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ABSTRACT

The breakdown of causality in homogeneous Code1-type

space-time manifolds is* examined. An extension of Rabouças-

-Tiomno (RT) study is made. The existence of noncausal curves is

also investigated under two different conditions on the energy-

-nomentum tensor. An integral representation of the infinitesimal

generators of isometries is obtained extending previous works on

the RT geometry.

Key-words. Homogeneous space-times; Breakdown of causality; Algebraic

computing; Rotating models.
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I. INTRODUCTION

Ever since the foundations of General Relativity were

lflid, there have been investigations on the potentialities of

this theory, particularly as concerns its consistency with Mach's

principle, the solutions of its field equationsr causality

Conditions and the like.

A number of familiar space-times make it clear that

General Relativity/ as it is normally formulated, does not

exclude the violation of causality in large scale, despite its

local Lorentzian character. The Godel model is perhaps the best

known example of a cosjnological solution of Einstein's field

equations in which causality may be violated.

The existence of closed time-like curves in all homo-

geneous Godel-type Riemannian manifolds was examined in a recent

2
paper by Rebouças and Tiomno . They have shown that the causality

main features of these space-times depend upon two independent

2 2parameters, m and ft. For 0 í n < 40 there exists only one

noncausal region whereas for m < 0 there is an infinite number of

alternating causal and noncausal regions. They have al3o found

that for m i 4ft there is no closed time-like curve of the

GMel-type. However, they have restricted their study to the

section t,z » const (cylindrical coordinates) of those space-times.

In other words, they have only examined the breakdown of causality

of the type that occurs in Gòdei universe, leaving upon the

question on whether or not there is a distinct type of violation

of causality.

In this paper we extend these investigations by examining
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the existence of all types of closed time-like curves in the homo-

geneous G&del-type Riemannian space-times. By using the Newman

Penrose null tetrad techniques we also discuss tho breakdown of

causality in these space-times in connection with twu different

algebraic Segré types of the energy-momentum tensor. There emerges

from our results that among the new Rebouças-Tiomno solutions,

2 2

the special one with m = 4tt is tho unique globally causal

Godel-type solution with an algebraic Segré characteristic

1(1,11)1]. He also find an Integral representation of the infi-

nitesimal generators of isxwnetries for the special RT space-time,
• 2 4—8

extending previous works on this subject matter '
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II. MAIN HL'SULTS AND DISCUSSIONS

It is known that all Godel-type Ricmannian manifolds

homogeneous in space and time (hereafter called ST-homogeneous)

can be put into the form

ds2 = [dt+H(r)d*]2 - D2(r)d*2 - dr2 - dz 2 , (2.1)

where the functions H(r) and D(r) are given by

(i) H = ̂ § M-cos(ur)] , D = I sin(pr) (2.2)

2 2when M s -m » const < 0 /

(ii) H = íir2 , D = r (2.3)

whenever m = 0,

(iii) H *^n icosh(ror)-i) , D s J sinh(mr) (2.4)

if m s const > 0. In all cases u is a constant.

The existence of closed time-like curves of the Godel

type, -i.e., the circles defined by t,z,r * const, depends on the

behaviour of the function

C(r) - D2(r) - H2(r) . (2.5)

*

Indeed, if G(r) becomes negative for a certain range of values of

r (rT < r < to, say), Gftdela circles t,z,r - const axe closed
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tirae-like curves.

It is, therefore, not difficult to show that there are

closed time-like curves in the above classes (i) and (ii). As for

2 2
the third class (m > 0) Rebouças and Tiomno have found that for
t 2

si < is: there is one noncausal region. They have also shown that
2 2 1

for m i Ail there is no violation of causality of the Godel type

Since the presence of a single closed time-like curve is

sufficient to ensure the breakdown of causality, it remains to be

examined the existence of noncausal curves, other than Godel's
2 2circles, in the RT class of homogeneous space-times m 2 4n .

He shall now prove that there are no closed time-like

2 2 • '

curves in the m 2 40 space-time manifolds. Indeed, introducing

new coordinates t', x, y and z' defined by

tan (-* + fjj (f-t)] » e-"* tanU/2)

BIX

e = cosh (mr). + sinh(mr) cos* , (2.6)

Mtf

mye = sinh(mr) sin* ,

z = z' ,

we can rewrite the line element for the hyperbolic family of space-

-times (2.1) and (2.4) in the form

dp2 int' * & e m x dy) 2 - e 2 m x dy2 - dx2 - dz'2 , (2,7)

a

where -» < t',x,y,z* < •-. Following Maitra's reasoning , suppose

now that there is a closed time-like curve in this family of

Bpnce-times, represented by the parametric equations
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:<*' = x"(A) . (2 .8 )

In such a case, we must have points at which each function xv

attains an cxtreraura. Without loss of generality, let us assume

that the x coordinate function has a maximum or a minimum at P,

viz..

