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ABSTRACT 

The possibility of approximating the HEll radiation pattern 
with a Gaussian distribution is presented. A numerical comparison between 
HEll far-field theoretical patterns and Abrams and Crenn approximations 
permits an evaluation of the validity of these two approximations. A new 
numerically optimized HEll Gaussian approximation for the far-field, 
extended to great part of the near field, has been found. In particular, 

r W 
a value of -2 = 0.42 (or -r2 = 0.60) for the beam radius at the waist, has 

a a 
been demonstrated to give the best HEll Gaussian approximation in the 
far-field. The Crenn approximation is found to be very close to this 
optimal approximation, while the Abrams approximation is shown to be less 
precise. 

Universal curves for intensity, amplitude and power distribu
tion are given for the HEll radiated mode. 

These results are of interest for laser waveguide applications 
and for plasma ECRH transmission systems. 
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INTRODUCTION 

The HEll mode has been used first in laser waveguide applica
tions (1). Nowadays it is also widely used in plasma Electron Cyclotron 
Resonant Heating (ECRH) systems. 

The main characteristics of the HEll mode are the low attenua
tion if propagated in hollow dielectric or metallic corrugated waveguides 
(2), the nearly linear polarization, the azimuthal symmetry, the low 
divergence and the quasi-Gaussian distribution of the radiated beam (3). 

Different HEll Gaussian approximations are present in the 
littérature, but up to now the error made using a certain approximation 
was unknown. Therefore it exists the possibility of finding a new opti
mized HEll Gaussian approximation giving a minimum error. This work gives 
an answer to these problems. 

In the first paragraph different HEll Gaussian approximations 
are introduced. In the second, a numerical comparison between Gaussian 
approximation descriptions and theoretical HEll patterns is made. In the 
third and fourth paragraphs a new optimized HEll Gaussian approximation 
is presented respectively for the far and for the near field. 
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1. HE11 HOPE FAR FIELD GAUSSIAN APPROXIMATION 

Using the Fresnel diffraction theory it is possible to compute 
the irradiance of the HE11 mode launched from a waveguide. The intensity 
distribution patterns are given by a complicate integral formula, which 
has to be numerically solved with the help of a computer. 

As the HE11 mode is widely used, in lasers and recently in 
plasma ECRH transmission systems a direct formulation is desirable. A 
simple and useful representation can be given approximating the HE11 
radiation pattern with a Gaussian beam. 

1.1 Gaussian beam formulas 

The basic relations characterizing Gaussian beams have been 
given by Kogelnik and Li (4). In the cited work they used the amplitude 
of the electric field E. As usual microwave and infrared detectors reveal 
signals proportional to the beam intensity, we prefer to use here Gaussian 
formulas in function of the physically measurable intensity "I" of the 
beam. 

Taking the cylindrical frame (p, 0, z) of fig. 1 with Oz as 
beam axis, the intensity I for each point is given by : 

Ifp,z; s I (0,2) eocf> (- £^z) (1) 

where the beam radius r is defined as the value of p for which the inten
sity is 1/e times the on axis value (fig. 2). In this Case, if we need 
the radius w of the field amplitude, the following relation holds : 

vc/= r {I 
The two main parameters of a Gaussian beam are : the beam waist 

radius r Q (minimum radius of a Gaussian beam) and the curvature radius Re 
(fig. 3). The beam radius expansion in free space propagation from its 
minimum value r Q and the curvature radius are described by the following 
equations (where K = 2^ is the propagation constant, and \ 0 the free 
space wavelength): *° 



rVz)=tf 

M*)=z 

* 4&f\ 
m] i + -V s - ; ^ 

Far from the waist, when the condition z » Kr Q holds, eqs (2) 
?"d (3) become : 

K te (4) 

Furthermore, two main optical approximations of a Gaussian beam 
are used for certain calculations : 

The asymptotic approximation : the asymptotes of the beam 
contour are assumed to be coincident with optical rays cf the 
Gaussian beam not 
abscissa Z (Fig. 3). 

2 
Gaussian beam not only for Z » Kr , but also for all the 

ihe paraxial approximation : we suppose that S is so small that 
tan (S) = a. 

