuracy to the terms (k/p).
Note that the quark-gluonic vertex in the momentum range

under consideration (the quark momenta are large, while
the gluon one is small) has a similar property. This has
repeatedly been used in the sum rules method^

6
/.

c) The kernel of the Bethe-Salpeter equation.
The Bethe-Salpeter equation for the wave function of

the bound states of two gluons is shown in Fig. 1.

ЛЛЛЛЛЛ

Fig. 1. The Bethe-Salpeter equation for the wave function of the bound

state of two gluons.

Consider the kernel of this equation in the momentum
range p

2
 p

2
 » k

2
, k

2
« k

2
. It may be shown that with

д. л о о
account of the above properties of the vertices, exchange
by one complete gluonic propagator (Fig. 2a) is dominant
in the kernel. Indeed, if all other possible contributions
into the kernel are considered, then, breaking the integ-
ration regions into two, from 0 to k

2
 and from k

2
 to «>,

one may see that the leading terms yield the integration
regions from 0 to k

2
 and they are small as compared to

one-gluon exchange. For example, the diagrams in Fig.2b
behave with respect to one-gluon exchange as

3



—) ~ 2 « 1» (3)

where P =(Р-,+Ро)
2=*1?- i s the mass of a bound s tate . (The

parameter «- ^kQ i s determined from the slope of the l ine-
arly growing potential and i s equal to 0.59 Gev/17/.This
value has been used when estimating the condensates/*2,23/.

X
a/

Fig. 2. The contribution from one-gluon exchange into the kernel of the

Bethe-Salpeter equation (a)- An example of another contribution

into the kernel of the Bethe-Salpeter equation (b).

3. Now let us consider the Bethe-Salpeter equation for
the wave function (Fig. 1) in the Euclidean momentum range,
and break the integration loop in Fig. 1 into soft and

k
o °°

hard regions, /dk -» / dk+/dk. In the region from 0 to «

о kj

infinity, the contribution from perturbation theory is
dominating in the kernel, yielding a negative asymptoti-
cally free potential and thus, as started above, it can-
not have anything to do with the glueball mass. In the
soft region of transfer from 0 to kf|, one-gluon exchange
is dominating in the kernel (the propagator is proportio-
nal to l/(k

2
)

2
, the leading contribution into the ends of

the propagators comes from perturbation theory, p , P « »
» k 2 , with the vertices being free in the higher-order
approximation. After putting the corresponding expressions
into the equation of Fig. 1 and neglecting small momenta
as compared with l^rge ones we arrive at the following
equation for the wave function in the case of scalar bound
state:



where Psp^pg is the total momentum, qsp^-pg is the rela

tive momentum ( p
2
» k

2
, q

2
« k

2
 is the region under con-

sideration), /dk= Jdk0(k
2
-k

2
), the function d(q,p) is

IR °
related to the Bethe-Salpeter function through

Now, make an expansion in eq. (4) over q/P because these

terms have been neglected earlier and thus it would be

useless to retain them:

0(q, P)=^(0, P)+O(q/P). (5)

(However
t
 ф(0, Р) turns out to be an exact particular so-

lution of eq. (4)). With account of (5), eq. (4) takes

the form

P)=0. (6)
(2
"

У
 ~ з

2

In this equality (6) the factor -n is the result of

2
integrating over d

n
k the propagator in the gauge d=4/(5-n)

in eq. (4). A property of this integral is that its value
is independent of the cut value k

2
/*^/ because the whole

contribution is accumulated basically when integrating
over the infinitesimal neighbourhood of zero momentum.
From equality (6) we obtain the mass:

Р
2
=М

2
 = | ( _ )

2
 (7)

ее 2 jt
 M

Putting the numeric value — *0.59 GeV into (6) we get

M « 1.3 GeV. (8)

ge

Note here that in the tensor case, 2
++
, which is sing-

led out by the density matrix
2 ^p?v

the calculations are somewhat cumbersome, however, in the

leading approximation the spectrum is determined by eq.( 6)

and the value of the mass - by equality (8).



The accuracy of our estimate is, of course, not so
high because the accuracy of determining the mass squared
is specified by the order of the discarded terms

H
ge

To this accuracy, the masses of the 0
+ +
 and 2

+ +
 states

appear to be degenerate. A similar degeneration has alre-

ady been noted in glueball models by some authors^
9
/.

Note that the numeric value (8) is in a fairly good
agreement with estimates obtained in other papers^

6
"***/.

Within the limits of the accuracy, the estimate does not
contradict the mass of the state G(1590) with quantum num-
bers 0

+ +
, which is a candidate for a glueball state due

to enhancement of the decay mode into a IJJ? 'pair.
Let us make two remarks. The first one concerns the

Wick rotation in the Bethe-Salpeter equation for the wave
function. The way to substantiate the Wick rotation in the
general case, is not known. However, for the case of one-
gluon exchange ~ l/(k

2
)^ (it is just this exchange yiel-

ding the leading contribution) a possibility of such a
rotation can be proved. Secondly, let us bring a purely
qualitative reasoning regarding the judiciousness of our
estimate of the mass in the above kinematic region. In a
linearly growing potential with the slope parameter *-_:
: M ,~(

g
]p)

2
r . Therefore г

 e
~ М

 e
/ (

g
^ )

2
 and the relative

о i gM о i 2
 o

 _o о

momentum q [(—) 1 . Whereof q^T-lO GeV«k .

r
2
 %e °

ge

In conclusion, let us make one more remark. The accu-
racy of the estimate can be improved considerably by con-
sidering, in addition to suppression factor (3), the ex-
pansion in 1/N

C
. In the higher order in 1/U

C
 with account

of the above properties of the vertices, four diagrams.
(Fig. 3) contribute to the kernel of the Bethe-Salpeter
equation. The accuracy of the estimate will in this case,
be *• 1/3. 1/N

C
, but much more cumbersome calculations will

be required.



