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on Advanced Plasma Modeling

by J.M.Dawson and T.Kamimura

"The U.S.-Japan Workshop on Advanced Plasma Modeling" meet at IPP

Nagoya from Sept. 24 - 27th, 1985. The program for the meeting is attached

as appendix I.

There were four American participants (Robert Huff who is spending

time at Nagoya under the JIFT attended as an unofficial U.S. observer)

and 21 Japanese participants; the list of participants is attached as

appendix II.

We consider that this workshop was very successful. There was lively

discusssion from both sides on detail of modeling techniques, their

advantages and disadvantages, how they might be improved and what types of

physics problems could be treated. It was clear that Japanese - U.S.

collaboration has played a large role in developing many powerful new

techniques for handling large time step large space scale problems. There

were also developements that took place in one country or the other and it

was clear that the participants learned a lot from hearing of each others

work. We have drawn a number of conclusion from this workshop. They are

give below.
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Conclusion

(1) Many powerful new techniques for handling large time steps and large

space scale while retaining kinetic effects have been developed. These

methods appear to be quite successful at handling many problems. Their

full capabilities and limitations are not yet known and should be

explored both computationally, theoretically and by comparison with

experiments.

(2) The techniques mentioned in (1) should be applied to many plasma

physics problems important to fusion research. It would be desirable

if such application involved closer participation by plasma theorists

since the models are turning up results different from existing

theory. They can provide a guide to theorist for obtaining a more

accurate description of plasma; in this role the effectiveness of both

is increased.

(3) The new technique appear capable of treating three dimensional problems.

Efforts should be made to construct models of realistic geometries.

(4) More sophisticated fluid models than simple MHD offers another method

of attacking many fusion problems. Important advances have been made

here also which promise to provide better fluid models of fusion

plasma. These models should be applied to important fusion problems

and their results should be compared with those of simple MHD models,

with the kinetic models of (1), and with experimental results. Here

also collaboration with theorists whould be valuable and should be

encouraged.

(5) The combination of Powerful New Computational Technique and

Increasingly Powerful Computers promise to give the fusion physisists
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tools which can solve many of the problems that have plagued fusion

theory from the start; large advances can be made in the next few

years. Because of this we believe that Stronger Support of These

Efforts will pay off in real results.

(6) The U.S.-Japan computer link has just started and we expect it will

play an important role in the future of simulation developements.

(7) Because of the progress being made in this area we recommend that a

second such workshop be held in the U.S. sometime in the first half of

1987.
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Appendix I

US-Japan Workshop on Advanced Plasma Modeling

September 24-27, 1985

IPP, Nagoya, Japan

Tuesday, September 24, 1985

9:30 Registration

10:00 Opening Address: Y.H. Ichikawa

10:20 - Chairman: Y. Ohsawa

T.D. Rognlien : Monte Carlo, Part ic le Simulation, and Fin i te

Element Techniques for Tandem Mirror Transport

I . Katanuma : Potential Scaling of Thermal Barrier Region in

Tandem Mirror

11:50 - 13:20 Lunch

13:20 - Chairman: J.M. Dawson

T. Sato : Advanced MHD Simulation

T. Ogino : A MHD Simulation of the Interact ion of the

Solar Wind

14:40 - 15:00 Coffee Break

15:00 - Chairman: W.W. Lee

T. Hayashi : A MHD Simulation of a Spinning Spheromak

T. Ogino : Methods and Graphics of the MHD Simulation in

Space Physics

16:20 - !7:00 Working Session
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Wednesday, September 25, 1985

