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GALAXIES AND SATURN'S RINGS: GRAVITATIONAL ANALOGUES OF 
NONNEUTRAL PLASMAS 

JAMES W-K. MARK 
Lawrence Livermore National Laboratory, Livermore, California 

Abstract Orbit and collective dynamics in disk galaxies and 
in Saturn's rings are gravitational analogues of those 
occurring in nonneutral plasmas. The interesting problems 
for such "gravitational plasmas" are analogous to 
single-disk studies of transverse dynamics in particle 
beams. Of particular interest are various orbit-resonances 
with spiral density and bending waves in these disks which 
are analogous to electrostatic waves in nonneutral beam 
plasmas. The background physics, terminology and results of 
astrophysical investigations in these fields are surveyed in 
this paper. 

I. INTRODUCTION: SPIRAL DENSITY AND BENDING WAVES 

Galaxies and planetary rings (e.g., that of Saturn) are 
astrophysical systems where some of the most significant 
phenomena involve orbit and particle dynamics mathematically 
analogous to Vlasov or slightly collisional beam plasmas 
(self-fields are of importance). In particular, one topic of 
great interest is the resonant interaction between particle 
orbits and collective waves. The literature is sufficiently 
extensive that we do not expect to give it complete justice in a 
survey of this length. But in this paper we attempt to outline 
some instances where in particular the orbit resonances and other 
beam plasma-like phenomena are of interest to astrophysicists. It 
is hoped that the physical description and defintion of 
terminology will be a sufficient introduction for the accelerator 
physicist to pursue the astrophysical literature for analogous 
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problems. In this regard, since parts of this paper refer to two 
1 2 of our earlier review papers ' for additional clarification, 

come of the references given there will not be repeated here. 
3 As early as 1913-1917, Sir James Jeans of England and . 4 Karl Schwarzschild of Germany were concerned with problems 

regarding the existence of astrophysical systems where an 
ensemble of point particles (stars) interact collectively in a 

2 near collisionless manner under long range 1/r forces of 
mutual gravitational attraction. In these so called "stellar 
systems," for example galaxies of some 10 to 10 particles, 
the forces on a particle are, in order of typical decreasing 
importance: (1) Average forces smooth over the size of the system 
with timescales on the order of the age of the system; these 
forces determine the major characteristics of the stellar orbits 
in the gross self-potential or fields of the stellar system 
analogous to the effects of external focusing forces for 
nonneutral plasmas in accelerators, (ii) Collective waves which 
are more rapidly varying (typically by at least one or half an 
order of magnitude) smooth forces due to still macroscopic 
distortion of the entire system much like electrostatic plasma 
waves in a nonneutral beam plasma (here, we have attractive 
forces between particles); resonances between particle orbits and 
waves are frequently an important feature, (iii) Irregular 
forces due to residual effects of microscopic two- or 
several-body interactions among particles which causes long term 
relaxation towards a near Maxwellian distribution function in 
velocity space (a true Maxwellian is an ideal state in 6tellar 
systems because of the long range self-gravity resulting among 
other things with particles in the extreme Maxwellian velocity 
tail being not bound to the system and therefore not an integral 
component of any stellar system with finite total mass). 
Relaxation times of the irregular forces are defined in terms 
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of the time necessary for significant net change in kinetic 
energy or velocity direction of typical particles. 

Clear distinctions exist between the relaxation times of 
galaxies and the smaller star clusters. Galaxies have typically 
8 12 10 -10 stars (like our sun), and have dynamical time-scales 

9 10 of < 10 -10 yrs (the latter comparable to the age of 
galaxies and of the universe), relaxation times »10 yrs 
and length scales t 10-10 kpc (kilo-parsecs, 1 parsec *= 1 
pc = 3.3 light years). Star clusters on the other hand have 
typically 10 -10 stars, sizes 1-10 pc and time scaler 

6 8 dominated by relaxation times "\. 10 -10 yr which are much 
less than the age of galaxies (for which such star clusters are 
usually subcomponents). 

Since Dr. F. Hut will be discussing star clusters at length, 
we will concentrate on galaxies, largely the so called di6k 
galaxies, and on planetary rings which have wave dynamics similar 
to disk-galaxies despite the importance of actual physical 
"collisions" between particles in planetary rings. 

Disk galaxies or galaxies having significant matter in a 
relatively thin disk are extensively studied because they exhibit 
particularly interesting phenomena of spiral structure and warps 
(bending) which are readily observable frequently in both optical 
and radio wavelengths. Seen edge-on, disk galaxies take on the 
familiar characteristics of a thin disk most obvious in optical 
wavelengths as shown in Figure 1 for NGC4565 (taken from 
Ref. 7). The optical photograph shows a disk of the combined 
light of many stars (major component of mass) partially obscured 
by interstellar dust coexisting with hydrogen gas (i< 102 mass 
in disk). The contours indicate the column densities (actually 
antenna-beam averaged brightness temperatures) of neutral 
hydrogen gas (HI) as observed by radio telescopes based on the 
21-cm hyperfine line of hydrogen. (The apparent out of plane 
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FIGURE 1 This is the disk galaxy NGC4565 seen edge on, 
showing the optical disk partially obscured by dust lanes, 
as well as showing a central spheroidal bulge. Contours 
indicate radio observations of hydrogen gas in the disk with 
antenna beam site indicated by the ellipse at the lower 
right (from Sancisi'). 

