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s SUMMARY

*

• Motivated by the rigorous results on level ordering for

5 arbitrary central potentials recently derived in the literature
5

* U»2), a classical treatment of the perihelium shifts is pres-

• ented, based on the consideration of those orbits which lie in

| the vicinity of a circular orbit. The role played by the Laplacian

* of the potential is emphasized. By the same approach^ertrand's

« theorem is also discussed, in connection with Arnold's proof.

I
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Periheliuro shifts in central potentials

1. Introduction

Among the rigorous results on level ordering re-

cently derived, in a quantum mechanical context, for an ar-

bitrary potential V(r)1, a vevy suggestive one is expressed

by means of inequalities conditioned by the sign of Laplacian

of the potential, viz

In eq. (1.1), the particle energy labels are n, the

number of nodes and £ , the orbital angular momentum. The

equality sign in (1.1) would correspond to what is usually

known as the "accidental degeneracy" of the Kepler-Coulomb

problem.

In a classical context, Baumgartner[2j pointed out

that the sign of V 2 V(r) is also responsible for definite

properties such as the sense of the perihelium precession

occuring in classical orbits, for a general V(r). This was

shown by introducing a generalized Runqe-Lenz vector R ,

defined by

R=pxL-mZir>JL u .2 ,

whose sense of rotation, in the plane of the orbit, is go-

verned by the sign of Z1 (r). That is, £ rotates in the same
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sense of the radius vector jg, if Z'(r)< 0 and in the op-

posite sense, if E1 *r)> 0.

Since VVrj=r*Zcn holds, it is clear that Baum-

gartner's condition can be directly formulated in terms of

the sign of *V , as was the case of eq. (1.1).

In this note, we would like to indicate a perhaps

simpler and more direct approach which puts in evidence the

role played by the Laplacian of the potential V(r), in the

discussion of the perihelium motion of a point particle of

mass m and angular momentum L in a central potential V(r).

This may be done by means of the effective potential [3] U(r)

viz.

(1.3)

just by considering those particle motions whose energies are

slightly above the minimum of U(ro), where ro is the radius

of the corresponding circular orbit. As is well known, in

such a case the system undergoes small radial oscillations ,

of harmonic type. It will be shown, in section 2 that in

the vicinity of a circular orbit ro , the following rela-

tion holds

m

where wr and wft denote the radial and the rotational fre-

quencies, respectively.

One sees that V 2 V(r) explicitly appears in the

r.h.s. of eq.(1.4). As a consequence, eq.(1.4) will play a
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central role in our subsequent discussion*

Our work is organized as follows. In section 2 , we

briefly describe our approach and give a proof of eq.(1.4).

Some simple consequences of that equation are also

derived, including the classical stability condition of the

system. Section 3 is devoted to a discussion of the clas-

sical quantity[4], 0 which represents the angle, described

by the radius vector of the particle, from a given "perihelium"

to the next "apheliura" (see eq.(3.1)). It is a function of

E and L9|L|, the particle energy and angular momentum.

By integrating p (E,L) for orbits the vicinity of

a circular orbit of radius r0 and making use of eq.{1.4) a

closed expression for it in terms of V2 V(r) is obtained

(see eq.(3.7)), from which a number of consequences may be

easily derived, both for the Coulomb-like problem with a

"running" charge Z(r> as well AS for the harmonic oscil-

lator-like problem with a "running" Hooke's constant K (r) .

Instances of the classical cases of the perturbative typet3J,

V(r) »V,(r) + fvtr), with V0(r) Newtonian or harmonic, are

also discussed.

Finally, section 4 contains our final remarks and

includes, in particular, a slightly simplified version, in-

-oired in Arnold's [4], not so well-known proof of the cele-

brated Bertrand's theorem [5].



2. In the vicinity of a circular orbit

Our approach starts from the consideration of the

those orbits whose energies are slightly above the minimum

of the effective potential U(r0), where rt is the radius

of the corresponding circular orbit. In such a case, the sys-

tem undergoes smal* radial oscillations around the circular

orbit:

where w^ denotes the radial frequency of oscillation.

Clearly, it satisfies the relation (3]

<2.2>

On the order hand, near the minimum, the rotational

frequency, W Q ^ 9 , is given by

By substituting (1.3) into(2.2) and using (2.3),one

readily gets

One sees that V 2 V(r) explicity appears in the

r.h.s, of (2.4). Furthermore, it is immediately clear that.
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for a Newtonian potential V(r), the r.h.s. of (2.4) va-

nishes.

Thus, we recover the well-known result

O)r=UJ.

that is, the classical "degeneracy" characteristic of the Ke-

pler-Coulomb problem. For the harmonic oscillator potential

one readily gets from (2.4) that wr • 2 wfl , as expected.

We recall that the condition for closed orbits is

given by

-Qj£--n (25)

where n is a rotational number.

From the minimum condition, V1(r) « 0, one gets

Therefore

From (2.5) and (2.6), condition (2.4) gives (for

r « rft ), the differential equation

V'(n+_LVfr)(3-n2)=O (2.7,
r

whose solutions are



V<r)

ar+b
atar+b
ar1l"2+ b

i f

i f

i f

rf=2
rí*2,3

where a and b are integration contants.