With these approximations, the following relation is valid for 
all the abscissa z : 

0 o = - £ - = - ^ - (5) 
z Kis 

where 8 is defined as the angle of divergence of the Gaussian beam. 

Taking p and 8 as Gaussian beam polar coordinates in the 
waist plane at z=0, it is possible to consider the main beam as a sum of 
elementary beams, having a power dP given by : 

where I is the beam intensity on the axis at the waist abscissa. 

The total Gaussian beam power is given by the integral : 
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If a Gaussian beam of power P passes through a circular aper
ture of radius a, having the axis coincident with the beam one, the 
transmitted power Pt is given by : 

1.2 Different HEll approximations with Gaussian beams 

Let's consider a circular waveguide of inner radius a and 
length L with axis coincident to that of an incident Gaussian beam, which 
waist is placed at the guide entrance. With these hypothesis Abrams (5) 
calculated that for rfl/a = 0.455 (wfl/a = 0.6435), 9 8 % of the total 
Gaussian beam power P is coupled into the fundamental HEll mode inside 
the waveguide (Abrams Gaussian Approximation : AGA). Introducing this 
beam-to-guide radius into eq (7), we obtain the total power entering the 
waveguide : 

Pt = 0.992 P 

Consequently, only about 1.2 % of the power is coupled into 
higher order modes in the waveguide, while 0.8 % of the incident power 
does not enter the guide and is lost. Practically we can consider that 
the Gaussian beam entering the guide is entirely coupled into the HEll 
mode. Inversely, the quasi-Gaussian bean radiated by an HEll mode is 
assumed to be given by the AGA. 

We have to noté here that the Abrams method is approximated, 
because the HEll mode is supposed to be established from the very begin
ning of the guide. Actually the entering beam creates a "near propagation 
field" in the first part of the guide, where propagating and evanescent 
modes are present. At a certain distance from the guide edge, only propa
gating .nodes are present ("far propagation field"). 

In the case of a weak diffraction, Bel land and Crenn deriveda 
different approximation (6). They pointed out that a Gaussian beam weakly 
diffracted by a circular aperture can be approximated in the far field 
region, by another Gaussian beam having a fictitious waist radius r' 
related to the incident beam waist radius r by (fig. 4) : 

*M$) 
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This equation is valid under the condition r /a < 0.6, i.e. 
when the beam width is small enough compared to the aperture size (this 
condition is usually fulfilled). We have to note that the diffracted 
Gaussian beam description is valid only in the far field. Inserting the 
AGA value r /a = 0.455 in eq. 8 we have : r'/a = 0.414 or w' /a = 0.586 
(6). 

This relation has been successfully used to describe far field 
intensity patterns of the EH11 mode launched by Far-Infrared waveguide 
lasers. 

Recently, using an optical model for the irradiance of an HE11 

mode, Crenn (7) found a value for the waist radius equal to : 

r o = a/ull = 0.4158 a or w Q = 0.5881 a 

where ull is the first root of the Bessel function J : ull = 2.4048 
o 

(Çrenn Gaussian Approximation : CGA). Note that the CGA is very close to 
the approximation derived by Belland and Crenn in Ref. (6). 
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2. NUMERICAL COMPARISON BETWEEN HEll FAR FIELD THEORETICAL PATTERNS 

AND ABRAMS ANO CRENN GAUSSIAN APPROXIMATIONS 

Here we want to make a numerical comparison between a theore

tical HEll mode far field radiation pattern and Abrams or Crenn approxi

mations, verifying at the same time their precision degree. 

2.1 Normalized HEll equations 

Using the frame of fig. 5, the HEll theoretical far field 

radiation patterns are described by the following representation (8) : 

M a*$' (9) 

(10) 

where 

%0 r ÎJ-^- JÇ (Ge) — H-! = driving field in the pipe 

Hj = maximum of J^ ÏG0 ( % )| S**l V = driving axial magnetic field 

1$ J <sw*-# *—- ; "»t*f-

x(i)J , ,r 6**»*-^ ' ";****f 

\ = free space wavelength 
K = Zn/K = propagation constant 
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G = Ka inner waveguide radius expressed in free space wavelengths 

Go = inner waveguide radius at the cut off, depends on the guide corru

gation depth (b-a). We took Go = 2.4048 for b/a = kg/4. 

