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Abstract: 

Using a non-canonical Lie structure of classical mechanics 
a new algebra of quantum mechanical observables is constructed. 
The new algebra, in addition to the notion of classical time, 
makes it possible to introduce the notion of quantum time. 
A nev type of uncertainty relation is derived. 
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1. Introduction, 

In quantum mechanics there exists a fundamental differ¬ 
ence between the time variable and space coordinatesa the for¬ 
mer is always a parameter which labels the evolution of the 
considered systems, while the latter are operators which in 
general are not compatible with other observables. Such a dif¬ 
ference between the time and space coordinates for physical 
objects has always bothered physicists and some of them tried 
to restore the symmetry between the space-time coordinates 
familiar from classical physics. A short history of these ef¬ 
forts is presented in Ref. Ill where a serious attempt to con¬ 
struct the time operator in quantum mechanics was performed* 

As it was pointed out in Hef. Ill all existing attempts to 
include time as an operator in quantum mechanics suffer from 
serious mathematical or physical difficulties. For us this is 
a sufficient motivation for reconsidering the problem from the ' 
scratch and for rejecting some prejudices which tie us to the 
conventional formulation of quantum mechanics. 

We choose as our starting point the algebraic approach to 
quantum physics. In this approach it is postulated that each 
physical system has a quantum algebra of observables [2J as¬ 
sociated with it. For mechanical systems such an algebra is 
usually provided by the canonical formali3Pi of classical me¬ 
chanics. As is well-known, this formalism displays a beautiful 
and universal algebraic structure defined by the canonical 
Poisson brackets or by the Dirac brackets for constrained 



aystea*. The algebraic (Hoisenb»reJ quantization procedure then 
eonaiata in replacing the classical canonical algebra' by a ho-
momorphic quantum algebra of observable* realised as a -ertain 
subalgebra of the algebra of self-adjoint operatora in some 
Hilbert space. The vectors of this Hilbert space describe the 
state* of the system and a contact vith physics is aohieved by 
means of the probabilistic interpretation of the formalism. 

The present paper is based on the observation that in clas¬ 
sical mechanics apart from the canonical algebraic structure 
for each physical system there also exists another algebraic 
structure which at first sight seems to bo deprived of physical 
sense, Zt turns out, however, that the moat important piece of 
mechanics - the equations of motion - may bo conveniently writ¬ 
ten in terms of the U e product of this algebra in almost the 
sane way as is the case with the canonical formalism with the 
Poisson or fiirac brackets. Moreover, the LAo algebra, described 
belov, exists for arbitrary mechanical system not necessarily 
of hamiltonian type, and regardless of its trivial character 
in the classical domain it leads to an interesting quantum 
version. The quaotun algebra is obtained by exactly the same 
procedure as practized with the canonical algebrę. According 
to this practice we replace the classical algebra with a homo-
morphic algebra of self-adjoint operators in some Hilbert 
space. The Hilbert space obtained describes, quantum states of 
the systems for which the time variable has a quantum Beaming. 
In addition to this quantum time wo introduce the classical 
time parameter which describes the evolution of the system 

seen by the external observers, 

2. The non-canonical Lie algebra of classical mechanics. 

In classical mechanics all quantities are differsntiable 
functions of time. For any class of such functions ve may 
introduce the Lie product 

(>•>) 

and if the olass of functions is closed under this product, 
we got a definite Lie algebra. For a sufficiently largo class 
of mechanical systems the functions used to describe them are 
real analytic ones and therefore may be represented by Taylor 
series 

f (t) = £ an*". 
n-o 

<?•*) 
The class of real analytic differntiabJc functions is closed 
with respect to the product (2, ij and therefore providos n non-
~c&nonical Lie algebra of classical mechanics, 7fc is an infi¬ 
nite dimensional algebra {pj with the basis T.Q,1^,... given 
by 

and in the algebraic language the expansion (2.2) is equaiv-



alent to 

a* o 
(«•*) 

The LI* product for tvo element* Ifi and Ifc of the basis 

The tine development of any element of the considered algebra 

•ay be written in terras of the Lio product {2.1) aa the rela¬ 

tion 

The element !„ of the basis (2»3) i* therefore the generator 

of time evolution. For haniltonian syatess we have 

The classical equations of notion 

in the considered algebra take the form 

(a.,) 

and are ooaploted by the linear constitutive relation 

(2.10) 

where m is the mass of the partiole and is oonsiderod an 

element of the number field over which the Lie algebra ia de¬ 

fined. The same will hold for all remaining parameters of the 

system introduced by explicit form the force F^ in (2.9). 