9:00 Chairman: T. Sato

J.M. Dawson : Par t ic le MHD Code with Hall Terms

T. Yabe : Fluid Part ic le Code in Non-Uniform Moving Grid

T. Yabe : CIP Algorithm for Hyperbolic Type Equation

11:30 - 13:00 Lunch

13:00 - Chairman: I . Kawakami

V.K. Decyk : Discrete Hamiltonian Par t ic le Simulation

T. Takizuka : Par t ic le Simualtion of Divertor Plasma

14:40 - 15:00 Coffee Break

15:00 - Chairman: V.K. Decyk

H. Abe : Introduction of Two Independent Green Functions

to the Electromagnetic Code in a Bounded System

Y. Abe : Vectorization of Par t ic le Simulation Code

16:20 - 17:00 Working Session

18:30 - Group Dinner

Thursday, September 26, 1985

9:00 Chairman: K. Nishihara

W.W. Lee : Gyrokinetic Part ic le Simulation

T. Kamimura : Imp l i c i t Par t ic le Simulation of Magnetized

Plasmas

K. Nishihara : Comments on S tab i l i t y of Imp l i c i t Par t ic le

Code

11:30 - 13:00 Lunch
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13:00 Chairman: K, Hanatani

H. Abe : High Order Spline Interpolations in the

Particle Simulation

Y. Ohsawa : Ion Acceleration due to Magneto-Acoustic Shock

Waves

14:40 - 15:00 Coffee Break

15:00 - Chairman: T.D. Rognlien

M. Tanaka : Current-Drive by Relativistic Electron Beam

Injection

Simulation Study with a 3-D Macroscale Electro-

magnetic Particle Code

K. Sakai : Hybrid Code Simulation on Mode Conversion in

the Second Harmonic ICRF Heating

16:20 - 17:00 Working Session

Friday, September 27, 1985

9:00 - 12:30 Working Session on Advanced Modeling

12:30 - 14:00 Lunch

14:00 - 15:30 Summary and Conclusions

Co-chairmen: J.M. Dawson and T. Kamimura

16:00 Closing
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Appendix II

List of Participants

US-Japan Workshop on Advanced Plasma Modeling

September 24-27, 1985

IPP, Nagoya, Japan

U.S.A.

Dawson John M. University of California, Los Angeles

Department of Physics

405 Hilgard Ave.

Los Angeles, Calif. 90024

Lee W.W. Plasma Physics Laboratory

Princeton University

P.O. Box 451, Princeton, N.J. 08544

Decyk Viktor K. University of California, Los Angeles

Department of Physics

405 Hilgard Ave.

Los Angeles, Calif. 90024

Rognlien Thomas D. University of California

Lawrence Livermore Lab.

P.O. Box 808, Livermore CA. 94550

Huff Robert W. University of California, Los Angeles

Department of Physics

405 Hilgard Ave.

Los Angeles, Calif. 90024



Japan

Abe Hirotada Dept. of Engineering

Kyoto Univ., Kyoto 606

Abe Yoshihiko Institute of Plasma Physics

Nagoya Univ., Nagoya 464

Aizawa Masamitsu Atomic Energy Research Institute

College of Science & Technology

Nihon Univ., Tokyo 101

Hanatani Kiyoshi Plasma Physics Laboratory

Kyoto Univ., Gakasho, Uji, Kyoto 611

Hayashi Takaya Institute for Fusion Theory

Hiroshima Univ., Hiroshima 730

Ichikawa Yoshi H. Institute of Plasma Physics

Nagoya Univ., Nagoya 464

Kamimura Tetsuo Institute of Plasma Physics

Nagoya Univ., Nagoya 464

Katanuma Isao Institute of Applied Physics

Plasma Research Center

Univ. of Tsukuba, Ibaraki 305

- 9 -



Kawakami Ichiro College of Science & Technology

Ninon Univ., Tokyo 101

Matsuura Tsuyoshi Institute of Plasma Physics

Nagoya Univ., Nagoya 464

Momota Hiromu Institute of Plasma Physics

Nagoya Univ., Nagoya 464

Nishihara Katsunobu Institute of Laser Engineering

Osaka Univ., Suita 565

Ogino Tatsuki Research Institute of Atmospherics

Nagoya University, Toyokawa 442

Ohsawa Yukiharu Institute of Plasma Physics

Nagoya Univ., Nagoya 464

Sakai Kazuo Faculty of Engineering

Yamanashi Univ., Kofu 400

Sato Tetsuya Institute for Fusion Theory

Hiroshima Univ., Hiroshima 730

Takeuchi Satoshi Faculty of Engineering

Yamanashi Univ., Kofu 400
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Takizuka Tomonori Japan Atomic Energy Research Institute

