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High temperature series expansions with a multiple-exchange Hamiltonian are performed to fourth 
order in arbitrary magnetic field for both phases of solid 9 He. The susceptibility series are 
analysed with Padé approximants and compared with recent experimental results. For the hep phase we 
estimate the ferromagnetic ordering temperature from susceptibility series and discuss the 
influence of four-particle exchange in lowering the transition. 

1. INTRODUCTION 
The role of multiple exchange mechanism is es

sential in the physics of solid 3He. The hierarchy 
of the most important exchange processes has been 
determined from microscopic theories [1-3] : anti-
ferromagnetic four particle exchange compete with 
ferromagnetic three particle exchange in bcc 'He 
and give rise to a frustrated system with two al
most degenerated antiferromagnetic and canted fer
romagnetic phases in a remarkable agreement with 
experimental observation [2,*]. Three particle ex
change dominates in compact (2D triangular or 3D 
hep) lattices and ferromagnetism was predicted in 
hep solid [1] a few years before its experimental 
observation [5], Monte Carlo calculation have re
cently determined more quantitatively from first 
principles the various exchange frequencies for 
bcc 3He [6] and confirmed the hierarchy predicted 
earlier [1-3]. 

The thermodynamical properties of a multiple 
spin exchange Hamiltonian have been investigated 
within Mean Field theory, spin wave approximations 
and high temperature series expansions, limited to 
the first term [2], In simpler system (Heisenberg 
Hamiltonian) high temperature series expansions up 
to tenth order [7] have given accurate results 
concerning susceptibility and specific heat series 
in the paramagnetic phase and transition tempera
tures. Our purpose here is to carry on such expan
sion with a multiple exchange Hamiltonian as far 
as possible, using a computer. Due to the comple
xity of the four spin terms it is not possible to 
go well beyond the fourth or fifth order. However, 
such a calculation, is very useful for comparing 
sultipls sxshîRje predictions to t-hi»rmodynamie da
ta, in a temperature range I i, 9 where the expan
sion rapidly converges. Due to the highly frustra
ted nature of the bcc solid it is difficult to 
calculate transition temperatures more precisely 
than by mean field theory. However in hep solid 
where ferromagnetic triple exchange is dominant 
with respect to less important antiferromagnetic 
two or four spin exchanges, good estimates of the 
critical temperature can be obtained by the 
successive ratios of the susceptibility series 
coefficients. The expansions of the Free energy to 
fourth order for bcc and hep phases have been pu
blished elsewhere [8J. Susceptibility, specific 
heat and pressure series have been compared to re
cent experimental data [8,9] for the bcc phase. We 
concentrate here our attention on the results for 
the hep phase and suggest further experiments to 
determine the role of two and four spin antiferro

magnetic exchanges with respect to the dominant 
three particle exchange. 

2. MULTIPLE EXCHANGE HAMILTONIAM AND SERIES 
EXPANSIONS 

A general multiple exchange Hamiltonian is 
written J^,"^ (-D* 0 P, where the sum is ex
tended over all permutations P acting on spin va
riables, p is the permutation parity and all 3 'J 

p 

are negative constants. In hep 'He ferromagnetic 
three particle exchanges in the basal plane (J ) 
and out of the basal plane (J') are dominant but 
first neighbor pair exchange in the basal plane 
(J ) and out of the basal plane (J' ) and some 
four particle exchanges should also contribute in 
a less extend to magnetism [3]. Among the seven 
kinds of nearest neighbor four particle exchange 
in hep lattice, we only retain the most probable : 
planar square four particle exchange [3] : K* .Our 
calculation could easily be extended to other 
kinds of cycles if accurate Monte Carlo calcula
tions [6] or experiments prove that they are si
gnificant. Using the property of spin one half 
permutation operators: (P ( J l l

+ , )ij k)"<l ,
l J

+ P , k
+ P i 1 , " 1 ' -

the Hamiltoiiian can be written in the equivalent 
form : 

(1) (2) 

K. —J.L I , - p , r J ^ p , r K . , 
i<j i<j i<J<k<l 

(P +P* 
I J k • I J k l 

,) 

J and J are effective Rair exchange frequencies 
which include two and three particle permutations 
: J «J -J -2J* ; J »J' -4J' . The two first sums 

l UN T T a »» t 
are performed respectively over nearest neighbors 
in and out of the basal plane. The last sum is ta
ken over distinct four spin cycles. 