For examplet the gravitational force in our algebra will have 

the form 

while the harmonic oscillator will be described by the force 

F;=-kx; <a-12> 

where k is an element of the number field while x. are 

elements of the algebra. 

3. The non-canonioal quantum algebra. 

According to the standard algebraio approach to quantum 

physics we now replace the classical algebra spanned by the 

elements 1^ with the Lie product (2.5J by an infinite di¬ 

mensional operator algebra spanned by self-adjoint operators 

I n acting in some Hilbert space of states. The Lie product 

of the now algebra is given by the commutator of the corre¬ 

sponding operators and, as usual, we require that the clas-



•leal Lie product f ) } i s replaced by ~ 5" L i J 

where f 1 denotes the commutator and ot is some 

constant to be determined. From (2.5) « get therefore 

for n,k = 0, 1,... 0 0 . Aocording to (2.3^ the operators I n 

/ \n 
bears the dimension of (time) and therefore it follows from 

(3.i) that OC bas the dimension of time. 

An arbitrary classical quantity given by (2.2) is now 

replaced by a quantum observable f which is represented 

as a linear combination of the basis elements I and we have 
n 

(3.2) 

Hie expansion coeffisients in (2.2J and (3.2J coincide only 

for linear problems. 

The classical equations of motion (2.9J now take the for 

LI 0,x;J = 1011/,: 

where X j ^ D^ ond ri arc the oporators which describe the 

coordinates, velocities, momenta and forces, respectively. The 

constitutive equation (2.10} has the form 

For any operator 6 we now define the one-parameter family 

of operators 0(i) given by the formula 

The parameter t which labels the operators in the families 

is the usual classical time, since from 13.3) and (3.5) it 

follows, that for the position, velocity, momentum and force 

operators we have 

(3.6) 

and those equations coincide with the classical cqvn tions of 

motion. The operators defined by (3.5J therefore provide the 

counterparts of the Heisenberg operators in the usual quantum 
A 

mechanics. In our case the operator I plays the role of the 

generator of time translation in accordance with 12,6), 

The algebra determined by the Lie product (3.i) has the 

representation in the form of the following self-adjoint dif¬ 

ferential operators 

(3.7) 

acting in any Hilbert space formed from complex-valued dif-

f erentiable functions M/ (f) , From the dimensional anal¬ 

ysis it follows that the variable f has the dimonsion of 



time, The functions "&(t) which de-scribe the states of phys¬ 

ical systems are therefore the functions of some new time vari¬ 

able. This variable is not the classical time because the abso¬ 

lute value | V ( T O ) | h a s t o b e i n t e r P r o * e < i a s t h o probabil¬ 

ity that the variable T takes the value T o and this is 

not compatible with the classical notion of time. The only con¬ 

sistent interpretation of the variable f is to treat it as 

an internal time of the considered physical systems and we 

shall call it the quantum time, The operator of quantum time 

is now defined by the equality 

(3.8) 

From 13.7) and (3.8) it follows that this operator is canon-

ically conjugated to the operator I , since 

..el. u i H 
where I is the unit operator in the considered Hilbert space 

of states. Since I Q is the generator of time translation the 

non-coramutativity of I and 0 once more excludes the in¬ 

terpretation of f as the classical time. 