Tokai Research Establishment

Ibaraki 319-11

Tanaka Motohiko Institute for Fusion Theory

Hiroshima Univ., Hiroshima 730

Terashima Yoshinosuke Institute of Plasma Physics

Nagoya University, Nagoya 464

Yabe Takashi Institute of Laser Engineering

Osaka Univ., Suita 565
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MONTE CARLO PARTICLE SIMULATION AND FINITE-ELEMENT TECHNIQUES

FOR TANDEM MIRROR TRANSPORT

T. D. Rognlien, B. I. Cohen, Y. Matsuda, and J. J. Stewart, Jr.

Lawrence Livermore National Laboratory, University of California,

Livermore, California 9*1550

ABSTRACT

A description is given of numerical methods used in the study of axial

transport in tandem mirrors owing to Coulomb collisions and rf diffusion.

The methods are Monte Carlo particle simulations and direct solution to the

Fokker-Planck equations by finite-element expansion.

I. Introduction

The simulation of axial transport in tandem mirrors is a challenging

numerical problem. Much of the difficulty arises from the fact that there

are many different populations of ions and electrons which can be trapped in

different spatial locations. This can be seen,by considering the axial

profiles of magnetic field and electrostatic potential expected in a tandem

mirror such as TMX-U at Lawrence Livermore National Laboratory shown in

Fig. 1. The goals of the calculations are to determine how these different

populations interact with each other via Coulomb collisions and to find the

self-consistent potential profile.

The potential profile is determined by shaping the particle

distributions through the use of electron cyclotron resonance heating (ECRH)

for electrons and neutral beam injection and ICRH for ions. Consequently, a

model of the tandem mirror must include Coulomb collisions, rf heating, and

neutral beam injection. These effects constitute the longest time-scale

processes believed important for transport. Shorter time-scale effects such

as instabilities can be modeled by incorporated them into the quasilinear rf

heating process, but they must be identified by an auxiliary calculation.

Radial tansport can also be important for tandem mirrors; this process is

modeled by other codes which will not be discussed here.
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The focus of this paper will be two numerical methods for studying

axial transport: Monte Carlo simulation and finite-element expansion of

kinetic equations. In all the codes to be discussed, the basic equation to
p

be solved is the Fokker-Planck equation given by

|£ + v V f + Vp«[- |(E + vxB)f + r0] - 0 (1)

Here v is the velocity, m the rest mass, p • Ymv the momentum, y
2 2 2 1/2• (1 + p /m c ) , c is the speed of light, and E and B are the electric

and magnetic fields. The flux r is due to small-angle Coulomb collisions.

Although the codes have been used extensively to calculate ion and electron

transport for tandem mirror configurations, we shall only discuss the

methods here.

II. Monte Carlo Simulation of the Fokker-Planck Equation

A. MCPAT simulation code.

The MCPAT code follows electrons or ions in prescribed axial magnetic

field and potential profiles using the guiding center equations:

du/dt - 0 (2)

dp" n i * V dB
dt " q dz y dz U J

S - p ." <->
2

where y - p./2mB is the magnetic moment, and * is the potential. These

equations are relativistically correct. The profiles can be updated using

the information from a previous iteration together with a model (fluid

equations or specified distributions) for the species which is not evolved

(ions or electrons).