thickness of the gas is exaggerated in the radio observations by 
the large antenna beam-width shown by ellipse at bottom of Figure 
1). Internal disk velocities as measured by doppler shifts in 
spectral lines indicate that to the first order the disk is 
dominated dynamically by a balance of centrifugal forces of 
circular rotation [velocity (SX(r) or v_ (r)] versus 

\* OO 

attractive self-gravity g (r,z) of the entire system (here 
r,6,z is a disk-centered polar coordinate system with 
z-direction perpendicular to disk). The angular velocities 0 *= 

IT are not uniform, rather they have length scales comparable 
to disk size. The steepness in variation of fl(r) is influenced 
by the presence of the centrally concentrated bulge-nucleus 
spheroidal subsystem evidenced by the "egg-yolk" like part of 
Figure 1. The spheroidal subsystem have larger dispersive 
(random) versus systematic rotation velocities which is also 
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evident in the fact that their vertical Z-width is thicker than 
typical disk stars. These stars in the spheroidal subsystem have 
also different chemical abundances of trace elements (other than 
hydrogen) so that their history of formation and evolution are 
probably very different from stars in the disk. Where the 
spheroidal subsystem dominates the central regions as in NGC4565, 
they typically occupy that region to the exclusion of the disk 
stars and neutral gas (an example being the hole in the HI column 
density contours of Figure 1). Not all galaxies possess a 
centrally concentrated spheroidal component, but all the evidence 
(mostly dynamical) point to the existence in galaxies of an 
extended spheroidal subsystem of dark-matter with length-scales 
and masses comparable to or larger than the disk. Theoreticians 
call this the "halo" and there is some controversy as to whether 
the amount of this dark-matter in galaxies is sufficiently large 
for the universe to be a closed one (for some purely dynamical 
arguments in this regard cf. Refs. 2, 8, 9 and p. 437 of Ref. 10 
also our Section V). 

In any case, most astrophysicists agree that there is a 
reasonable fraction of spheroidal matter in galaxies. Figure 2 

11 12 illustrates the differences in typical dynamical models ' 

FIGURE 2 For two different galaxy models, we give rotation 
velocities BQ and projected surface mass densities £ 
as a function of cylindrical radius u or r from galaxy 
center. Model CI has a centrally concentrated spheroidal 
subsystem similar to Figure 1 while in model C2 the 
spheroidal subsystem is more diffuse. 

5 



depending on whether a prominant central bulge and nucleus exist 
(see CI model) as part of the spheroidal subsystems or where it 
is more diffuse (model C2). Given as function of radial distance 
(here called V ) are the circular rotation velocity®, and 
average surface density £ R of the disk (M—is mass in 

33 "̂̂  
solar unit6 • 2*0 x 10 g). The projected surface density I_ of the bulge-halo spheroidal system is given for both on 
models but the CI model has in addition a small concentrated 
nuclear spheroid which contributes to the sharp central peak of 
® , in Figure 2, upper frame. 

The collective dynamics of the disk stars is governed by a 
Vlasov-like kinetic equation (we 6hall call it the 
Boltzmann-Jeans equation) expressed in terms of Foisson bracket 
notation 

|f + [f,H] = 0 (1) 

where f(r,e,z,p »P-,p ,t) is the mass distribution 
r o z 

function, and U is the Hamiltonian per unit mass 

H * 2 Pr + 2 ( p 6 / r ) 2 + 2 P z + V l * **'***> <2> 
where V i s the gravitational potential of all self-forces and 
(p »PQ>P ) are momenta per unit mass. A unique feature r o z 
of this non-neutral plasma-like system is that the "charge" and 
mass of particles divide out so that the single-species kinetic 
Equation (1) describes the result of a continuum of stellar 
masses in galaxies. Equations (1) and (2) must be complemented 
by Poisson's equation in the form 

V 2 *W* A* Gp(r,G,z,t) = 4*G If - dp dp.dp , (3) 
r r o z 
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where G is the gravitational constant and p is the volume mass 
density of matter in the disk. If the smaller gas component of 
disk galaxies is included, the rightmost equality of (3) has to 
have additional contributions from the gas. Small amplitude wave 
perturbations can always be represented as components like 

v " %<r,a) + ^[(r.e.z.t) «= */ + Re{V(r,z) exp [i(ut - me]} 
(A) 

where u is wave frequency and m is the wave number of a 
particular azimuthal component. For typical waves in cylindrical 
systems, it is not surprising that they exhibit spiral form. For 
example for electromagnetic waves the equivalent of V(r,z) might 
be proportional to Hankel functions in r so that the real part of 
V exp [i(ut - me)] would clearly exhibit spiral-like wave 
fronts in the limit of large radial wave-numbers. The number m 
indicates number of "spiral arms" radially spiraling out from the 
center. In astronomy, the spirals are leading if the angle 6 
of the wave front changes outwards in the same direction as the 
general rotation and are called trailing in the opposite case. 
The spiral pattern itself rotates as a whole at a pattern 
frequency 0 ** u/m. 

