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Optical guiding and beam bending In free-electron lasers 
E. T. Scharlemann 

Lawrence Livermore National Laboratory 
Livermore, California 

Abstract 

The electron beam In a free-electron laser (FED can act as an optical 
fiber, guiding or bending the optical beam. The refractive and gain effects 
of the bunched electron beam can compensate for diffraction, making possible 
wlgglers that are many Raylelgh ranges <'.e., characteristic diffraction 
lengths) long. 

The origin of optical guiding can be understood by examining gain and 
refractive guiding In a fiber with a complex index of refraction, providing a 
mathematical description applicable also to the FEL, with some extensions. In 
the exponential gain regime of the FEL, the electron equations of motion must 
be included, but a self-consistent description of exponential gain with 
diffraction fully Included becomes possible. 

The origin of the effective index of refraction of an FEL 1s illustrated 
with a simple example of bunched, radiating dlpoles. Some of the properties 
of the index of refraction are described. 

The limited experimental evidence for optical beam bending is 
summarized. The evidence does not yet provide conclusive proof of the 
existence of optical guiding, but supports the idea. 

Finally, the Importance of refractive guiding for the performance of a 
high-gain tapered-wlggler FEL amplifier is Illustrated with numerical 
simulations. 

Work performed jointly under the auspices of the U.S. Department of Energy 
under W-7405-ENG-48 and for the Department of Defense under SOIO/BMD-ATC 
MIPR No. W3-RPD-53-A127. 
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I. Introduction 
Many free-electron laser applicat1ons--for high gain at short wavelengths 

or high extraction with a tapered wiggler amplif1er--require a very long 
wiggler. If the wiggler must be much longer than the characteristic 
diffraction length (the Rayleigh range) of the light, diffraction of the light 
away from the electron beam becomes a critical issue. There is (In theory, at 
least) an effect that prevents diffraction--the bunched electron beam, at high 
enough current, can behave as an optical fiber and guide the light. The 
effect is Illustrated in Fig. 1, which is a plot, from a numerical simulation, 
of light intensity vs horizontal position (x) and distance along the wiggler 
(z); the Intensity remains strongly peaked around the electron beam (radius 
0.26 cm) throughout the wiggler. The simulation paramete.-s for Fig. 1, and 
other figures in this paper, are given In Table 1; the simulations themselves 

1 2 3 were made with FRED, the LLNL FEL simulation code. * ' Optical guiding, 
although very important for the successful operation of long-wlggler FELs, has 
not yet been demonstrated experimentally. 

The Rayleigh range is defined by 

T W 0 
ZR = 1T ( , ) 

and appears in diffraction theory through, for example, the behavior of the 
spot size w <- radius to the 1/e intensity point) of a Gaussian TEM Q 0 

mode: 

w M + 4 > wa.Jsf , {2) 

4 R 
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where the last approximate expression holds for z >> z R. If the on-axls 
Intensity of light in a wlggler were determined by diffraction alone, the 
wlggler would be restricted to <3-4 ZR. Good coupling to the electron beam 
would also require that the light spot size w be approximately the electron 
beam size; the length restriction of 3-4 z R would then be a short physical 
length, severely limiting the possible extraction efficiency (or gain) of the 
amplifier. 

Two phenomena can counteract diffraction and keep the light confined to 
near the electron beam over many Rayleigh ranges. The first is gain guiding, 
described in some detail for a quadratic gain medium In Ref. 4, and having the 
very simple explanation that light tends to be where it is amplified. In a 
gain-guiding medium, the intrinsic gain length Is shorter than or comparable 
to the Raylelgh length of the equilibrium gain-guided profile, and the virtual 
focus (the point at the center of the radius of curvature of the phase fronts) 
is of order one Raylelgh range behind any point of observation. 