The rf heating is treated in one of two ways. The first is to use the

perturbations to the equations of motion caused by a sum of monochromatic

waves. This procedure allows one to study phase correlations between the
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particle gyrophase and the wavephase giving rise to superadiabatic motion

over many axial bounces. The second method is to use the quasilinear

description. Here the diffusion coefficient for a particle passing through

cyclotron resonance is given in terms of parameters such as magnetic field

scale length, particle velocity, and rf electric field strength. For

example, the energy diffusion coefficient is given by

where Ae is the energy kick received in one pass through resonance, and t.
S K

is the time between kicks. Then the change in a test particle energy, A E ,

is modeled as

fie " I ~ * ~ ~.l D__ it; + I — 2 ' '
0

2 2where R is chosen from a random distribution with variance <R > - o , and At

is the time step. The kick in u is related to that in e by the relation

Ap - i | Ae (7)

where !, satisfies the resonance condition u - lu^y - kuvM = 0. For a given

A, the heating occurs along characteristic lines in phase space.

Coulomb collisions are modeled by allowing the test particles to

scatter off of a sura of Maxwellian background distributions for both ions

and electrons. To include relativistic effects, the usual formulae for

the scattering coefficients are modified to include relativistic particles

scattering off of a non-relativistic background. The background scattering

profiles can be updated iteratively using test particle data.

Two techniques are used to enhance the Bfficiency of the calculations.

One is to divide a particle into several when the particle passes a boundary

in energy space. The sum of the weights of the daughter particles are equal

to that of the parent. When daughter particles come back across the

boundary, all but one are destroyed, the remaining one then regaining the

original weight. This method allows improved statistics in the high energy
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regions of phase space which often have a controlling influence in a

calculation.

The second efficiency technique is to accelerate the time scale of the

high energy particles. From the Fokker-Planck equation, one can show that

scaling the density and the rf diffusion coefficient by a factor o and

dividing the time by a leaves the equation the same. Thus, we artifically

increase the density and the rf diffusion by a for a one bounce and then

count that one bounce as a bounces. This is always done so as to keep the

change in momentum per bounce small.

B. TESS simulation code

The TESS code is presently being developed to evolve ion and electron

test particles together, and to solve for the axial potential using the

direct-implicit method with Possion's equation. The same axial equations

of motion given by Eqs. (2-1) are used together with the rf quasilinear

heating model shown in Eq. (6).

Before discussing the direct-implicit method, we note that the

collisional model used in TESS differs from that in MCPAT. Here the test
q

particles have collisions among themselves to simulate Coulomb scattering.

This model is made to conserve momentum and energy so there is no

possibility of an external source or sink of energy such as the background

distributions used in MCPAT. In the center of mass frame, a Boris scheme is

used to scatter particles through a small angle Ae with a variance of

<A62> - 4irq?q? n. ,At inA/p2v (8)

where q's are particle charges, n. . is the lesser of the densities, and ilnA

is the Coulomb logarithm. Collisions are not performed every time step but

on a variable time interval whose average is M time steps with M » 1. Then

Atc in Eq.(8) is M tines the time step divided by the number of particle

pairs each particle belongs to locally.

The direct-implicit method uses a Taylor expansion of the equations of

motion to obtain an estimate of the particle positions and thus the charge

density at the advanced time. This estimate is then used in Poisson's

equation for the potential at the advanced time
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2
where x - 6q At p /(m Y ) is the susceptibility and o < B < 1 . This

S S S S 3 —

equation is spatially smoothed resulting in a penta-diagonal elliptic matrix

equation which is inverted using a direct-solve algorithm.

The advantage of the direct-implicit method of particle simulation is

that the high frequency plasma oscillations are suppressed, allowing a much

longer time step. The level of ion acoustic fluctuations in the absence of

plasma fluctuations is

where k is the wavenumber of the mode, \^ is the Debye length, and h is a

factor which depends on the particle shape; h(k/sz) •* 1,0 for kAz + O,ir.