This representation is valid only in the far field, therefore 

for the following we will use the integral field equation derived by 

Degnan (9) from Fresnel diffraction theory and valuable both for far and 

for near fields. The intensity of the HE11 radiated field is : 

i(,;e;D>|E(r;ô;p)|i=(^)^e'[M2+st] a» 
where : 

(12a) 

(12b) 

and D is the distance from the antenna edge. 

We want first check that the integral equation 11 verifies the 

far field of eqs. 9 and 10. 

To obtain a far field pattern from eq. 11 we have to compute, 

for each point of the pattern, the integrals M (12a) an : S (12b). The 

integration using the trapezoid rule was too long, therefore we decided to 

use a 10 points Gauss-Quadrature integration, which gave satisfactory 

results with a relative incertitude of 10 . 

The following normalizations have been used : 

normalized distance Dn = —;rr^-
a 

normalized radius Rn = P ' - O L - S — 

A 0 D 
Therefore eqs. 11 and 12 write as follows : 

I M h >(£]>U,R^ i (D h / R h ) ] 
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,1 

•Jû 

} 
o 

Ail graphies have been traced using this normalization : hence 

they have a general validity and are ready to use. 

The comparison between the two descriptions of the HEll far 

field (eqs. 9 and 10 vs eq. 11} leads to a difference of about 0.5 % at 

-20 dB respect to maximum intensity. 

We have adopted as general working critérium, to compare two 

curves up to the -20 dB value respect the on axis maximum. 

2.2 Gaussian intensity distribution 

For the comparison of the Gaussian approximation to the theore

tical HEll field, we set the Htll beam power equal to the Gaussian beam 

power. Therefore we have to compute first the HEll radiation power. As we 

know the HEll radiation intensity from eq. 11, the radiation power in 

cylindrical coordinates is (with the notation of Fig. 5) : 

•" Jo -'o 

As the intensity has an azimuthal symmetry we have : 

PWP = 2ir \°I far' 

Expriming P u E i l in normalized coordinates 

We define Puis as : 

fiuis = *!**-a 

Then we compute Puis using the trapezoid rule in the range 

J-R max n 

If?hD,,d(R„Dh} 

where A max is large enough for 
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J-j"lRnDhdfRhDb) 

be négligeable. 

The solution of the integral give a value of Puis = 0.845 witf 

an error of 0.1 %. Let's recall now eqs 1 and 6, respectively the Gaussi n 
intensity and power (with the notations of Figs. 1, 2 and 3) : 

1 = 1 ^ «f(-£r) J P=7Tl m„r' 

As we decided to set : 

4-t 

We can now find the maximum intensity Imax r>f the Gaussian 

distribution in the hypothesis of equal beam power : 

J-hnax - —jf. r p y (13) 

The knowledge of Imax permits the description of the Gaussian 

intensity distribution. In fact, recalling from fig. 3 that p/z = 9 and 

r/z = 8 , inserting in the intensity equation (1), we have : 

1= Imax **t>('fl) 

knowing that (eq. 5) v 0 S ..- — „ ° , and calling m = r /a 

the Gaussian intensity distribution is : 

where Imax is given by eq. 13. 

t-or Abrams rQ/a = 0.4550, and for Crenn r /a = 0.4158 ; using 

eq. 13 we have : 

ImaxA = 0.4601/0.38435 (I max Abrams) 

ImaxC = 0.4601/0.4602 (I isax Crenn) 
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2.3 Comparison between theoretical HEll far-field pattern and HEll 

Gaussian approximations for intensity, amplitude and power 

It is now possible to trace the curves of the two following 

equations : 

The comparison has been done for different values of the over-

sizing parameter : aA 0(from a A 0 = 2 to a A 0 = 1000) in E and H plane. The 

E plane is defined as the plane containing the main component of the E 

field, the H plane is perpendicular to the E plane. 