The second phenomenon is less well known, and is nearly unique to the 
FEL. We have referred to it as refractive guiding; it Involves the phase 
s n i f t ( vphase < c > o f 1 l 9 h t i n a n F E L" T h e p h a s e s,,,1ft' a n d refractive 
guiding, can be Independent of the gain, and may occur even In the absence of 
gain (e.g., after saturation In an untapered wlggler). This phenomenon is 
generally less well appreciated than gain guiding, because in a conventional 
laser medium governed by the Kramers-Kronig relation, the real part of the 
index of refraction (hence the linear phase shift) vanishes at peak gain; at 
the design point of the laser medium, therefore, refractive guiding 
necessarily vanishes. The relevance of the Kramers-Kronig relations to 
refractive guiding In an FEL will be discussed below (Sec. VI). 
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The significance of the phase shift of the light in an FEL (or the real 
part of an effective Index of refraction) was realized nearly simultaneously 
by Slater and Lowenthal,5 Kroll, Morton, and Rosenbluth (KMR), Prosnitz, 

7 8 
Szoke and Neil, and Sprangle and Tang. The significant feature of 
refractive guiding—that wlgglers much longer than a few Raylelgh ranges 
become possible—was first unambiguously pointed out by KMR, who refer to 
"optical beam trapping, which could be helpful for devices with 
L > kr'." Their r is the electron beam radius, so that krfi 1s 
twice the Raylelgh range obtained by equating the optical mode size to the 
electron beam size, a reasonable approximation for a high gain amplifier. 5 8 9 Although the effect has often been seen in numerical simulations, ' ' very 
little analysis of refractive or gain guiding (jointly referred to here as 
optical guiding) was done until recently when Moore realized that the 
exponential gain regime of an FEL, In the presence of arbitrarily strong 
diffraction, could be treated nearly exactly—with only the approximation that 
the light profile propagated self-similarly along with the electron beam. 
Similar conclusions were independently obtained from a useful analogy to 
optical fibers by others. Since the appearance of these two papers there 
has been considerable theoretical analysis of optical guiding, primarily gain 
guiding, Inspired by the possibility of actually building devices with long 
w l g g l e r s . 1 2 , 1 3 

Little experimental evidence for optical guiding in an FEL yet exists; 
the possible exception Is a phenomenon observed in the FEL oscillator 
experiment at the Los Alamos National Laboratory—the "walking mode"—which 
may be evidence for a refractive bending of the light in a cavity by the 
effective refractive index of the electron beam. This experiment will be 
described later (Sec. VII). 
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In this paper we will first describe gain guiding, both for a quadratic 
medium and for a step-profile optical fiber with a complex index of 
refraction. Gain guiding Is (usually) the dominant form of optical guiding In 
the exponential gain regime of an FEL. Although gain guiding has not been 
observed experimentally In an FEL, it should be uncontroverslal; gain guiding 
is the Inevitable consequence of transversely localized gain combined with 
diffraction. We then describe refractive guiding, relying primarily on the 
optical fiber analogy. Some numerical simulations are used to Illustrate 
optical guiding, and In particular refractive guiding In the absence of gain 
(after saturation in an untapered wiggler amplifier). 

Gain and refractive guiding both contribute to optical guiding In the 
exponential gain regime of the FEL. In this regime, nearly exact analytical 
treatments with diffraction effects fully Included are possible. Several 
treatments are described in Sec. V. 

In simulations It Is possible to separate the effects of gain and 
refractive guiding. The technique for doing this Is described in Sec. VIII, 
where the role of refractive guiding alone In a long tapered wiggler amplifier 
is adumbrated. 

In this paper we will occasionally use the single-particle equations of 
motion, averaged over a wiggler period, with longitudinal space-charge forces 
ignored (I.e., the equations for a Compton-reglme FEL). These equations were 
developed by KMR, 6 by Prosnitz, Szoke, and Nell, 7 and by Colson. 1 4 We 
repeat them here for reference. The longitudinal equations of particle motion 
are written for the Lorentz factor of an electron \. and its normalized 
longitudinal position e*. defined by 

6, = (k + k w)z. - «t , (3) 
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where k and a are the wavenumber and frequency of the signal, and k Is 
the wiggler wavenumber. The equation for electron energy Is 

d*i a w f B e s 

wh ere y.. = 81 + $, with $ the phase of the signal electric field, 
Is the phase of an electron In the ponderomotive potential well, a w Is the 
dlmenslonless r.m.s. vector potential of the wiggler magnetic field: 

e B w a w = 75Sc-iT • ("near wiggler) (5) 
w 

e Is the normalized r.m.s. electric field: 

e E s e, = — ^ , (linear polarization) (6) 
s •2mc': 

with dimensions of Inverse length, and f„ is a difference of Bessel 
14 functions that represents a reduction of coupling between electrons and 

light in a linear wiggler caused by the oscillatory longitudinal motion of the 
electrons. For a helical wiggler and circular polarization, the factors of 
•11 are dropped (r.m.s and peak values are identical), and f- - 1. We will 
use MKS units throughout this paper. 