Ve perfom a linked cluster series expansion of 
the partition function i^ arbitrary field accor
ding to the general method described in ref.p]. 
A U expansion coefficients to fourth order are 
listed in ref.[8], 
3. RESULTS FOR hep 3He 

The remarkable susceptibility measurements of 
TaXano et al [5] in the range 50 to 300nK have re
vealed the ferromagnetic behaviour of hep *He and 
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Fig. 1. Successive ratios r =(a /a ) l / 1 of the 
B o» I n - 1 

susceptibility series x * Z a |3° for few 
values of <x = 2K /(J +J ) and J /J , as a 

• q 1 2 2 1 
function of 1/n. The straight lines extrapolate 
to the critical temperature T for n -» co. Tour 
spin exchange decreases the ratio T /6. 

c 
confirmed the predictions of the multiple exchange 
theory [1]. Complementary experimental informa
tions on specific heat or pressure are however 
needed to determine the ratio of various triple 
exchange frequencies (in and out of the basal pla
ne) and the contribution of smaller (but certainly 
significant) antiferromagnetic two and four parti
cle exchanges. The high temperature series (al
though limited to order four) should be very use-
full in comparing the theory to experimental data. 
More information than for bcc 'He can be drawn 
from this series because triple exchange is domi
nant and the system is less frustrated. In parti
cular we can estimate the ferromagnetic transition 
temperature T within 5% by plotting the successi
ve ratio r «(a /a ) I / J of the susceptibility 

a o*1 n-1 
coefficients (x=E a &') as a function of 1/n. We 

D 
obtain a straight line which extrapolates at T 
for 1/n -, 0 [7]. The Fig.l shows a few examples of 
such plots for V J 2 and 1 and 0.5; 

It proves that the main <w2K' /(J +J )»0 and -0.2. 
influence of four spin exchange is to decrease the 
ratio T /9. As a consequence it also increases the 
deviation of the susceptibility with respect to 
the Curie Weiss law. The Fig.2 compare the [2,1] 
and [2,2] Padé approximants of the susceptibility 
series for K =0and K »-0.2 J (J 13 is arbitrant • <! 1 1 2 
rily taken to 1) with the experimental results [5] 
for V-19.4 cm3/mole.The experimental data are more 
consistent with a larger deviation of the suscep
tibility with respect to the Curie Weiss law and 
K is certainly significant (of order -0.1 to -0.2 

J ). Due to the important deviation of the suscep
tibility with respect to the Curie-Weiss law, our 
estimation ci the Curie Weiss temperature 8~60 mK 
is appreciably larger than that of ref.[5]. This 
correction should he less important for smaller 
molar volumes (18.1 and 18.5 cm'/mole) for which 
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Fig. 2. Comparison of the susceptibility data at 
19.4 cm 3/mole [5] to the fourth order high 
temperature series expansion (solid line) and 
Padé approximants (dashed line) for K' =0 and 

K = -0.2 J 
estimated Curie Weiss 

The inset show our 
temperatures for other 

volumes investigated in [5] (dashed line), the 
slope agrees with that expected from NMR data 
(solid line 

measurement are performed at T^29. The inset shows 
our estimates of 8 from susceptibility series with 
reasonable amount of K' at various molar volumes. 
The slope d ln8/d InV is greater than that estima
ted in ref.[5] and in a better agreement with 
theoretical expectations and NHR data. 

4. CONCLUSION 
High temperature sérias expansions offer neu 

perspectives for the comparison of the multiple 
exchange theory to experimental results. Further 
experimental informations as well as accurate 
Monte Carlo calculations are needed to definitive
ly determine various exchange parameters in 
hep "He. 
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