The potential fluctuation level for long wavelength modes with kAz,

kXD « 1 is found from Eq. (10) to be

I/2

where N is the number of particles. An acceptably low fluctuation level of
H

\% for (T./T ) - 1 can be obtained with only 2 x 10 particles, indicatingi e

that an efficient simulation should be possible.

There is a wide range of time scales ranging from the electron bounce

time (-10 sec in TMX-U) to hot electron collision time (>10~2sec in TMX-U).

The ion time scales fall between these limits. Consequently, a compression

of the time scales is required. As discussed in Sec.IIA, the collision and

rf diffusion rates can be increased. In addition, a reduced ratio of ion to

electron mass of about 100 will be used.

Presently, TESS has operative a vectorized relativistic particle pusher

requiring only 3 ysec per particle and a direct-implicit potential solver

requiring 3 msec for 129 grid points. Under development are the binary

collision and the rf diffusion packages.
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III. Direct Solution of the Fokker-Planck Equation Using SMOKE

The second approach to studying axial transport is to solve Eq.(i) directly

as a partial differential equation. This has been done previously by many

others. The advanced approach discussed here is to solve simultaneously for

several different populations trapped in different regions of configuration

space and coupled by passing populations. This code, named SMOKE, uses a

finite-element expansion instead of the more usual finite-difference

approach.

The phase space variables used for this calculation are energy, e, and

magnetic moment, p. As these are constants of the motion, phase space plots

are independent of axial position. In this phase space, different

populations can occupy the same region, and thus the phase space becomes

multi-valued. It is convenient to think of phase space as having multiple

sheets where the different distributions are coupled together along

separatrices.

To obtain the desired differential equation, it is assumed that the

particles have long mean free paths such that Eq.(1) can be bounce averaged

along the particle orbits. This procedure results in an equation of the

form

+ Jii (v S + % g • v ) •
where T is the bounce time. Here the D's represent diffusion coefficients

from collisions and rf. A non-rectangular (e,p) grid is used.

Then, in order to improve the efficiency of the calculation and the

accuracy for some problems, Eq. (12) is transformed to a rectangular (x,y)

grid. A Galerkin procedure is used to solve the resulting equation. The

distribution function is expanded in a set of basis functions as

f(x.y.t) - £ ci(t) B^x.y)

Here the B's represent splines (linear, quadratic, or cubic) in the x and y

coordinates. The differential equation is next multiplied by the B's and
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Integrated over phase space to yield a matrix equation for the c

coefficients

(13)

This equation is solved using a sparse matrix package.

After obtaining the solution to the distribution functions, they can be

integrated to yield the spatial profiles of density and energy. SMOKE has

been used extensively to model ion and electron transport for assumed

potential profiles. Close comparison has bean obtained between the results

of the SMOKE code and the MCPAT code for a hot electron thermal barrier

calculation.

VI. Summary

We have discussed two methods for long-time simulation of axial

transport in tandem mirror devices. Monte Carlo simulation is the first

method. The MCPAT code can solve for electrons or ions separately in

assumed potential profiles. It can give rough answers quickly with typical

run times on the Cray 1 or 2 being 1 0 - 2 0 minutes. The TESS code is being

developed to solve for electrons and ions simultaneously and to obtain the

potential by a direct-implicit solution to Poisson's equation. TESS

is estimated to use 1 hour per run on the Cray 1 or 2.

The second simulation method is the SMOKE finite-element code. It also

solves for electrons or ions separately in assumed potential profiles, but

work is underway to make a self-consistent calculation of the potential.

Typical runs using this code usually require 30 - 60 minutes on the Cray 1

or 2.
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Hot Electron Formation in Thermal Barrier Region

of Tandem Mirror GAMMA 10

I. Katanuma, Y. Kiwamoto, K. Sawada, and S. Miyoshi

Plasma Research Center, the University of Tsukuba,
Ibaraki 305 Japan
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Abstract

We have studied the hot electron build-up by the second

harmonic electron cyclotron resonance heating in the thermal

barrier .region of tandem mirror GAMMA 10 by using a Fokker-Planck

code with self-consistent potential profile taken into account.