The equation for 9., is 

de 

*t=\-fl ( 1 + aw " 2 a w V s c o s V ^ V ' ( 7 ) 

where a = e /k, and yQ, is the normalized perpendicular momentum 
associated with the betatron motion of the electron, averaged over a wiggler 
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period. Including the Y B M terms permits us to incorporate electron beam 
emittance—-one of the most Important two-dimensional effects In an FEL—into 
the discussion. The FEL resonance, or synchronism, condition follows directly 
from Eq. (7) and the condition that de./dz = 0: 

X s ~ (1 + &l + Y 2 6 ? 4 > . <8) 
2 Y 2 U 

Finally, the field equation for the complex amplitude e $, derived by 
assuming that the transverse current is periodic over many wavelengths and 
determining the Fourier component at &> and k, is 

d e s 1 2 e Z 0 e ^ 3 

where Z Q Is the Impedance of free space, J Is the current density, and the 
angle brackets denote an average over electrons. The transverse gradient term 
in Eq. (9), 7 p , Is responsible for diffraction effects. 

II. Gain guiding 
Gain guiding should occur In any amplifying medium when the gain medium 

Is transversely localized. Light 1s amplified by the medium as It 
simultaneously diffracts away from the medium (because of the localization). 
Propagation of the light with a constant transverse profile [e.g., 
es " e

s
< r ) e x P ( 1 r i z > ' w 1 t n es(r> Independent of z] 1s possible when 

gain is strong enough to balance (or overbalance) diffraction. Propagation 
with a constant transverse profile can be described as self-similar 
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propagation of light; the profile at any z is just a constant times the 
profile at any other z. Even with a constant transverse profile, power 
propagates away from the gain medium; phase fronts are therefore necessarily 
curved In gain guided light. 

The self-similar propagation of light in a medium with a quadratic gain 
profile 

r 2 

a - a- (1 - ^ > (10) 
a 

has been analyzed by Kogelnik and experimentally demonstrated In Ref. 15. 
The gain a here 1s defined by the relation |E| « exp<<xz) for a 
uniform medium <no diffraction effects). For this simple case, the lowest 
order mode for the self-similar light profile Is exactly Gaussian (higher 
order modes are the Gauss-Laguerre modes of paraxial diffraction theory). 

The modes for gain guiding by a step-profile Index fiber, for which 
<x - cu ; r < a (11) 
a « 0 ; r > a 

i.e., the gain Is uniform but localized to within the fiber radius a, are more 
complicated. 

The simplest derivation of the modes for either form of gain guiding 
utilizes the paraxial wave approximation, which Is the approximation that the 
amplitude and phase of the light vary slowly on the scale of an optical 
wavelength. The electric field of the light can then usefully be written 

E(x,y,z,t) = Re [^(x.y.z.t) e U k z ~ u t > ] p , (12) 
where p is the unit polarization vector [e.g., p = x for linear polarization, 
p = (x + iy)//2 for circular polarization], and k = u/c. The complex 
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amplitude Ovaries slowly in space and time; the rapid oscillations are 
contained entirely 1n the exp{1(kz - ut)} term. The wave equation for E, 

2 3 E * r E - n n c n s-f - p • (source terms) , <13> u u 8 t<: 

simplifies to 

21k || + vf<?- e " 1 ( k z " u t > p • (source terms) (14) 

when the complex amplitude £ Is Independent of t at fixed z, and the second 
derivatives of <?w1th respect to z can be neglected In comparison to k times 
the first derivative: 

I S-f I « k | ff| . (15) 
A good discussion of the paraxial approximation, with a much more rigorous 
approach to the approximations Involved, Is contained In Ref. 16. 