Fig. 3. The contributions in the kernel in the expansion in 1/K
C

The author is deeply indebted to his noteworthy colle-
gues B.A.Arbuzov, M.L.Nekrasov, li.S.Pliushchai, V.I.Savrin,
and K.Sh.Turashvili for numerous stimulating discussions
and valuable critical remarks.

References

1. Fritzsch H., Gell-Mann M.-Proceeding of the 16-th In-

ternational Conference of High Energy Physics (FNAL,

Batavia, 1972); Fritzsch H., Minkowski P. - Nuovo Cim.,

1975, v. 30A, p. 393.

2. Etkin A. et al. - Phys. Rev., 1982, v. D25, p. 2446;

Banbillier И. et al. - Z. Phys., 1983, v. C17, p. 309.

3. Binon F. et al. - Nuovo Cimento, 1983, v. 78A, p. 313;

Gershtein S.S., Likhoded A.K., Prokoshkin Yu.D. -

Z. Phys., 1984, v. C24, p. 305.

4. Edwards C. et al. - Phys. Rev. Lett., 1982, v. 48,

p. 458.

5. Scharra D.L. et al. - Phys. Lett., 1980, v. 97B,

p. 329.

6. Вайнштейн А.И. к др. - Материалы ХУ Зимней школы ЛИЯФ
"Физика элементарных частиц*, ч. П (Л-д, I960), 5;
Kataev A.L., Krasnikov V.N., Pivovarov A.A. - Nucl.
Phys., 1982, v. 198В, р. 508;

Reinders L.J., Rubinstein H., Yasaki S. - Phys. Rep.,
1985, v. 127, p. 3;

Dominguez C.A., Paver N. - Preprint ICTP IC/86/20,
IC/86/84 (Trieste 1986).



7. Alonso J.L. et a l . - Phys. Lett., 1986, v. 178B, p. 101;
De Forerand Ph. et a l . - Phys. Lett., 1985, v. 152B,
p. 107.

8. Кобаарев И.Ю., Мартемьянов Б.В., Щепкин М.Г. - Письма в
ЖЭТФ, 1977, т. 25, с. 600;
Rosner J.C. - Phys. Rev., 1981, v. D24, p. 1347.

9. Meshkov S. - Preprint NSF-ITP-86-95 (California, 1986),
10. Gonnarls G.J., Kogerler R., Paschalis J.E. - Preprint

BI-TP 85/18, 85/32 (Bielefeld, 1985)..
11. Вайнштейн А.И. и др. - ЯФ, 1985, т. 41, с. 1063.
12. Арбузов Б.А. и др. - ЯФ, 1986, т. 44, с. 1565.
13. Алексеев А.И., Арбузов Б.А., Байков В.А. - ТМФ, 1982,

т. 52, с. 187.
14. Baker М., Ball J . S . , Zachariasen F. - Nucl. Phys.,

1981, v. 186B, p. 532.
15. Натрошвили К.Р., Хелашвили А.А., Хмаладзе В.Ю. -

ТМФ, 1985, т. 65, с. 360.
16. Арбузов Б.А., Боос Э.Э., Давыдычев А.И. - Препринт ИФВЭ

86-123, Серпухов, 1986.
17 Алексеев А.И., Арбузов Б.А., Байков В.А. - ЯФ, 1981,

т. 34, с. 1374;
Арбузов Б.А. и др. - ЯФ* 1984, т. 40, с. 835.

18. Быков А.А., Дремин И.М., Леонидов А.В. - УФН, 1984,
т. 143, с. 3.

19. Barkai D., Moriorty K.J.M., Rebbi С. - Phys. Rev.,
1984, v. D30, p. 2201.

20. Некрасов М.Л., Рочев В.Е. - Препринт ИФВЭ 86-125, Сер-
пухов, 1986.

21. Arbuzov B.A., Boos E.E., Turashvili K.Sh. - Z. Phys.,
1986, v. C30, p. 287.

22. Kogut J.B., Pearson R.B., Shigemitsu J. - Phys. Rev.
Lett., 1979, v. 43, p. 484;
Phys. Lett . , 1981, v. 98B, p. 64.

Received December, 15, 1986.

8



Э.З.Босс

Об одной оценке массы глюбола.
Редактор А.А.Антипова. Технический редактор Л.П.Тимкина.
Корректор Е.Н .Горина.

Подписано к печати 30.12.86. Т-25521. Формат 60x90/16.
Офсетная печать. Печ.л. 0,50. Уч.-издл. 0,57. Тираж 250.
Заказ 62. Индекс 3624. Цена 9 коп.

Институт физики высоких энергий, 142284,Серпухов Московской обл.



9 к о п ' Индекс 3624

П Р Е П Р И Н Т 86-234, И Ф В Э, 1986