We have found two phases in the evolution of hot electron

population and the potential profile. In the first phase where

the RF diffusion is dominant quick increase of the hot electron

density and that of the mean energy are observed. No further

increase in the mean energy is observed thereafter. The

potential is the deepest during the first phase. The second

phase starts in the mean-free-time of the pitch angle scattering

of hot electrons on cold electrons and ions. In this phase the

hot electron population increases in the rate of the pitch angle

scattering. The potential dip shallows due to the accumulation

of pitch angle scattered passing ions. This observation

indicates the necessity of the ion pumping for maintaining the

negative potential at the thermal barrier.
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1. Introduction

Tandaa mirror GAMMA 10 employs thermal barrier to insulate the

electrons in the end plugs from those in the central cell.

Generation of thermal barrier requires the creation of a high

population of mirror trapped hot electrons, heated by electron

cyclotron resonance heating (ECRH). The idea of thermal barrier is

introduced in favor that the plug potential can be formed even if the

plug density n p is lower than the central density n c when there is a

potential depression between the plug and the central cell1)'2). The

reduced requirement on plug density to establish the' plug potential

significantly reduces the magnet and neutral beam technology

constraints and the power requirements for end plugging of tandem

mirrors.

Tandem mirror GAMMA 10 at Univ. Tsukuba employs ECRH to form the

thermal barrier and plug potential in each end cell3). Four 140kW

28GHZ gyrotrons are used in the thermal barrier and end plug regions

for electron heating. Resonant absorption of the extraordinary mode

wave is expected at the second harmonic resonance in thermal barrier

and at the fundamental resonance in the plug.

In this paper theoretical and numerical studies are made on the

creation of hot electron population when only second harmonic electron

cyclotron resonsnce heating is applied in the thermal barrier region.

In Sec.2 we analytically evaluate the time scale of hot electron build

up in the thermal barrier region. In Sec.3 we describe the numerical

scheme of the bounce '..^raged Fokker-Planck code which is capable of

calculating the self-consistent electrostatic potential. Section A
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shows the results of the simulation study of hot electron formation by

means of the bounce averaged Fokker-Planck code. We clarify the

mechanism of hot electron build up and point out the necessity of cold

ion pumping. - Summary of this paper is made in Sec.5.

2. Evaluation of Characteristic Time Scale

To control the thermal barrier potential, it is necessary to

control hot electron population in the thermal barrier region.

Electron cyclotron resonance heating of hot electrons in tandem mirror

is an area of active experimental and theoretical investigations^'^).

However the hot electron build up process has not been examined in the

self-consistent electrostatic potential profile.

In order to produce a substantial amount of hot electron density

within a limitation of beta value for MHD stability*^), the mean

energy of hot electrons needs to be limited. The microwave power

absorption by runaway electrons may be limited by means of detuning

from the resonance frequency due to relativistic mass shift. This

idea may be embodied by spatial localizing the microwave power in a

region where the resonance condition u = 2wce/7 is satisfied only for

low energy electrons say with few tens of keV. Here a is the wave

frequency, oce is electron cyclotron frequency, y = 1/(1 —i^/c
2)'^ ,

and v is the electron velocity, and c is light speed. In experiment,

a narrow pencil beam of microwave is injected in X-mode ( R-wave )

-25-



possesing higher absorption efficiency.

Microwaves have sufficiently short wave length so that the

propagating character can be predicted by ray tracing techinique.

Furthermore microwaves are not as susceptible to nonlinear effects as

some other wave heating methods, so rpatial locations of wave can be

predicted easily from linear theory^). To study the hot electron

build up in thermal barrier region theoretically and numerically, we

include the quasilinear electron heating effects^) in Fokker-Planck

equation.