For a gain or refractive guiding by a medium characterized by a complex 
Index of refraction n, the right-hand side of Eq. (14) becomes 

e-1(kz - ut) * . (source terms) - - k 2 (n 2 - 1) £ . (16) 

The relation between gain a and complex Index n Is 

a = -k Im(n) (17) 

for |Re(n)-l| « 1 . 
The assumption that the light Is guided by the medium amounts to 

requiring that 
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f f - l t l t f ( 1 8 ) 

for some constant n. Independent of x, y, or z. Then for gain guiding, the 
paraxial wave equation reduces to 

v\s - 2k( n + 1a)«?- 0 . (19) 

The lowest order mode for an axlsymmetrlc medium Is Itself axlsymmetrlc, so 
Eq. (19) can be rewritten 

r Ir r Ir s~ 2k<n * ] « ) s " ° • ( 2 0 ) 

For a quadratic gain medium, with a given by Eq. (10), the solution to this 
equation is 

* - * 0 e , l c r 2 / 2 ( « . <21) 

where q is a complex radius of curvature for the guided mode, and is to be 
determined from Eq. (20). T. i: straightforward to show that 

q 2 - -1 I 3 - . (22) 
2a Q 

Knowing q, the propagation constant r. can be found from 

n - i(J- <x0> (23) 

The parameter a- characterizes the intrinsic gain of the medium; -Im(n) 
is the actual gain in the presence of diffraction: 

-Im(n) - OQ - Re4) . (24) 
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As a consequence of this, gain exactly balances diffraction [-Im(n> » 0] 
2 

when a Q - 1/ka , any larger Intrinsic gain (aQ> produces net gain 
t-Im(ti) > 01. 

The complex radius of curvature q Is a standard parameter In the 
well-developed paraxial theory for the vacuum diffraction of light (see, for 
example, Kogelnlk ). In terms of a beam spot size w and a radius of 
curvature R for phase fronts, 

q R +
 k w 2 • < 2 5 > 

For vacuum diffraction, R and w are related to the spot size w Q at a focus 
and distance z from a focus by Eq. (2) and 

4 
R - zCl + -j ] , (26) 

where the Rayleigh range, z R, Is defined by Eq. (1). A useful feature of 
the complex radius of curvature q Is that one can write very simply (for 
vacuum propagation) 

q - z - 1z R . (27) 

The expression (22) for q in a quadratic gain medium then indicates the 
significant property that the phase fronts of the gain-guided light are curved 
at any point to appear as If they propagated In vacuum from a focus precisely 
one Rayleigh range behind the point. As we will see below, the phase fronts 
of refractively guided light are not curved at all; the phase front curvature 
Is one potentially practical way to observationally (or numerically) 
distinguish gain from refractive guiding. 
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The property that the effective focus is precisely one Rayleigh range 
behind the observation point is only true for gain guiding in a quadratic 
medium, unfortunately. It is approximately true in certain limits of gain 
guiding by a step-profile index fiber, as we now show. 

For the gain profile of Eq. (11), the solutions to the paraxlal-wave 
equation (20) become Bessel functions 

S - A£ Q K 0 (yr) , r > a (29) 
where K and y are complex parameters that characterize the propagation, 
I Q Is a Bessel function, and K Q is a modified Bessel function. The symbol 
Y has been used previously In this paper to denote the Lorentz factor of an 
electron; we reuse it here to permit a link to the theory for weakly guiding 
optical fibers developed in, for example, Marcuse. 

From the wave equation, 

K = [-2k<n + i a 0 > ] , / 2 , (30) 

Y = [ 2 k n ] 1 / 2 • (31) 

The choice of Bessel functions, J Q and K Q, was determined by the boundary 
conditions (finite £ ) at r - 0 and r + «. Those boundary conditions also 
impose the constraint that Re(Y> > 0, since < 0<Yr) = exp(-yr)//r 
as r •» <=. The condition that the phase velocity of the light be directed 
away from the fiber constrains Im(y) to be < 0. The propagation constant 
n , and hence K and y, are determined by the boundary conditions on £• at 
r = a: 

continuous & -> J Q (ica) = A L <Ya> , (32) 

continuous |- -> KJ,(ica) = A yK, (ya) . (33) 
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Eliminating A, we find a dispersion relation for K and y: 

J 0( Ka) * K Q<Ya) ( 3 4 ) 

with 

K 2 + Y 2 - - 2 , k o t
0 ' < 3 5 ) 

Since K and Y are complex, It Is necessary to solve the dispersion 
relation numerically. Here, we are primarily interested In the phase 
curvature of the solution, and the actual gain, -Im(n>, as a function of k, 
a, and a. We can parametrize the quantities of Interest by 

V 2 - (n 2 - l)k 2a 2 , <36) 
which, for a real Index of refraction, Is known as the fiber parameter. 
For pure gain, 

V 2 , 
where z R B Is a Raylelgh range obtained from the fiber radius 

V 2 - -4 1 2 R B a Q , <37> 

z R B - ^ - ^ . (38) 