The presence of mostly trailing waves of this type is 
generally attributed to be the cause for the observable global 
spiral structure of galaxies as seen for example in NGC3031 and 

13 NGC5364. Figure 3 (left frame) shows superposed optical and 
radio 21-cm observations of the spiral phenomena in NGC3031. 
Clear indications of spiral structure in the optical photograph 
(without filters) is more the effect of a smaller fraction of 
massive bright young stars formed in the spiral structure itself 
and the corresponding hot <v> 10 °K hydrogen gas (HIl) ionized 
by the photons from these 6tar6. The radio 21-cm line 
observations are indicative of the response of the cold 
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(NGC3031) in both optical (Hale Observatories) and in radio 
(contour curves from Rots and Shane 1 3). (Right frame) 
Optical spiral structure of NGC5364 (from J. Goad and 
S. Strom of Kitt Peak National Observatory). 
2 (i> 10 °K) HI hydrogen gas which also participates in the 

spiral. These observables are actually all effectively 
"plasma-probes" of the underlying driving spiral wave in the bulk 
of the disk stars. This underlying wave can be described in 
terms of equations derivable from (1) - (4); physically, it can 
be seen in the bulk of the stars only when red optical filters 

14 are used to isolate these majority of stars with a redder 
spectrum characteristic of the older and less massive typical 
disk star. 

This astrophysical theory is the so called "Density Wave 
Theory of Spiral Structure" pursued by C. C. Lin, F. H. Shu and 
their colleagues (cf. Refs. 15-37). The wave pattern of Equation 
(4) in the galaxy of Figure 3 represents a gravitational 
potential well which rotates slower than the majority of the disk 
stars and gas. In particular the neutral HI hydrogen gas "falls 
into" this well at supersonic speeds and a shock forms at the 
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place where this gas catches up with the gas immediately ahead of 
it. The position of this shock is located near to the minimum of 
the spiral potential (or peak of wave density in the disk stars) 
of Equation (4), resulting in the near coincidence of the spiral 
structure in the underlying disk with the spiral-shock in the HI 
gas ae illustrated in Figures 4-5 (taken from Ref. 31). Clear 
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FIGURE 4 Since the gas of the galaxy disk propagates 
azimuthally in e through the spiral wave potential (lower 
frame) at supersonic speeds, a shock forms in the gas (upper 
frame) near the potential minimum. The compressed gas 
triggers formation of bright young stars and their HII 
emission regions of ionized hydrogen (from Roberts-*!). 

indications of this more sharply peakedJbiral-shock phenomena in 
the HI gas has been smoothed by the size of the radio antenna 
beam in Figure 3. But the kinematic velocities are consistent 

13 with such a phenomena. In this spiral shock, new massive 
bright young stars are formed with their frequently occurring 
10 °K HII emission regions. It is the relative youth (£ 
10 yr) of these bright stars which accounts for their still 
being lined up along the original spirals at the present epoch 
when we observe them in the optical image of Figure 3 and related p 
examples. By 10 or more years, any such stars still in 
existence will have blended into the general underlying disk (the 

! k _ \ \ 
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FIGURE 5 This illustrates the relative ,jsitions of the 
spiral shock, the gaseous spiral arm in neutral hydrogen HI, 
the newly born stars and the ionized hydrogen HII emission 
regions (from Robert^). 

D 
brightest have shorter lives than 10 yr). This period of t> 

Q 

10 yr is typical of the time to cross between spiral arms 
(which is a wave representing local peaks in densities etc.) for 
both stars and gas; it is also typical of the rotation periods 
implied by the galaxy models of Figure 2. 

Returning to the wave in the underlying disk of stars as 
described firstly by the potential of Equation (4), several 
interesting orbit-wave resonances occur which influence the 
collective-dynamics of the.basic wave-phenomena. If we take the 
approximation that the typical star is limited to an 
infinitesimally thin disk, its motion to lowest order is an 
equilibrium rosette orbit in a central field given by the 
potential V Q(r). This rosette orbit in the typical good 
approximation of moderate radial excursion can be approximated by 
the sum of a circular rotation of a guding center with angular 
rotation frequency fi(r) [fired ^C/dr] about the galaxy, center 
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and an elliptical "gyration" or epicyclic notion about this 
37 guiding center with epicyclic frequency ic(r) as illustrated 

in Figure 6. For a specific wave of pattern rotation frequency 

FIGURE 6 When the radial excursion of a particle's rosette 
orbit is not large, its two separate frequencies can be 
analyzed into the sum of a guiding center circular rotation 
about galaxy center and an elliptical-shaped epicyclic 
"gyration" about the guiding center (from Widen"). 

12 the most important resonances occur at radii where 

0 = Q(r), a - K/m, Q + K/m , (5) 

called respectively the corotation (or particle) resonance, inner 
Lindblad resonance and outer Lindblad resonance. In the rotating 
wave frame of a typical spiral, the effects of resonance implies 

37 a periodic orbit &s illustrated in Figure 7. This figure 
also illustrates the typical relative radial positions of the 
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FIGURE 7 In the rotating frame of a spiral wave, the 
particle orbits are periodic in the regions of Lindblad and 
corotation resonances (from Wielen"). 

resonance regions. In the case where a two-armed (m»2) wave is 
the most prominent structure, the existence of the inner 
resonance Q " a - K/2 is guaranteed only for galaxies 
with equilibrium models similar to type CI of Figure 2 
(concentrated nucleus and bulge); it frequently does not occur in 
galaxies with equilibria like C2. 