D = (afc;
E* = Ex + i£y.

Here we use standard notation and E* is the electric field of the

right hand polarized microwave, fcj. is perpendicular mode number, J\-\

is Bessel function, v± is the perpendicular velocity component, and

S() is Dirac delta function. The first term in the right hand side

of Bq.(1) is Fokker-Planck collision term. We assume kn=O and £u=0

for simplicity.

At first by using Eq.(1), we evaluate the characteristic time of

hot electron build up when only second harmonic resonance heating are

applied at the midplane.

Bounce averaging Eq. (1) along particle orbits assuming 7=1, we
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have

—I— fr±<D>4*- ) • (2)
v±dv± dv± K '

<!»
Jorbit f|| JorfcitWu

II f —

Here un and v±. are the velocity components at the midplane of a

mirror cell,1 z is the coordinate along magnetic field line, and we

consider only ECRH term of Eq.(1). By integrating Eq.(2) multiplied

with (l/2)meia, we have a equation for hot electron build up at the

midplane as

<3>

Tg1 = 47T ( g j j - ) 2 I

Nl = fcxC/Q.

For the thermal barrier region of GAMMA 10 we obtain

numerically as.
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Tb = 2.36xlO-b-^-/ {(-J^-rAft) sec. (4)

Here ô o is the electron cyclotron frequency for B = 10 kgauss, I £+ I

is measured by a unit of V/cm. For I E + I =100V/cm , Nj.=l , co/weo=l •

we have Tj,~2.3§jusec . Roughly speeking, Tb is the time in which

runaway electron population is driven by ECRH power, i.e. RF diffusion

time.

The RF diffusion time T^ is so fast compared to electron collision

time, as is shown later in this paper, that the quasi-steady state

will be realized in which hot electron pitch angle scattering will

contribute to the further evolution of hot electron density in the

thermal barrier region.

Next we consider the effects of the hot electron pitch angle

scattering. In this quasi-steady state, the following equation will

hold as the first approximation,

— | — (wj.<D>-|^1
v±dv± dv±

= 0, (5)

on uu=0 line at the midplane of the mirror cell. Here fn is the hot

electron distribution function at the midplane. One of the solution

of Eq. (5) is

fh(v) =

= 0, v > iw. (6)
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Where nj, is the hot electron density, j;nal is the maximum velocity

of hot electrons, above which electrons are assumed not to be further

heated by ECRH due to the relativistic electron mass shift. We use

the spherical coordinate (i;,6,$). In order to take the collisional

effects into account, we assume the electron distribution function as,

/(u,8) = J* »exp(- K) + c^ t)"25(8-7T/2), (7)

Here nc> T e are cold electron density and temperature, respectively.

In this case linearized Fokker-Planck equation becomes

•Vmax 2tfVmax

J _ l n I Ĵ +iW , afA

Here r=4ire4lnA/n^ , u=cos6 and lnA is Coulomb logarithm.

Integrating Eq. (8) for (v,d) assuming dzfh/d6z ~ -A/(A0) 2, and A9 is

the half width of the resonance region in electron velocity space at

the midplane of mirror cell, we have

(9)
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Here

Ted =

_ _ 1
tmax - o

= / art^du/ si

Here Ths is the escaping time of hot electrons out of the

resonance region in the velocity space by hot-hot electron pitch angle

scattering, TCS is that by hot-cold electron pitch angle scattering,

TM is that by hot-hot electron drag, rcd is that by hot-cold electron

drag, and A6 is measured in radian. Pitch angle scattering

represents the hot electron drain from the RF diffusion zone in

velocity space, contributing to activate the RF pump-up of the hot

electron density from the cold region. Electron drag reduces the hot

electron density.