We determine a complex radius of curvature q by equating 

" 4 " 2q 

to obtain 

(39) 

41 
J U — z D B <40) <*a>2 R B 



and so 

- - ^ = r ^ - 1 ^ - . (41) 
(icar ZRB ZRB 

where now z R Is a Rayleigh range determined from the phase front curvature 
and electric field gradient near the axis. From Eq. (41) we can extract the 
ratio z/z R, which determines the location of the virtual focus of the 
light. The actual gain, -Im(n>, can be obtained from Eq. (24), and written 

1 2 2 -Im(n> z R B - a Q z R B + ^ Im(K a ) < a Q z R B . (42) 

2 
In Fig. 2 we plot z/z R as a function of Im(V )<0; recall that a more 2 negative Im(V ) corresponds to stronger gain. He see from the figure that 

3 (a) no gain-guided solution exists for Im(V ) > -1.87, and (b) the virtual 
focus Is one Rayleigh range behind the observation point only near the cutoff, 

2 I.e., for -3.0 < Im(V > < -1.87. As gain increases, the virtual focus moves 
closer to the point of observation. 

Curved phase fronts can therefore be considered Indicative of gain 
guidlqg, but the location of the virtual focus cannot be used to disentangle 
gain and refractive guiding. 

III. Refractive guiding 
The equations used In the previous section to examine the properties of 

gain guiding can also be used to examine refractive guiding, with the simple 
substitution 

a. •» iK = 1k(n - 1) , (43) 
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2 
where n, and hence K, Y. n. and V , are all purely real numbers, and q 
Is purely Imaginary. 

The derivations above can all be duplicated, to obtain (for a step-Index 
fiber) 

K - [2k(K - n > ] 1 / 2 . (44) 

Y - ( 2 k n ) 1 / 2 . (45) 

V 2 - 2kKa 2 - 4 K Z R B . (46) 

The dispersion relation for K and Y. £<!• (34), still holds. There exists 
a solution to that dispersion relation, with the subsidiary condition that 
( K 2 + Y > - V , for any V , indicating that this lowest order mode 
does not have a cutoff—it can propagate for an arbitrarily small n - 1. 

For a medium with a quadratic index profile, 

K . K Q (1 - £r ) , (47) 
a 

the complex radius of curvature q becomes 

ka 2 1 / 2 

q > 1 <|=- ) . (48) 
In both cases, phase fronts of the light are exactly flat, Indicating (among 
other things) that power is not propagating away from the medium. For this 
case, the self-similar profile is possible because refraction is balancing 
diffraction exactly, not because gain is replenishing power lost to 
diffraction. 
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IV. The index of refraction in an FEL 
In, for example, a glass with a real index of refraction n > 1, the index 

of refraction arises because light, propagating through the glass, excites 
atomic dipoles which reradlate 90° out of phase with the incident light. If 
the reradiated light is precisely 90° out of phase. It only shifts the phase 
of the Incident light, with no loss or gain. The propagation of light in 
n/•<••.• -r the guiding of light by a conventional optical fiber, can be 

.ely described by summing the Incident light and the reradiated light 
from each atomic dipole; since this would obviously be a tedious calculation, 
the effect of adding reradiated light Is commonly treated by a 
phenomenologica) index of refraction n. 

The important point in that brief description of a refractive index—at 
least for understanding the origin of the index in an FEL—Is that the Index 
can be used to represent the effect of light radiated by many microscopic 
dipoles. For understanding the propagation alone, the origin of the dipole 
radiation does not matter; the dipoles could be microscopic antennas operated 
by excitable demons without changing the description of propagation. In 
particular, for the FEL, the dipoles are individual bunches in the electron 
beam, moving In the magnetic field of the wlggler. The bunches are 
approximately the size of an optical wavelength, and are formed by the gain 
mechanism of the FEL—in a tapered wiggler, the bunches are the electrons 
trapped in ponderomotive potentials. 

We can clarify the mechanism of refractive guiding with a simple example 
of this dipole description, treating the electron beam as a linear array of 
dipoles with a periodic, time-independent density = s1n(k hz) and periodic, 
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•» time-dependent phasing <* cosCk^z + at). Then the dipole moment dp of 
the array within an Infinitesimal distance dz Is 

dp - ? 0 sin(k bz) cos(k dz + at) (49) 

This description corresponds to a bunched electron beam wiggling In a frame 
moving with the average velocity of the electron beam (the beam frame). The 
dipole density modulation Is the electron bunching, and the dipole phasing and 
motion is provided by the wlggler which, In the beam frame, is a backward 
propagating wave * cos(k(jZ + ut>. 