Main results are : 

Both the HEll theoretical and the Gaussian approximation have 

angular distribution which practically does not change with the 

a A 0 ratio in the choosen range (there is a maximum difference 

of about 0.2 % in correspondence of the -20 dB value at aA„= 2). 

Therefore we will give the patterns only for one aA 0value 

(aA 0= 1000), considering tne curves as "universal". 

The Gaussian approximation has always an azimuthal symmetry ; 

the HEll theoretical patterns present only a slight difference 

between the E and the H plane (this difference is sensible only 

in the a/A»= 2 case were it reaches a maximum of 1.4 %). There
fore, as in general the difference between the two planes is 

negligible we will present the graphics only for one plane. 

The Crenn Gaussian approximation is more precise than the 

Abrams one. To qualify this statement we define an "average 

percentual error" in the computation. For each angular value we 

take as percentual error the following value : 

[ X Gauss - X HEll (9) | / Ï, Gauss 
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then we weight this error with the strength of the considered X HEll (8) 
value respect the maximum X HEll value : 

weight = X HEll («J/'x HEll max 

Then, we average this weighted error on a certain number of 
errors, up to a choosen X HEll value (usually at a X HEll value of -10 
and -20 dB). 

Using this "Average Percentual Errors" (APE), we can qualify 
the Gaussian approximations. 

The intensity ASA gives an APE of 6.72 % at -10 dB and of 
5.32 % at -20 dB. 

The intensity CGA gives an APE of 1.41 % at -10 dS and of 
1.28 % at -20 dB. 

The Abrams and Crenn Gaussian approximations, compared with the 
theoretical HEll pattern are presented in figs. 6 and respectively. For 
these figures and for the followings, the theoretical HEll patterns are 
traced in solid line while the Gaussian approximate patterns are traced 
in dotted line. 

A similar comparison has been effectued for the E amplitude 
radiated pattern. 

Using arbitrary units, we took the positive root of the inten
sity for the amplitude E of the radiated field. 

The results are presented in fig. 8 for AGA and in fig. 9 for 
CGA. 

For the amplitude AGA the APE is 4.28 % at -10 dB and 3.66 % at 
-20 dB. 

For the amplitude CGA the APE si 1.01 % at -10 dB and 1.36 % at 
-20 dB. 
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The difference between the two approximations is less important 
if we look at the beam power distribution, all over the circular beam 
section, represented by 1(9)9. The power distribution for AGA and CGA are 
shown in figs. 10 and 11 respectively. 

For the AGA power distribution the APE is 6.22 % at -1C dB and 
5.00 % at -20 dB. 

For the CGA power distribution the APE is 2.74 % at -10 dB and 
2.21 % at -20 dB. 
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3. A NEW OPTIMIZED HEll GAUSSIAN APPROXIMATION 

The Abrams and Crenn Gaussian approximations have been deduced 

using physical-nathematical procedures. These methods permit to approxi

mate the HEll radiation pattern with a mere Gaussian function. The compa

rison with theoretica1 HEll far field patterns shows that both approxi

mations leac i certain errors. 

In this paragraph we want to optimize the HEll Gaussian repre

sentation reducing at the minimum the errors. This new Optimized Gaussian 

Approximation (OGA), is based on the following numerical method. 

Let us introduce the maximum intensity value (eq. 13) in the 

normalized intensity distribution (eq. 14) : 

o 
Taking now y = (r/a) eq. 14 becomes : 

±6aUis - n y r[ ^ { z n J J 

To find the OGA, we have to vary y and compare the approximated 

distribution with the theorical one. 

Actually three criteria of comparisons have been chosen : 

|AI(Jiiin : minimum of the average of absolute values of intensity diffe

rences 

|AI| = \l Gauss - I HE11| 

TÂÏT =4- flAiUfl 
^M Jo 

|AE|min : minimum of tne average of absolute values of differences between 

positive values of the intensity square root : 

jAEf =|E Gauss - E HEll ( 

m=U 
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|ûP|min : minimum of the average of absolute values of power distribution 

differences : 

|AP| = |P Gauss - P HEllI 

ÏÂPT = H- [ ]ùi\ede 
where for 8 greater than 8 H the beam power is négligeable. Usually 

y M °o - TT r0 

The OGA has been applied for the three criteria up to the 

-30 dB value of the respective maximum. 