The corotation resonance Q = Q and outer Lindblad resonance 
P 

fi •= fl + K/2 usually occurs and plays a significant role in the 
global dynamics of the spiral wave, both in terms of 
self-generated modes and driven waves. A hint as to the need for 
careful discussion of these resonance regions is already apparent 

16 32 from the earlier ' dispersion relation for such waves. 
Figure 8 shows this local dispersion relationship (from the paper 
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FIGURE 8 Lin-Shu dispersion relation for wavelength X 
versus dimensionless frequency v of Equation (7), showing 
long and short wave branches (from Shu 3 2). Wave behavior 
at resonances are modified in recent calculations. 
32 by Shu ) where the radial wave length A is taken as negative 

for trailing spirals and positive for leading ones. The quantity 

X T - 4»2G ID/ic2 (6) 

is the length scale for such waves while- the dimensionless 
frequency is 

v(r) - m [0 - fi(r)]/»c(r) (7) 
P 

For both trailing and leading waves, there are the so called 
"long-" and "short-wave length" branches. Clearly this earlier 
relationship diverges at inner and outer resonances and show a 
merging of waves at the corotation region. The resolution of 
these resonances were carried out in a series of papers by 
Mark, some of the physical results we outline in the 
remaining subsections. 

Galaxies could also exhibit bending waves. The observed 
phenomena is called warps in the astronomical literature, and the 
bent outer disk of the gas distribution of Figure 1 is a typical 
ca6e. Such bending waves with self-gravity were studied earlier 
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by Hunter and Toomre, Kulsrud, Mark and Caruso, and by 
40 

Hark. A recent review was given in our Ref. 2. 3oth spiral 
density and bending waves exist in Saturn's rings (Figure 9) but 

FIGURE 9 Voyager 2 satellite image of a small section of 
Saturn's outer A ring showing the "phonograph-groove" like 
features of a spiral density wave (right) and spiral bending 
wave (left), taken from Shu et al.^1 

they are driven by interaction of the ring disk with the moons of 
41 Saturn. Figure 9 shows only a small section of Saturn's 

rings which'6hows these waves as having very short radial 
wavelengths giving the impression of a phonograph record to the 
distant .observer. Because of the predominance of spheroidal over 
disk mass in the system of Saturn and its rings (the spheroid is 
Saturn itself), the radial wavelengths of all waves are very 
short compared to those in many galaxies where di6k and 
spheroidal components have more comparable masses inside the 
regions where disks are observed. Equation (6) shows that the 
typical radial wavelength X_ vanishes as the disk surface 
density Ep becomes small. 
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II. THE INNER AND OUTER RESONANCES BETWEEN WAVES AMD PARTICLES 

Among the particle-wave resonances shown in Figures 7-8, the 
self-consistent mathematical solution of the Lindblad resonance 

24 27 problem was the first to be completed, * (there were other 
discussions ' which were not self-consistent with the 
density wave). This resonance was particularly interesting 
because of the fact that it alone prevented theorists from taking 
the easy way out through denying that spiral structure exists in 
galaxies as a self-consistent spiral mode which could persist in 
quasi-stationary fashion (rather spiral structure could then only 
be some driven or transient wave phenomena which conclusion is 
contradictory to some observable properties of galaxy spirals). 

44 This so called "Antispiral theorem" required that trailing 
and leading waves behave alike. By demonstrating explicitly the 
form of such waves at the Lindblad resonances and that thi6 
symmetry does not exist, Hark had forced the issue which in part 
required the eventual resolution of existence of spiral modes 
(cf. Section IV). The Lindblad resonances turn out to be wave 
evanescent regions for waves propagating into them. For example, 
the outer resonance forces an outgoing wave boundary condition on 
the spiral modes so that leading and trailing waves have to pick 
different wave-branches (long- verses short-wave) at this 
resonance thus denying symmetry between them. 

As we pointed out earlier the inner resonance does not 
always exist for all spiral waves in galaxies. But where they do, 
they force trailing spiral waves to have much shorter wavelengths 
as well as larger amplitudes in the neighborhood of such 
resonances. This implies a pvominant inner ring structure when 
we take into account both the finite widths of eprial arras (in 
the optical emission regions of the young stars) which now 
becomes comparable to the radial wavelength, as well as the fact 
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that higher amplitudes imply more prominant spiral structure. 
That the inner ring structure of NGC5364 is an observable 
Manifestation of this inner resonance has been partially 

42 corroborated by Mark. He showed that the pattern frequency 
& which allowed the correct wave fit to the outer spiral P structure (Figure 10) also is the same frequency which suggests 
that the inner ring is the inner resonance of that same 
wave. 

FIGURE 10 The curves show minima of spiral potential for a 
wave with frequency determined by assuming that the inner 
ring in galaxy NGC5364 is the inner Lindblad resonance for 
this wave. The good fit with the observed spiral structure 
helps confirm this interpretation of the inner ring feature. 