The simplest guided wave can be constructed by Integrating the radiation 
field from the line of dlpoles described by Eq. (49). From a single dipole dp: 

1kr 
dfar) - - Ik dp S-p- . (50) 

•» where A(r,t) Is the vector potential of the radiation In the Lorentz gauge and 
18 k - u/c. An exp(-lut) dependence Is assumed, as In Jackson. Integrating 

over all dlpoles, one readily finds that at an observation point (r 0,z Q), 

X(r 0,z 0) . - 1kp Q {K 0C(k^ - k 2 ) , / 2 r 0 ] sin (k +z Q + «t> (51) 

+ K Q[(k 2 - k 2 ) 1 / 2 r Q ] s1n(k_z Q - ut>} 

with k^ = k b ± k. > k; no approximation beyond the dipole assumption 
is made In obtaining Eq. (51). The first term on the right-hand side of 
Eq. (51) represents the coherent superposition of a pattern with a spatial 
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wavenumber L + k. very much greater than k = u/c [for FEL parameters, 
in the beam frame, k b + k. = 3k]. The superposition therefore is 
primarily destructive interference, producing a very rapid transverse decay of 
this field component, on a scale less than a wavelength of light; the pattern 
also has a backward phase velocity In the beam frame. This field component is 
unimportant for an FEL and we henceforth ignore It. 

The other (second) term on the right-hand side of Eq. <51) represents the 
Interesting guided solution. Power propagates entirely In the z direction, 
with exponential decay of the radiation with radius; the decay can be quite 
slow for k_ - k << k . Note that the guided solution, In amplitude, 
phase, and radial profile, is unique, as required by the linearity of 
Maxwell's equations for fixed source. The unique, guided solution also exists 
for any uniformly bunched beam. A criterion for optical guiding in an FEL to 
be important is therefore very difficult to construct—there will be some 
guided solution for any bunched beam, and the significant question becomes 
whether or not that guided solution is interesting. 

It could be argued that the fields in Eq. (51) do not represent a true 
guided solution, that the radial profile is merely a result of destructive 
interference between dipoles that are radiating slightly out of phase. The 
radial profile is Indeed due to destructive Interference, at large r, between 
the radiation fields of many dipoles, but the destructive Interference Is 
precisely the origin of refractive guiding, either In an FEL or in an optical 
fiber. The guided solution represented by Eq. (51) corresponds very closely 
to the expected behavior of light in an FEL amplifier with an untapered 
wiggler, after saturation. Fig. 3 illustrates, from numerical simulation, 
that expected behavior. The light builds up In the exponential gain regime 
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until saturation; after saturation, the light intensity oscillates somewhat 
(the bunching in the beam is not precisely stationary), but the predominant 
feature is the guiding of the light In the absence of gain. The guiding 
illustrated in the figure can be described by the guided solution of Eq. (51). 

V. Guiding In the exponential gain regime of an FEL 
- Optical guiding in an FEL has been most completely analyzed In the 

exponential gain regime, In which the signal strength Is weak enough that 
perturbations to the electrons' Y and t can be treated as linear 
quantities. To treat this regime, the dynamics of the electrons [Eqs. (4) 
and (7)] must be followed with the field equation; the electrons provide the 
source term In Eq. (13). That source term Is no longer linearly proportional 
to <?, because the dlpole motion that produces the source term Is not the 
response of atomic dipoles to the incident electric field; Instead, it Is the 
motion of electron bunches In the wlggler field. That physical difference 
does not Introduce a significant difference in the propagation equations. 

The linearization of particle and field equations Is described In 
Refs. 10, 11, and 19. Refs. 10 and 11 ignore transverse variations 1n the 
electron beam, Implicitly assuming that the properties of the electron beam 
are constant within a radius a; this assumption yields a very strong analogy 
to the optical fiber, including the appearance of the fiber dispersion 
relation, Eqs. (34) and (35) [with complex K and y], above. The fiber 
dispersion relation Is supplemented by a cubic equation, which contains the 
electron dynamics (including energy spread or emittance). 