Oi
|f- = 0 . (2.9)

•P

Now, at the point P, where x° = t1 = 0, the vector field Vw,

tangent to the noncausal curve, is such that

V"v I - (iS? - 1) e2"* J2 - i2 - i2 . (2.10)

2 2
where a dot denotes derivative with respect to \ . For m 2 4Q

eq. (2.10) implies that

VMV S 0 , (2.11)
Ml
•P

in contradiction with our initial hypothesis. Thus, there are no

closed time-like curves of any type for this family of space-times.

It should be pointed out that although the above pro-

cedure has been applied to an especial class of space-times, it

does hold for all space-time manifolds which can be covered by a

single coordinate patch.

Before proceeding to the discussion of the connection

between breakdown of causality and the types of the Ricci spinor,

let us state the problem and fix our notation. The algebraic

classification of the symmetric second order Ricci tensor (or spinor!
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in general Relativity is an eigenvalue problem with an underlying

four-dimensional space-time endowed with a metric of signature -2.

This problem gives rise to the Segré types, which can be specified

in terms of the Segré characteristics. It turns out that only the

types [1,111] and [2,11] and their specializations are consistent

with both the dominant energy conditions and the local Lorentzian

character of General Relativity. In referring to the Segré types

we use a notation where the individual digits inside square

brackets are related to the multiplicity of the corresponding

eigenvalue, equal eigenvalues are enclosed in round brackets, the

first digit corresponds with a time-like or null eigenvector and

is separated from the space-like ones by a comma.

The necessary condition for the Ricci spinor • • to be

of Segré type [1,(111)1 or Segré type [(1,11)1] is that the

Plebanski spinor vanishes identically , viz.,

(2.12)

However, for the Gôdel-type metric (2.1) one has *^ = 0. Thus,

eq. (2.12) implies

•of " *i5 = 1 «IT»' - ° ' (2-13)

where a prime means derivative with respect to r.

Now for «A§ to be of type [1,(111)1 and [(1,11)1] one

has to demand, respectively, that

•06 " *22" *

and
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*0t> " *22 = ~2*ü ' (2

A rather lengthy but straightforward calculation , checked by

using the algebraic computing suite of programs CLASSI , gives

the values of • •, which together with eqs. (2.14) and (2.15)

furnish, respectively.

»2 = 2R2 (2.16)

and

« 2 = 4fl2 , (2.17)

where m2 = D"/D and 20 = H'/D.. . ••

Equation (2.16) defines nothing but the Godel model

which is known to violate the causality principle. We have, there-

fore, shown that all Gôdel-type Riemannian space-time manifolds

of algebraic perfect fluid Segré type have closed time-like curves.

2
Similarly, eq. (2.17) characterizes the Rebouças-Tiomno metric

and therefore, bearing in mind the above results, we conclude

that all Godel-type Riemannian space-time manifolds of Segré type

1(1,11)1] are globally causal.

In Euclidean geometry the metric relations are unaffected

by translations and rotations. Real gravitational fields do not

usually have such a high degree of symmetry. Nevertheless, they

often admit some continuous group of transformations preserving

their structure. A conformai motion, for example, preserves the

metric v.p to a factor whereas a motion (or jfiometry) preserves the

metric itself. The group of isometries of a space-time manifold

is, undoubtedly, the most important group of symmetries as far as

rv>m?ral Relativity is concerned.

In the remainder of thic paper we shall be concerned with
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the isometric transformations of the RT space-time, whose line

element can be brought into the form

ds2 a cosh2(r) dt2 - dr2 - sinh2(r)d*2 - dz2 (2.18)

by a trivial coordinate transformation. For the sake of simplicity
A

we have set c • 0- • 1. It has been shown by Teixeira et ai. that

besides the trivial Killing vector fields 3. , 3, and 3 , the
t f Z

metric (2.18) admits four additional Killing vector fields, which
14can be written in a collective notation as

KU,B) * sinU+ct+e) [coth(r)3 + e tanh(r) 3 t]-cosU + et+0) 3 r ,

(2.19)

where

K » K(1,0) , K •• K(1,*/2) , K «K(-1,0) , K =K(-1 #n/2)
(3) (4) . \ (5) (6)

(2.20)

Here the digits inside round brackets are indices of enumeration.

Even when the set of infinitesimal generators of isome-

tries of a certain space-time is known, finding an explicit finite

transformation mapping the manifold onto itself can, in many cases,

be a rather difficult task to perform. Nevertheless, we did

succeed in obtaining the inteqral representation for the Killing

vector fields (2.19) of RT space-time. They are collectively

given by
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t = t'-tcot"1 icotMaicothtr'icscU' + et'

cosh(2r) = c o s h ( 2 r ' ) c o s h ( 2 a ) + s i n h ( 2 r ' ) s i n h ( 2 a ) c o s ( * ' + t t ' + 0) , (2.21)

cotU+et+9) = cot (Í>1+et1 + 0)cosh(2a)+sinh(2a)coth(2r')csc(*'

where ja is an arbitrary real constant. The last two equations

make it clear what kind of transformation is involved: a trans-

lation by a distance a, in a hyperbolic plane orthogonal to the

z axis, in a direction which makes an angle cnt+0 with the

• • 0 axis. The first equation (2.21) gives the time transfor-

mation necessary to fix each isometry.
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