III. THE COROTATION REGION 

The behavior of density waves at corotation is more dominated by 
a three-wave interaction amplifier which exists even in linear 

29 theory. Mark called it "wave amplification by stimulated 
emission" (abbrev. "WASER") by analogy to radiation. The basic 
process involves the interaction of three spiral waves 
(Figure 11). In this case the long trailing wave incident signal 
stimulates the emission of two trailing waves of shorter radial 
wavelengths (i.e., the "short waves," see Fig. 8) which leave the 
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FIGURE 11 Schematic diagram illustrating the effect of 
density wave amplification by stimulated emission ("Sssei") 
at the corotation region. 

corotation region in opposite directions as indicated by the 
direction of the arrows. The number of arrows in each wave is 
proportional to its "luminosity." The accompanying number 
indicate the algebraic ratio of these "luminosities" in terms of 
the angular momentum carried radially into and out of the 
corotation region per unit time by each wave in it6 direction of 
group propagation. Since spiral waves are non-axisymmetric 
disturbances which exert torques, it is not surprising that they 
carry wave angular momentum. The waves inside corotation 
represent density disturbances which rotate slower than the disk; 
therefore wave amplification necessitates a deceleration or 
decrease in angular momentum in that region of the disk inside 
corotation. The converse holds for waves outside corotation 
because they rotate more rapidly than the local disk. The 
incident signal provides a coupling across corotation which 
"stimulates"' a favorable exchange of angular momentum between the 
emitted signals, resulting in the amplification of the emitted 
waves by stimulated emission. 

IV. SPIRAL MODES IN GALAXIES INVOLVING INTERACTION OF PARTICLE 
ORBITS WITH DENSITY WAVES 

An example of spiral modes in the underlying disk is shown in 
Figure 12 which is a contour diagram showing curves of constant 
wave perturbation det>3ity in the mode. Mode number m gives the 
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FIGURE 12 Contour curves of constant perturbation density 
for a spiral mode in galaxy model CI. 

number of spiral arms, while the number n involves radial 
structure. This is the fastest growing mode of the galaxy model 
CI illustrated in Figure 2. 

A few additional comments are appropriate: (i) At the 
present epoch, the wave patterns in galaxies have probably 
reached a quasistationary state through a balance between 
nonlinear effects including dissipative influences (e.g., in the 
galactic shock) and the tendency for the mode to grow as 
represented by the growth rate y- (ii) In the determination of 
Y, we have to include all known amplification effects (such as 
that due to the "WASER" mechanism mentioned later in Section III, 
and due to the interaction between the disk and the bulge-halo 
stars ). (iii) Based on results such as Table 1 it is 
reasonable to believe that the observed spiral structures of many 
galaxies are the superposition of several modes, (iv) For 
galaxies similar to the CI model, the two armed (m"2) spiral 
structure is likely to be more prominent although the presence of 
the one-armed (m*l) mode might result in observable asymmetries. 
Typical of such galaxies with a concentrated bulge component, the 
m>3 modes are restricted because the outer Lindblad resonance 
tends to be rather close to the corotation region (cf. Sections 
II-III for a description of the physics of these regions), (v) 
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TABLE 1 Growth rates (7) for some spiral modes in CI 

m n y 
<10 9 yr)" 1 

1 0 3.0 ... 
1 1 0.85 
2 0 9 .3 
2 1 5 .3 

^ 2 2 2 .8 

Model C2 has a rather diffuse spheroidial sub-system, so that 
even three-armed and four-armed structure can coexist with 
two-armed modes, (vi) From Figures 12 and 13, we see that the 

*(MC> 

« • • C It M « M 

Cl.«n*7 

f • • 0 ^ " " 
•'» 

Cl.m-l 

,;'*ji> < — - N ^ I „ j , . .» " 
!;/ o^-^Ns-.^ \\> • • 1 " • 

• - 0 ^ ' 
C U - , - 1 

-^ : 
a// ^ ' c ^ N i ^ K ^ ^ : 
if njoT s- • 

• % • e i t M * • • 

FIGURE 13 For several modes, the magnitudes of perturbed 
surface mass density El is plotted in arbitrary logarithmic 
units versus radial distance V or r. Arrows indicate 
corotation radii for each mode. 

density wave amplitude decays smoothly through the corotation 
radius. We should note particularly the striking resemblance of 

14 Figure 13, to Schweizer's direct observation of these wave 
amplitudes in galaxies. We note that the corotation radius lies 
roughly near or just outside of the outermost peak in the 
amplitude structure of each mode. (Each mode has exactly n+1 
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peaks in amplitude.) In actual application, we should, oZ 

course, be concerned about the superposition of several nodes. 
These nodes involve the superposition of two spiral waves 

propagating radially in opposite directions (Figure 14). A 
standing wave is generated because these propagating waves 

a F e r n »o» **>t,uta«t c* s»u. si*unuc 

••^••**fc».f \**n. 

FIGURE 14 Conceptual diagram of a spiral mode in galaxies. 

reflect into one another near the inner and corotation regions of 
galaxy disks. The boundary condition near galaxy center is that 
of vanishing wave amplitude due to total wave reflection. At the 
corotation region there is some leakage of waves so the proper 
outer boundary condition is that of outgoing waves because the 
outgoing trailing waves are absorbed by resonant interaction with 
stars (at the outer Lindblad resonance) and possibly also by 
dissipation in the gas. 