19 Xle and Deacon treat the transverse variation of the electron beam 
and optical mode in a very different fashion: the linearized field equation 
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1s radially Integrated with a Gaussian, exp(-pr ), to obtain a cubic 
equation for n that contains the free parameter p. By analogy with an 
optical fiber, In which the lowest order mode maximizes the propagation 
constant, Xie and Deacon argue that p Is determined by maximizing the growth 
rate, -Im(ri>. This variational condition permits them to eliminate p from 
the cubic, yielding a single cubic equation for the FEL growth. Their method 
Is useful only for an electron beam with no energy spread or emittance; if one 
Includes energy spread and emittance, a supplementary equation must 
simultaneously be solved. 

VI. Applicability of Kramers-Kronlq relations 
The possibility of refractive guiding In an FEL may at first glance be 

surprising; as mentioned earlier, the Kramers-Kronlg relations usually <1n a 
normal laser medium) require that the real part of the index of refraction of 
a gain medium vanish at peak gain. 

The Kramers-Kronig relations relate the real and Imaginary parts of the 
one-sided (in time) Fourier transform of a linear response, such as a 
conductivity or permittivity. Causality alone requires that the Fourier 
transform be one sided, and the one-sided nature of the transform ensures that 
the transformed function is analytic in the upper half complex to plane. 
Then the real and imaginary parts of the transformed function form a Hllbert 
transform pair [see, for example, Ref. 20]. If then the gain is a symmetric 
function of frequency around a central u Q, Re[n(u Q)] = 0. 

A more detailed discussion here of the derivation of the Kramers-Kronlg 
relations is not warranted, because the key word above is "linear". For an 
FEL beyond saturation of exponential gain, the response function is very 
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nonlinear. For example, we can look at a short section of wiggler with a 
long, bunched electron beam moving through it. The field at the beginning of 
the short section of wiggler is <f.n> and at the end Is SQU^.. Associated 
with the change from <?. to < £ u t is some gain and some phase shift. Are 
the phase shift and gain related by the Kramers-Kronlg relations? If one 
could write 

t 
^(t) - f g(t-t') <?(t') dt' (52) 
out -°> in 

where g is any function that depends only on t-t', then Indeed the gain and 
phase shift would be related by the Kramers-Kronlg relations. In fact, 
though, we cannot write any equation like Eq. (52), except in the exponential 
gain regime. In the opposite limit, In which the electron bunches do not 
respond to changes In "^.(t), but Instead radiate a fixed 4<SU), we can 
write 

< m > = <?<t> + A.SU) . (53) 
out in 

The gain and phase shift are very nonlinear, and no general relation between 
them can be derived. 

In the exponential gain regime, the Kramers-Kronlg relations must hold; 
the response 1s by definition linear in the Input signal. Figs. 4 and 5 
illustrate the gain and phase shift expected for our 21-ym FEL. The curves 
are calculated from the cubic equation for exponential gain that has been 
derived In Ref. 11. The characteristic form required by the Kramers-Kronlg 
relations is evident In the figures; the gain is positive over a narrow range 
of wavelengths, and the phase shift monotonically decreases over that range. 
The phase shift does not vanish at the peak of the gain curve, however, 
because of the asymmetry in the gain curve. 
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VII. Experimental evidence for refractive guiding? 
Experimental confirmation of the possibility of bending an optical beam 

with a bunched electron beam may have been achieved in the Los Alamos 
21 22 oscillator experiment. The experimental observation is of 400-ns 

modulation of the output power from the oscillator, when the electron beam is 
misaligned with the axis of the optical cavity, and when the electron beam 
macropulse has ceased, so that the hlgh-Q cavity Is ringing down. Refs. 21 
and 22 Interpret the modulation to be evidence for a bent equilibrium optical 
mode during laslng, as illustrated In Fig. 6. When the light Interacts with 
the electron beam on the forward pass, it Is bent by the refractive Index of 
the electron beam; on the backward pass, the light does not Interact with the 
beam, and travels In a straight line. Since the electron beam 1s not aligned 
with the axis of the resonator, an equilibrium mode represented by the optical 
rays in Fig. 6 can be established. 

After the electron beam macropulse shuts off and laslng ceases, this bent 
mode is no longer an equilibrium mode. Instead the mode "walks" up and down 
across the mirrors. If the output coupler is, for example, a small hole 1n 
the center of the right-hand mirror, then as the mode walks up and down, the 
output power will be modulated with the period of the walking—as observed. 