The algebra spanned by the operators I may now be con¬ 

sidered as the subalgebra of the enveloping algebra of the 

Hoisonberg algebra spanned by I, 1^ and 0 because we have 

Accepting the interpretation of I Y ( T ) | =»S probabilities 

for the given value of quantum time it would bo difficult to 

understand that this quantum time could not roach an arbitrar¬ 

ily prescribed finite value with significant probability. This 

leads us to the assumption that the scalar product in the 

Hilbert space of states has the usual form 

(3.11) 

-00 

because it is the only scalar product which does not need a 

specification of some particular boundary conditions at finite 

values of T . 

In order to complete the theory we still need some fun¬ 

damental equation which will determine the states of physical 

systems. There is no hint from classical physics how to con¬ 

struct such an equation because the quantum time has no clas- • 

sioal counterpart. The only way to go further is by postulating 

some form of the differential equation for the state functions 

\ t We shall do this by assuming that the basic equation 

for "\il(x) has the form of the SohrBdinger equation 

(3.1a) 

vhere H is the Hamiltonian operator obtained from classical 

mechanics by the usual correspondence principle. The main 

reason for assuming (3.12) is that it is the only way in vhich 



ve liiuy .introduce the Planck constant into the formalism. Xn 

spite of the similarity between i3.12) and the famous Schrodin-

Ser equation, the content of (3.12J is quite different. In 

particular, we shall see in the next Section that f3.12} does 

not lead to quantization of enorgy. 

4. The harmonic oscillator. 

We end our papor by considering the example of the har¬ 

monic oscillator. The solution of the equations of motion /3.3) 

has here the form 

Khore A^ and B. are arbitrary constants. From (3.s) we got 

the time dependent operators X J ( 0 in tho form 

i sin 

The Knmiltonian 

H = «=?• 

takes tho form 

vhere E is tho classical expression for the energy 

L-1 
0-0 

The basic equation (3.12J admits normalized solutions only if 

and tho solution is given by 

for t<0 

('••7) 

r>o 

('••0 

Tho mean value of tho time dependent posltio-
(''•") 



in the state (^.7) is equal to 

vhich coincides with the classical solution with a changed 

amplitude. 
The inequality (tu6J turns out to bo very interesting. 

It states that the notion of quantum time may be significant 
for hisb energies only and therefore it may open a new pros-
poet for this part of physics. 

The state (*••?] is neither an eigenstate of the Hamilto-
nian nor an eigenstate of the time operator. Iho mean value 
of energy in the state (h.7j is equal to 

(f.io) 

and the mean square deviation to 

(01) 

The mean value of quantum time in the state (''.7) is equal to 
zero, while the mean square deviation is oqual to 

vhich leads to a now kind of unoertatinty relation 

co Ar>VT 
and this relation means that quantum time may be accurately 
measured only for high frequency oscillations. Combining f 'ł. 11J 
with ^ł.12) we get the usual uncertainty relation 

AH-AT: A (• ) 

5• Conclus ions. 

In conclusion we would like to relate our coinnideratjon 
to the conventional quantum mechanics. It is cJcar that the 
theory presented cannot replace quantum mechanics because thi^ 
would contradict many experimental situations. On the other 
handj our model has some attractive properties and jt v/ould 
be desirable to include them into the General scheme or qnnr.-
tuia physics. We s-hall do it in the following wny: l-'irst, wo 
assume that each physical system is described by a pair of 

/,} l.hero boloiigs to tho wave functions ^ , 
Hilbert space ^ f ^ of the convontiona] formulation of quan-
tun mechanics, while W » is an element of our Hiibert space 

^f_ # Second, each physical observable O is represented by a 
pair of operators i O.iOp) vhere 0, acts in 41^ ar.U is con-



0 2 acts in "H^ and is 

constructed according the prescriptions given in the present 

paper. Tliird, the mean value of any observable O is given by 

<0>= <Yi}0<Yi> + ̂ qfa,^a'%> (5.,). 

whore the first scalar product is calculated in "Jtj. and the 

second in ~3t^ . In order to retain the well-known predictions 

of the conventional quantum mechanics wo must assumo that the 

corrections coming from the second torras in (5.1) are always 

much smaller than the first terms. This condition may give 

some information on the order of magnitude of the new funda¬ 

mental constant <*. 
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