For thî intensity distribution a value of r/a = 0.418 has been 

found, with an APE of 1.32 % at -10 dB and 1.19 % at -20 dB. The norma

lized intensity pattern is shown in fig. 12 while the respective values 

are reported in table I. 

For the amplitude distribution a value of r/a = 0.422 has been 

found, with an APE of 1.05 % at -10 dB and 1.30 % at -20 dB. The norma

lized amplitude pattern is shown in fig. 13 and the relative values are 

reported in table II. 

For the power distribution a value of r/a = 0.424 has been 

found, with an APE of 2.54 % at -10 dB and 2.43 % at -20 dB. The norma

lized power distribution pattern is shown in fi.rj. 14 and the respective 

values are given in table III. 

A synthesis of all the far field HE11 Gaussian approximation 

are presented in table IV, where we have to note that the third number 

after the point is not very significant. 

From these results we can see that a generalized HE11 far field 

approximation is given by the average of the r/a values. 

Therefore we can conclude that the optimized HE11 Gaussian 

approximation (OGA), derived from the IAll . , IAEI - and JAPI - cri

teria, is given by : 

rQ/a = 0.42 or w Q/a = 0.60 
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4. NEAR FIELD HEll GAUSSIAN APPROXIMATION 

Up to now the HEll Gaussian approximation has been given in the 
far radiation field. Sometimes an interesting physical process can happen 
in the near field of the antenna. For instance, the resonant layer of the 
electron cyclotron frequency of a plasma is usually in the near field of 
the emitted HEll mode. Hence the necessity of an approximated description 
to avoid to compute the integrals of the Fresnel diffraction theory. 

Using our optimization code for the three criteria (intensity, 
amplitude and power distribution) we looked for optimum r/a values at 
different normalized distances (Dtya ranging from 0.8 to 20). In this 
computation the result is "r", i.e. the beam radius at 1/e of the maximum 
value for the given distance D. As usual, the comparison has been '.;ade 
between the theoretical HEll pattern given by eq. 11 (valid for the near 
field) and the Gaussian approximation for different r/a values. Note that 
for ^z"< 0.8, the near-field pattern does not look Gaussian anymore, 
hence a Gaussian approximation would not be possible. The results are 
reported in table V. 

A good approximation is obtained for normalized distances 
superior to 1.0. 

In the last column a "r/a" averaged value is reported (average 
over the three criteria). In fig. 15 the optimized averaged r/a value is 

o 

shown vs the normalized distance. We see that already for a D V a of 
about 2.6 the r/a curve tends to the far field asymptote. 

In fig. 16 we can see a comparison of the optimized r/a value 
with the analogous values obtained from the Abrams and Crenn descrip
tions. The Abrams approximation is closer to the optimized one in a 
certain region of the near field, while in the far field the Crenn repre
sentation is much more accurate. 

Inserting the r/a values of the optimized intensity distribu
tion in eq. (2), it is possible to compute the r/a ratios for a beam 
waist placed at the guide end (z = 0). 



18 

The solutions r /a of eq. (2) : 

are real values starting from D = D V a = 1.82. These r /a values for 

different normalized distances are well fitted by the following hyper

bola : 

re _ H ? £ D„ -ci,ess 
~â~ ~ -10 0 Dn - ^5"^ 

This curve, which gives the r /a ratios for an optimized HEll 

-Gaussian beam approximation of the radiated intensity distribution both 
2 

in the near f ie ld (from DVa = 1.82) and in the far f i e l d , is displayed 

in f i g . 17. 
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CONCLUSIONS 

A numerical comparison between the theoretical HEll far-field 
description and HEll Gaussian approximations, shows the improvement one 
can obtain using the Crenn result with respect to the Ab,ams one. 