From (2.7) one sees that

rV'in -

from which it follows that

rV

It is easily seen that (2.8) is nothing more than

the classical stability condition. To show this, it is suf-

ficient to take the equation for the orbits (u»i)

For circular orbits r0 ,we have,of course,uo * J(utt ) .

Now putting u*u #+ ? and expanding to first order

in 5 » o n e 9«ts, for small Ç

S'('e)+(i-J(U))5(e)=0

whose solutions are
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C,9+C,

where C± and C2 are constants an A- 1

For d-»co , only for the second possibility Ç '3

limited. Thus, 1-^>0 . But

cu

Consequently

V(D

which is exactly our inequality (2.8). This proves our as

sertion.



3. The quantity rf (E.L)

We now introduce the quantity (3,4]

which represents the angle described the radius vector of the

particle from a given "perihelium" to the next "aphelium".

In eq.(3.1), r< (r^) represents, of course, the

lower (higher) turning point. It is a function of E and

The integral in eq. (3.1) can be calculated in the

approximation of small radial oscillations around a circular

orbit r 0 , eq.(2.1), where w| is given by eq.(2.2).

For energies E slightly above U (ro ), we have for

the turning points, the expression

(3.2)

where

(3.3)

By substituting (2.1) into (3.1), one than gets

í_ lV1-iüí (r-rot'
 (3-41

This integral can be easily perforned, giving
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-A
Z LIT (1-.4-J „.„

mujPr0' * U J X /
In the limit of vanishing £ ,one gets,

r muurro
l

Thus, making use of (2.3), we get for f rin lead

ing order.

UUr «3.6)

This expression can be recast in a more interesting

form, if use is made of eq.{2.4).

One easily obtains

(3-7)

mm*
from which, the following conclusions can be drawnt

0 £ H provided V V ^ 0
0 = Tt provided V V = 0

Remark 1: For a Coulomb-like problem, with a "run

ning" charge Z(r)

nrvr = Z<n £ (3.9)

one has
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Ztr>=rV<n

Therefore

VZ'(n=rVv

Thus, if Z'(r )< O,0>fTetc. (3.10)

in agreement with the results of Ref.[2] , obtained by means

of the generalized Runge-Lenz vector, eq.(1.2).

Remark 2: For an harmonic oscillator-like problems,

with a "running" Hooke's constant K(r)

mjf+K(nr=0 • <3-U)

one obtains, from (3,9)

r
It follows that

and therefore

AKfrjJ
(3.13)

Thus, for K(r0 ) > 0,
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provided

(3.14)

for Xiro)= 0

The results of eq.(3.14) coincide with those of

Baumgartner, using his generalized tensor treatment [2].

Finally, we briefly discuss, as an application, the

case of perturbative potentials of the form [3)

(i) Vcn=-^+ *VfO (3.15)

where Wn«J^. . From eq. (3.7) , we get

m UJ,1 2muua
If ÍV is of the form iV=*rp , then

s P ( f l s
2 muu. r0

For the analogous case

V(n=Kii+íV(n ',

we get

IL(+táBta_
2 Amuu.1 ~ 2

Again, for SV = ^ T 1 # one has
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j H 1 - fin.1.?!'* ) (3.18)

In both cases, one sees that sense of the perihelium

precession depends on the sign of V V(r).

Finally, for subsequent discussion, two other pro-

perties of the angle £ (E,L), due to Arnold [4], will be

given, namely

U ) For any "confining" potential (i.e such that V(r)-»oe for

r-fr CO ), one has

Wj^E^Ç ,3.19)

(ii) For a power-law potential

V(r)=-krp . 0<p<2 0.20

one has

In the last limit, E tends to zero, by negative

values.
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4. Conclusion

We have shown, by means of a simple qualitative an-

alysis, how the perihelium shift relative to a point particle

in a central field depends on the Laplacian of the potential.

Explicit expressions have been derived, for orbits in the

vicinity of a circular orbit rft. In this respect, as we

already mentioned, our work parallels that of Baumgartner [2].

However, the reader is referred to his paper for a

classical derivation of the level ordering inequalities[2,1].

Finally, a comment about a closely related problem,

namely, Bertrand's theorem [5], is in order. As is well-known

Bertrand's problem is concerned with the determination of

the class of central potentials, admitting finite motions ,

whose orbits are all closed.

A possible approach is based on the idea that since

all finite motions are required to be closed, in particular

those motions corresponding to small around a circular orbi't

must be closed too. Now a proof of the follows immediately

from the properties [4] (i) and <ii), eqs.(3.19)-(3.21), if,

in addition, we z=i»ire the following one:

(iii) For a power-law potential of the form ^O*-|tr"* fin the

vicinity of a circular orbit r^ , we have

T7(2PJ t«i>

This property is a immediate consequence of our

eq.(3.7).
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Thus, from <i> and (iii), we have 2 - p - 4 , thac

is, P * -2 ( the case of the isotropic harmonic oscillator

potential),

On the other hand, from (ii)and (iii)it follows that P1 -3P +2=0

However• since 0<p<2 , we have only j3 * l,that

is, the case of the Newtonian potential. As is well known ,

these two possibilities embody the content of Bertrand's

theorem.
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