The reflection process in the inner regions is 
straightforward to understand. Figure 1 serves as a quick 
reminder that in many disk galaxies, the inner regions are siostly 
dominated by the spheroidal subsystems whose high dispersive 
speeds of internal motion makes them unfavorable to the 
propagation of density waves. Thus an incoming wave incident 
upon this region is reflected. The process near the corotation 
circle is really "super-reflection" because there is also 
amplification of the reflected signal. We described this 
physical process in Section III. 
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V. A HEURISTIC DISCUSSION OF THE BENDING WAVE THEORY 

For details on the analytical derivations of the bending wave 
40 theory as used here, we refer the reader to Mark, Bertin and 

46 41 
Mark and to Shu, Cuzzi and Lissauer. We will not attempt 
to summarize these extensive calculations here. Rather, we 
provide discussions of much simplified models as a guide to the 
basic physics involved. Particles displaced from the disk see 
restoring forces due to the whole galaxy SB well as to 
self-gravity of the local disk. These provide vertical 
oscillation frequencies as well a6 allows horizontal propagation 
of wave information. This self-gravitating bending rave can be 
crudely illustrated by the model of Figure 15. Let UB denote the 

Analogy of 
coupltd oicillitors 

FIGURE 15 A simple mechanical analogue of bending waves in 
self-gravitating disks. 

height of bending az • h(r,e,t) • Re{exp[i(ut-me+/kdr)]}jin the 
usual cylindrical polar coordinate system (r,6,z) where t is 
the time (k(r) can be a complex-valued wavenumber containing both 
phase and amplitude information]. Clearly these waves would 
exhibit a dispersion relation D(u,m,k) * 0 and group velocity 
c * -du/dk. Even without entering into details, we can 
6urmise that conservation of wave energy implies that the flow of 
wave energy through a fixed radius 2»r c & ^constant, where 
<?is wave energy density. From general principles we expect 

Warpad disk 

Halo or 
bulge mattar 
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2 
€ « £ (r) h , where l(r) is the local surface mass density 
of the disk. Also c • 1 and thus we expect 

r I 2 h 2 ± constant, or, h « [r 1' 2 r(r)]"1 . (8) 

This approximate relation depends only on self-gravity and very ' 
46 little on the details of the calculations. The fact that 

this relation seems to be obeyed in a number of applications (cf. 
Sections Il-IV of Ref, 2) to warped and bent disks is an 
indication of the importance of disk self-gravity. If we recall 
from electrostatics that self-forces of disk charges are 
important relative to distributed volume charges, we are then not 
too surprised that self-gravity should be important unless this 
disk mass is rather miniscule. In fact even in the extreme case 
of Saturn's rings relative to the mass of Saturn, preliminary 
evidence suggests bending waves where self-gravity affects the 
wave amplitude relation. 

A somewhat more detailed (but still heuristic) calculation 
could equate the vertical accelerations 

[fe+ al^h m iM h + ** (9) 

where fl(r) is the angular frequency of rotation of the disk, 
and v (r) represents the vertical oscillation frequency of 
Figure 15. The retoring self-gravity can be estimated by using 
the physical picture of Figure 16. First we might analyze the 

H-OI 
-in 
-in 

FIGURE 16 Physical picture for the restoring force of 
self-gravity in a bent disk. 

wavy bent disk into two planes with densities 1/2 and 
attraction g * Gt (G • gravitational constant). Clearly z 
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the real situation has an additional angular projection factor 
(h/wavelength) or kh. Thus g «w - Gllklh for the warped disk. 
Equating to Equation (9) gives a dispersion relation 

(u - nfl(r)]2 - v2(r) • 2» Gl(r)|k(r)l (10) 

where the extra 2* factor can be known only by detailed 
calculations. ' Additional effects such as disk thickness, 
response of stellar disk including vertical node structure and 

40 resonances were discussed by Hark. This paper also gives 
further details of the "fire-hose" instability mentioned already 

39 in the Kulsrud et al. paper. Bertin and Hark (particularly 
App. D.) summarises recent applications where response of 
gaseous disk is emphasised. 

In the above discussion the halo, if present, provides an 
inactive basic gravitational field. On the other hand, the 
warped disk has an azimuthal component of the gravitational force 
which exerts a torque on the particles of the halo that pass 
close enough to the disk (cf., Figure 17). This resonant 

^ Mip f » * 

Hilo-bulfi <©F 
FIGURE 17 As the bending wave propagates through the disk 
(solid curves in right frame) with group velocity Cg, it 
interacts with the particles of the spheroidal subsystem 
(dashed curves in right frame) through gravitational 
fields. These fields are illustrated in the left frame 
where we see the wave in azimuthal angle 6 at fixed r. 

interaction allows a two stream instability ' which 
amplifies wave disturbances in the disk. For example, a driven 
wave excited by passage of a companion could be so amplified as 
it propagates inwards and as it is reflected and becomes outward 
propagating (Figure 17). On the other hand, if the boundary 
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conditions are suitable, bending modes ' could be set up 
which are now self-generated because of their destabilising 
interaction with the halo. We emphasise that these tending nodes 
also have spiral form and they are standing waves in the radial 
direction but propagate in the asimuthal direction with rotation 
frequency 0 • R_(u)/m. For standing waves, the range of 
allowable outer conditions have not all been delineated. But it 

38 is sufficient to have a rather sharp cutoff in the outer disk 
density. It would be helpful to pursue further theoretical 
developments similar to that carried out for spiral structure. 