Nevertheless, using a numerical method, a new optimized HEll 
Gaussian approximation, very close to that given by Crenn, has been 

r W 
found. We have demonstrated that the value -^ - 0.42 or •£ = 0.60 shuuld 

a a 
be used for the best HEll Gaussian approximation in the far-field. 

The extension of the optimized Gaussian approximation to the 
near field permits, choosing the appropriate £ value, to describe the 
HEll radiated beam with the minimum error from the far-field to a dis-

a 2 

tance equal to ?- from the waveguide exit. 
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Figure 1 - Gaussian beam cylindrical frame 
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Figure 2 - Gaussian beam intensity in a plane section 

Figure 3 - Gaussian beam contours 
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Figure 4 - Gaussian beam diffraction through a circular hole 

Gaussian beam : real contour before the hole, diffracted in the 
far field 

Gaussian beam : fictitious contour in the near field 

Optical rays of the diffracted beam from the asymptotic 
approximation 



24 

Source plane Observation plane 

Figure 5 - Radiation field cylindrical frame 
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Figure •i - HEll far-field amplitude and AGA 
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Figure 16 - HEll Gaussian approximations in the near field 
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Figure 17 - Hyperbola fitting r /a values of HEll intensity "OGA" 



37 

MODE HE11 a/limbeJs = 1000.00 GAUS: .17500 
K a sin 0 B PLANS E PLANE GAUSSIAN (GAUSSI2 

.00 1.0000 r.oooo 1.0118 1.1815 

.10 .9985 .9985 1.0100 1.1587 

.20 .9938 .9938 1.00(8 1.0903 

.30 .9862 .9882 .9960 .9795 

.«0 .9756 .9756 .9839 .8277 
SO .9621 .9621 .9885 .«393 
.60 .9(58 .9(sa .9500 .(193 
.70 .9263 .9269 .3287 .1732 
.SO .9055 .9055 .90(6 -.0928 
.90 .8818 .8318 .9781 -.3719 

1.00 .8559 .8559 .819; -.557: 
1. 10 .3281 .8281 .8187 -.9(15 
1.20 .7986 .7986 .7864 -1.2181 
1.30 .7676 .7676 .7528 -1.(801 
1.(0 .7352 .7352 .7180 -1.72U 
1.50 .7019 .7018 .6325 -1.9365 
1.50 .6677 .6S7G .6(65 -2.1203 
1.70 .9329 .6329 .6102 -2.2691 
1 .80 .5977 .5577 .5739 -2.3737 
1 .90 .562( ,5624 .5379 -2.(501 
2.00 .5272 .5272 .5025 -2.(793 
2. 10 .(923 .(323 .(677 -2.(370 
2.2a .(579 .(579 .(338 -2.(1(5 
2.30 .(2(1 .(2(1 .(003 -2.3233 
2.4 0 .3912 .3912 .3693 -2.1SSS 
2.50 . 35S3 .3523 .3389 -2.0375 
•i.60 .3285 .3285 .3100 -1.8(99 
2.70 .2989 .2»e9 .2925 -1.8338 
2.00 .2707 .2707 .2566 - 1.«084 
2.30 .2(39 .2(39 .2322 -1.1645 
3.00 .2186 .2186 .2095 -.9121 
3. 10 .19(8 . 13(8 .1882 -.6565 
3.20 .1726 . 1726 .1636 -.«026 
3.30 .1529 .1520 .1505 -.1550 
3.(0 .1330 .1230 .1338 .0817 
3.50 .1156 .1155 .1136 .3039 
3.63 .0997 .09SJ .10(7 .5980 
3.70 .0953 .0053 .0921 .6915 
3.80 .0723 .0723 .0903 .9531 
3.SO .0808 .0608 .0707 .9993 
(.o: .0505 .0505 .0615 1.0992 
4. 10 .0(16 .0(15 .053; 1.18(5 
4.20 .0337 .0337 .0(62 1.24(5 
C.30 .0270 .0270 .0393 I.280Q 
4.40 .0213 .0212 .03(2 1.2921 
(.SO .0164 .016; .0292 1.2827 
(.GO .0124 .0I2( .02(9 1.2536 
(.7U .0091 .0091 .0212 1.2071 
(.00 .0065 .0065 .0179 1.1457 
(.90 .00(( .00(( .0151 1.0718 
5.00 .0023 .0023 .0127 .9880 