The identification of refractive guiding as being responsible for the 
bending of the light In the cavity comes from numerical simulation. As 
described below (Sec. VIII), it is possible to shut off refractive guiding in 

22 simulations. When this is done, the equilibrium optical mode no longer 
shows the bending of Fig. 6 during laslng. 
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VIII. Importance of refractive guiding for an amplifier 
We can examine the role of refractive guiding in our 21-^m simulations 

with two FRED runs, one in which the full set of FEL equations is used, the 
other in which refractive guiding is artificially suppressed. The suppression 
is done by zeroing the part of the source term 1n the FEL equations that Is 
90* out of phase with the electric field; this ensures that the FEL produces 
gain with no phase shift. Re(n) - 1 - 0. An exce'lent check on the modified 
coding is provided by energy conservation; since energy is conserved with or 
without the modifications used to null refractive guiding, the proper 
component of the source term has been zeroed. 

FRED follows a slowly-varying, complex field amplitude e <r,z). The 
source term for 3e /3z Is proportional to 1<exp(-16)/Y> [Eq. 9], 
where 8* for the j electron is defined in Eq. (3). Gain is produced 
by the source term in phase with e , and a phase shift is produced by the 
source term out of phase with e . Removing the phase shift without 
affecting gain (and therefore without destroying energy conservation) Involves 
tne replacements: 

cos e.. «• [sine. cos<t> + cose* sin<)>] sin<(> , (54) 

sin e., <- [sine., cos<)> + cose* sin*] cos* , (55) 

for each electron, just before constructing the field source. As before, 
<(> Is the phase of the local electric field. A switch was added to FRED to 
make these replacements, and thereby remove refractive guiding. 

Figure 7 compares the power in the wiggler vs z, with and without 
refractive guiding. Without refractive guiding (gain guiding alone), the 
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output power is reduced by about a factor of three. A more dramatic effect 
is shown In Fig. 8 where the spot size, determined from the r.m.s. radius of 
the intensity distribution, Is plotted vs z, with and without refractive 
guiding. Refractive guiding clearly makes a large difference in spot size. 

A third difference Is shown in F1gs. 9 through 12, where the intensity 
profile (Figs. 9 and 10) and phase profile (Figs. 11 and 12) at the output of 
the wlggler are shown, with (Figs. 9 and 11) and without (Figs. 10 and 12) 
refractive guiding. Without refractive guiding, the pjak intensity Is reduced 
by an order of magnitude, and the beam quality is very much worse: the beam 
with refractive guiding Is nearly diffraction limited, as shown by the fit of 
intensity to a Gaussian profile In Fig. 9 and phase to a spherical profile in 
Fig. 11. Without refractive guiding, the fit is very much worse. 
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Table 1. Simulation parameters 

Beam energy 
Current 
Emlttance 

(normalized edge) 
Beam radius 

38 MeV 
1 kA 
0.1 rad-cm 
0.26 cm 

Wavelength 
Input power 
Input spot radius 

21 |jm 
100 kW 
0.25 cm 

Higgler period 
Higgler length 
Initial magnetic field 

5.5 cm 
12 m 
4.93 kG 
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Fig. 1: An isometric plot of optical intensity vs x and z in the wiggler, 
for the amplifier described by Table 1. 
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Fig. 2: The location of the virtual focus behind any point In a light 
profile guided by a fiber with gain and no refraction, plotted as a 
function of -Im(V2>, where V 2 Is the fiber parameter. 
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Fig. 3: An isometric plot of optical intensity 
vs x and z In an untapered wiggler, illustrating refractive guiding 
of the light past saturation. 
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Fig. 4: Gain In dB/m vs wavelength for the 21-jim FEL amplifier. 
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Fig. 6: An Illustration of a bent equilibrium optical mode in an oscillator, 
with the bending provided by the bunched electron beam In the 
wiggler. 
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Fig. 7: Power vs wiggler length for the 21-pm FEL amplifier, with and 
without refractive guiding In the simulations. 
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Fig. 8: Optical spot radius vs wiggler length for the 21-um amplifier, 
with and without refractive guiding. 
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Fig. 9: Output intensity profile of the 21-nm amplifier. 
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guiding Is removed. 
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Fig. 11: Output phase profile of the 21-nm amplifier. 
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