Even very simple considerations are suggestive that the 
theoretical picture of self-gravitating warps is consistent with 
substantial haloes inside the region where the disk 'arpi. exist 

46 as a diagnostic. This relationship follows from the simple 
scaling law (8) relating height of Lending h(r) to the disk 
surface mass density Z(r). For the sake of argument, let us 
first presume that the observed flat rotation curves (or (B± 

« constant throughout the outer regions to the edge of 
observable matter) in galaxies represent somehow a mass 
distribution all restricted to the disk. Then £(r) * 1/r in 
the outer parts where the rotation curves are near flat and where 
warp8 are observed. From Equation (8), this implies a 
contradiction in that warps have a height relation h(r) « 
-3/2 r which should look conceptually like the left frame of 

Figure 18. Of course observed warps have more typically the 
shape like the right frame of this Figure (cp. Figure X) which is 

FIGURE 18 (Left frame) Bending wave in a disk with slowly 
decaying surface density, and (right frame) rapidly decaying 
disk density. 
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indicative of a much more rapid fall off of disk mass according 
to Equation (8) so that much of the matter indicated by flatQ^ 
are in the halo or spheroidal subsystem. Thus, we find that the 
shape of warps and our theory together give an independent 
argument that flat rotation curves indeed are suggestive of ' 
substantial haloes (nb. our argument here is independent of 
detailed disk-halo interactions). 

VI. PHYSICAL DESCRIPTION OF THE ANALYTICAL METHODS USED 

In many of the problems described above, the wave amplitudes in 
the disk of stars (galaxies) frequently tend to be on the order 
of a few percent up to 10-20Z. In these cases, linear theory 
gives the first estimates on the physical phenomena (recent work 
on nonlinear problems will be referred to later). As is well 
known, the mathematical method of characteristics can be applied 
to the solution of the linearized form of Equations (l)-(2). We 

27 32 obtain an integral equation ' for the perturbed distribution 
function f, in terms of the potential V.. The solution of 
Poisson's Equation (3) for a thin disk is normally also an 
integral relation (cf. Sef. 48). Much of the recent effort in 
the solution of these integral equations have concentrated on the 
derivation of a governing equation for the 6elf-sustained modes. 
These density wave modes are evaluated numerically using a 
differential equation derived after considerable analysis from 
the stellar dynamical formalism for spiral modes within the 
linear approximation. This equation has the form 

d2u/dr2 + k 2u * 0 (11) 

where u(r) is related to the wave gravitational potential and 
2 k_(r,fi ) is a function of the radial distance r and pattern 3 p 
frequency Q through various equilibrium quantities. The 
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boundary conditions are u(r) vanishing in the central regions and 
u(r) representing the short outgoing wave in the outer regions 
(cf. Figure 8). 

The derivation of the governing differential turning point 
Equation (11) is based on an asymptotic analysis of the 
reasonably involved integral equation derived in the manner 

27 28 30 outlined in the last paragraph. The asymptotics ' ' are 

based on the small parameters 

e * («r/r) * (rp /pfl) < 1 (12a) 

c t I din ^/dtnrl - 1 < 1 (12b) 
typical of density waves in galaxies (cf. also the broader regime 
of Refs. 19, 48). The assumptions (12a) relates to the fact that 
the rosette orbit of particles is not too eccentric so that the 
epicyclic approximation to these orbits are valid (cf. Fig. 6); 
Equation (12b) relates to the radial wavelength (WKB) of these 
modes. 

An alternate line of asymptotic analyses leads to similar 
result (11) in somewhat different asymptotic regimes. It first 17 18 derives a regime of so-called "gravito-hydrodynamics," ' a 
hydrodynamic approximation of the original nonlinear system 
(l)-(3) valid for nonlinear waves where there exists a 
galaxy-centered rotating frame, rotation frequency fif 

satisfying 

(§F + ( n ~ Vie" )/K *!e * 0(c) * 2 (12c) 

This hydrodynamic approximation still assumes (12a) but is not 
restricted necessarily by (12b). Equations (12c) are basically 
some adiabatic assumptions on the force-variations. Among other 
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18 things they are consistent with the nonlinear behavior of 
resonant particles at the corotation region (0 * Q) but 
must omit the particles at Lindblad resonance (c i> 8 ± 

K/2). The derivation of this hydrodynamic behavior takes 
advantage of the existence of a nonlinear adiabatic orbit theory 
in this regime of (12a), (12c). In particular the epicyclic 
orbit of Figure 6 is now described by elliptical epicycles with 
"guiding centers" which are no longer circles but are slowly 
drifting in radiu6 r and angle 6 (even including being 

18 trapped around new periodic orbits in the presence of 
nonlinear waves). The amplitudes of the elliptical epicycles are 
governed by an adiabatic invariant. Basically the particle 

17 18 averaging ' of this adiabatic invariant leads to evolution 
equations for the stresses (pressures) P_. ? a a which 

rr «o 
allows proper closure of the hydrodynamic approximation without 
the need to go to higher order moments. The further derivation 
of an analogous Equation (11) for modes of spiral-density waves 18 from "gravito-hydrodynamics" usually still requires 
assumption (12b) although it is plausible that a much broader 
result exists. 