Table I - HE11 far - f ie ld intensity in E and H planes, and OGA 
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MODE HEtl a / l a m b d a : 1 0 0 0 . 0 0 GAUS: .17770 

Ka sin 6 H-PLANE E-PLANE GAUSSIAN «3AUSSI» 
.00 1.0000 1.0000 1.0136 1.3620 
.10 .9992 .9992 1.0127 1.3490 
.20 .9969 .9969 1.0100 1.3104 
.30 .9931 .9931 1.0055 1.2466 
.40 .9077 .9877 .9993 . 1.1583 
.50 .9909 .9009 .9914 1.9482 
.SO .9725 .9725 .9817 .9166 
.70 .9028 .9628 .9704 .7662 
.80 .3516 .9516 .9576 .5994 
.90 .9390 .9390 .9432 .4187 

1.01 .9252 .9252 .9274 .2271 
i. in .9100 .910C .9103 .0277 
t.:o .8936 .8936 .8919 -.1762 
1 .30 .8751 .8761 .8723 -.3813 
1.4.1 .8575 .8575 .8516 -.5842 
1.50 .8378 .8373 .8300 -.7814 
1.53 .8171 .8171 .8074 -.9696 
1.70 .7955 .7955 .7041 -1.1454 
I.3U .7731 .7731 .7601 -1.3057 
1 .90 .7500 .7500 .7355 -1.4474 
2.00 .7261 .7261 .7104 -1.5678 
2. '0 .7017 .7017 .6850 -1.6641 
2.20 .6767 .6767 .6593 -1.7343 
2.30 .6513 .6513 .3335 -1.7762 
2.10 .6255 .6255 .6076 -1.7887 
2.SO .5994 .5934 .5817 -1.7699 
2.SO .5731 .5731 .5559 -1.7191 
2.TO .5467 .5467 .5304 -1.5358 
2.30 .5203 .5203 .SCSI -1.5198 
2.SO .«938 .4930 .4801 -1.3714 
3.00 .4675 .4875 .4556 -I.1912 
3.10 .4414 .4414 .4316 -.9803 
3.20 .41S5 .4155 .4081 -.7398 
3.30 .3899 .3855 .3852 -.4717 
3.40 .3647 .3647 .3629 -.1778 
3.50 .3399 .3392 .3413 .1395 
3.60 .3157 .3157 .3205 .4777 
3.-3 .2920 .2920 .3003 .8341 
3.90 .2689 .2689 .2810 1.2055 
3. 90 .2465 .24r.; .2624 1.5389 
4. O. .2248 .2213 .2446 1.9811 
I.I a .2038 .2030 .2276 2.3786 
4 . : J .1937 .1937 .2114 2.7781 
4.:o .1643 .1613 .1961 3.176! 
4.1? . 1458 . 1453 . 1815 3.5894 
4.50 . 1281 . 1281 . 1677 3.9545 
4.30 .1114 .1114 .1547 (.3283 
4.70 .0955 .0955 . 1424 4.6876 
4.iU .0806 .0306 .1309 5.0295 
4.OH .0665 .0665 .1201 5.3514 
S.S3 .0534 .0534 .1100 5.6505 

Table II - HE11 far-field amplitude in E and H planes, and OGA 
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MODE HE 11 a/lamoda= 1000.00 GAU: : .18010 
Ka 9 H PLANE E FLANE GAUSSIAN (GAUSSIAN-
.00 .0000 .0000 .0000 .0000 
.20 .3164 .3164 .3291 1.2725 
.«0 .6211 .6211 .6441 2.2997 
.60 .9032 .9032 .9319 2.8730 
.SO 1.1530 1.1530 1.1015 2.8522 