An interesting appplication for particle beams is that a 
similar hydrodynamic approximation for pinched beams has been 49 outlined which requires (12a) in addition to 

0(e) * fc+U-V^ • v | i < l (12c') 

instead of (12c). Here z is the velocity of a beam particle in 
the direction of beam propagation; and it assumes that there is a 
frame with velocity v in the same direction so that (12c1) is zp 
true. Interestingly enough, the set of resultant hydrodynamic 
equations exhibits reasonable behavior in regard to the 
radial phase-mixing oscillations once thought the sole domain of 
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kinetic theory rather than a hydrodynamic one. But there is 
still some restrictions, for example to low amplitude nonlinear 
waves. Perhaps there exists a more general regime than the one 
presently identified. 

Based on the physical picture for spiral wave modes 
represented by Figure 12, we can also outline a physical 
derivation of a simplified global dispersion relation which gives 
a good approximation to the discrete pattern frequencies & 
of the modes. Namely, for each fixed m, we have the phase 

30 integral relation 

J C [k.(r,fl ) - k (r,0 )] dr « 2*n - *. - * 1 P 8 p 1 C r. 

« (2n + i)«, (n - 0,1,2,...) . (13) 

Here k ,k are the wavenumbers of the long and short 
Xr S 

trailing waves. The above relation is obtained by noting that 
definite phase differences exist at the inner reflection radius r 
• r. and at corotation r * r between these two waves which 

1 C 
can be expressed in the general form 

(^ )i,S = A l , S ( r ' V e T t C ° S l Pi,8 C r-V + "V " ",el' 

, •= f k, dr . l,s J i.s P " I k . dr . (14) 

The phase differences are P.(r.,fl ) - P (r.,Q ) • •., and 
l i p s i p I 

P (r ,Q ) - P,(r ,0 ) * * - 2TO, (n • 0 , 1 , 2 , . . . ) , where 
S C p X C p C 

41. B —K/2 a ip . Equation (13) follows from the sum of these phase 
differences at r. and r . 

1 C 
The physical analog of counting nodes in problems such as 

the vibrating string is more directly seen here in the behavior 
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of the wave amplitude of the spiral wave. Superposition of the 
two waves in Eq. (14) gives a resultant with the same form (i.e., 
dropping subscripts "i" and "s") but with resultant amplitude 

2 2 1/2 
A » [A. + A + 2A,A_ cos (P. - P )] . An examination of 

* D Mr 3 Mr B 
Eq. (13) and the definition of P. and P will show that the 

i s 
number of peaks in the combined amplitude A is (n+1). This is 
actually what was observed in Figure 13. In this figure, the dip 
between peaks is mild which corresponds to the fact that the wave 
density amplitude for the short wave is stronger than that for 
the long wave because of the amplification process at the 
corotation region (Figure 11). This also means that the combined 
phase of the waves (and therefore the spiral density in the older 
stars) is dominated by the short wave because tan P • [A sin P 
+ A„ sin P.]/[A, cos P. • A„ cos P 1. 

The growth rate of the wave6 can be summerized to the first 
approximation by the simple formula y " Inr /2T where T 
is the cycle time for group propagation from r. to r and 
back, and r is the wave angular momentum amplification 
factor per cycle. 

The above paragraphs in this section outlines the analytical 
methods for only one of the important problems described in this 
paper, namely that of spiral density waves in galaxies. Even in 
galaxy problems there have been a number of other different 
formalisms used. In particular there are also the use of 
generalized energy or angular momentum conservation relations 
such as Equation (8) in the form of action-principles. These 
have been used for solution of problems at Lindblad 
resonances of Section II and for the bending waves of 
Section V. Generalizations to nonlinear effects are available in 
some regimes. 

The calculation of similar waves in Saturn's rings are 
dominated by the importance of the driving effects of Saturn's 
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moons. These driven spiral density waves ' are usually 
emitted from the Lindblad resonance regions of the thin disks 
representing Saturn's rings; or in the case of bending vaves from 

41 the corresponding vertical resonances. Some analytical 
solutions of nonlinear wave problems have also been pursued.53 

VII. QUASISTATIONARY SPIRAL STRUCTURE ILLUSTRATED IN NUMERICAL 
SIMULATIONS IN~55 

Some of the nonlinear problems have been discussed with the help 
of numerical simulations. In particular, N-body particle codes 
is one means used to study the nonlinear saturation of wave 
growth and the long term persistence of spiral structure in a 
disk of stars. Although even more sophisticated techniques might 
be needed for final resolution of the nonlinear issues, Figure 19 
illustrates the fact that quasistationary spiral structure 

FIGURE 19 This illustrates the quasi-stationary spiral 
structure detected by Fourier analysis at time 3.3 x 10 9 

yr in the nonlinear 3D particle code simulations at Berman 
and Mark.9 

obtains in models similar to those described in Sections I-IV. 
In particular the model 1 of this N-Body numerical simulation in 
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three dimensions has 30X of its mass in a nuclear bulge which 
replaces the central disk. Thus the central hole in the t«0 
frame for this model represents a disk of 20,000 model stars 
tapered-off at the center to accommodate the bulge (cf., Figures 
1-2 of Section I). The extended spiral structure is detected by 
Fourier analysis and illustrated by the solid curves. After 
initial transients have decayed away, the quaBistationary spiral 

9 
persists until the time (4 x 10 yr) when we ended our 
experiment for reasons of computer expense. For other such 
simulations please refer to Dr. Miller's talk in 
this Conference. 
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