1 .00 1.3623 1.3623 1 .3341 2.1858 
1.20 1.5252 1.5252 1.5344 .9193 
1.(0 1.6382 1.6382 1.6301 -.8107 
1.60 1.7002 1.7001 1.G722 -2.7995 
1.80 1.7124 1.7123 1.S644 -4.7989 
2.00 1.6783 1.6782 1.6127 -6.5547 
2.20 1.6023 1.6033 1.5249 •-7.8390 
2.4 0 1.4944 1.4943 1.4096 -8.4921 
2.60 1.3592 1.3592 1.2753 -1.3903 
2.30 1.2062 1.2062 1.1307- -Î.5554 
3.00 1.0436 1.0436 .9830 -6.0580 
3.20 .8792 .8791 .«387 -4.0*43 
3.10 .7197 .7157 .7025 -1.7139 
3.60 .5710 .5710 .5791 .7096 
3.30 .4374 .4373 .4575 3.0057 
(.00 .3217 .3217 .3715 4.9903 
4.20 .2255 .2255 ,2903 8.4353 
4.40 . 1433 . 1488 .2231 7.4305 
(.60 .0908 .0908 .1687 7.7877 
4.30 .0496 .0496 .1255 7.5374 
S. 00 .0227 .0227 .0918 6.3093 
S.20 .0075 .0074 .0661 5.8684 
S.40 .0003 .0009 .0439 4.5388 
S.SO .ooo; .0003 .0327 3.2381 
S.80 .0033 .0033 .0225 1.'9125 
E.00 .0079 .0079 .0152 .T2S3 
S. 20 .0125 .0126 .0101 -.2477 
6.40 .0163 .0103 .0068 -.9664 
6.SO .0185 .0185 .0043 -1.4204 
E.80 .0190 .0190 .0027 -1.6274 
7.00 .0180 .0131 .0017 ri.8259 
7.20 .0157 .0157 .0011 -1.4579 
7.4.7 .0127 .0127 .0006 -1.2107 
7.60 ' .0095 .0095 .0004 -.9097 
7.80 .0064 .0084 ",PT2 -.6130 
8.00 .0037 .0037 .0001 -.3571 

Table I I I - HEU far - f ie ld power distribution in E and H planes, and 
OGA 
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HEll GAUSSIAN 
APPROXIMATION a a 

AVERAGE PERCENTUAL ERROR HEll GAUSSIAN 
APPROXIMATION a a AT -10 dB AT -20 dB 

Abrams intensity 6.72% 5.32 % 
Abrants amplitude 0.455 0.6435 4.28 % 3.66% 
Abrams power 
distr. 

6. "2 % 5.00 % 

Crenn intensity 1.41% 1.28 % 
Crenn amplitude 0.416 0.588 1.01% 1.36 % 
Crenn power distr. 2.74 % 2.21% 
AI min 
(intensity) 

0.418 0.592 1.32 % 1.19% 

AE min 
(amplitude 

0.422 0.596 1.05 % 1.30 % 

AP min 
(power distr.) 

0.424 0.600 2.54% 2.43 % 

Beam radius at Io/e intensity, at the waist, in the different 
HEll Gaussian approximations 

Optimal beam radius value (or OGA), from average of I All . , 1AEI • 
and IAPI ._ Gaussian approximations : min r 

r W 
-2 = 0.42 < = > -5=0.60 
a a 

Table IV 
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AI min AE min AP nrin 
D x X/a2 r/a r/a r/a r/a average 

1.0 0.5025 0.5255 0.52U 0.52 
1.2 0.5528 0.5625 0.5626 0.56 
1.4 0.6125 0.6159 0.6163 0.61 
1.6 0.6773 0.6784 0.6785 0.68 
1.8 0.7451 0.7452 0.7453 0.745 
2.0 0.8147 0.8147 0.8137 0.814 
2.2 0.8850 0.8846 0.8795 0.883 
2.4 0.9565 0.9552 0.9556 0.956 
2.6 1.029 1.027 1.016 1.02 
2.8 1.102 1.099 1.088 1.10 
3.0 1.176 1.171 1.160 1.17 
4.0 1.546 1.539 1.526 1.54 

20.0 7.608 7.555 7.498 7.55 

Bej.n radius at ( 0^ ' intensity of the optimized H E U Gaussian approxi
mation for different antenna distances D 

Table V 