For the parameters of nc=l 012/cc , nh=5xio"/cc, 7c=I00eV,
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£»al=50fceV , E.in=2fceV , A6=I2' , we have Thj-^4.2msec, Thd^-31msec,

T C SM .4msec, Ted^-7.8msec. The coulomb collision on ions contributes

to pitch angle scattering of hot electrons on the same order as TCS .

Therefore, the pitch angle scattering on cold electrons and ions is

the dominant process controlling the hot electron density build up in

the time scale of the order of 1 msec.

3. Fokker-Planck Code

To study plasma confinement in a mirror we use the Fokker-Planck

equation. The loss rate is included in terms of coulomb collisions

into the loss cone region in the velocity space. The loss cone is

defined as the region where particles are not confined by either the

axial magnetic field or the electrostatic potential. We assume the

mean free path of particles is so long that the particle does not

change its velocity so much during the bouncing period from one end of

a mirror to the other. Then we can integrate the Boltzmann equation

along a particle orbit in order to study the spatially varying

distribution in mirror systems ^ ) .

Here /(Vb.6t>) is the distribution function at the midplane of a

mirror cell, that is / (i*. 0b )=/(*>, 0,z=O) . Gyromotion effects are
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also integrated out. We neglect radial dependence assuming radial

transport processes are slow compared to the axial one. (df/dt)c,

is the local Fokker-Planck collision term, and the term of DtJ

represents EGRH heating which is the same as second term in right hand

side of Eq. (1). To derive Eq. (10) the conservation of particle

energy and magnetic moment are called for during the one particle

bounce period along magnetic field.

We adopt the collision operator as follows,

(Mi\ -Yi d ,. dha l a2 ,. d2ga ..- ,„.

9a (v) = Jdv'fodJ') I v-v- I , (12)

ha(v) - S&if&J&l; (13)
M J I v V I

r
qj qt—-y—

Here VJ, and Vj are the component of velocity, ma is mass, rijj is number

density, qa is charge of a species, and subscript t stands for the

particles of t species. lnA^ is coulomb logarithm. Equation (11)

can be written as

Here ft , Ub, and 8t are the quantities at the midplane of a mirror
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cell. Since the contributions of the axial distribution of

parameters are included only in the coefficients of Eq.(14), only

these coefficients are to be bounce-averaged numerically. There are

several methods to solve Eqs. (12) and (13) [10,11] . The

distribution function can be expanded in Legendre polynomials.

£ (15)
k-o

= J dcose /Pfc (cose) / J dcos6 Pi (cos9).

Therefore Eqs. (12), (13) becomes

g"iv'6)

(16)

kQ£X+ I if- ̂

(17)

Here ga and ha are calculated numerically with the integration on u"

in Eqs. (36), (17). dzga/di? , dha/dv are also written in the same
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way as Eqs. (16), (17). Therefore Eq. (10) is written as a second

partial differential equation, which is solved numerically by ADI

method^ 0'ID.

We take the boundary condition at the midplane as

= 0.

= 0, (18)

= 0.

where we assume the symmetry about 9=ir/2, and calculate nonlinear

Fokker-Planck equation in the region 0£iv<«> and O£0;£7r/2 .

In integrating the equation F=j i?/(iJ,t)di; off the midplane a

special care is in order. If we use the equation.

F = [tiJL&l{iZ - &to-nt))*Xf&,).- (19)
J 3 (ib) m

where,

Bb/B,

we have a singular point coming from the Jacobian d (v)/d (Z\,). Here

Bb and <Pb are the magnetic field and the electrostatic potential at

-34-



the miciplane, respectively. Instead we employ the moving velocity

meshes along particle orbits. Numerically the distribution function

/(Ub.Qb) is determined for the each velocity mesh point at the

midplane. The distribution function off the midplane connects with

that at the midplane by the Liouville's theorem,

f(v,e,z) = f(Vb,eb). (20)

New mesh points off the midplane are given by the orbit equations

representing the energy conservation and magnetic moment invariance

as.

+ ^(Pb - ^<p(z), . (21)
mm

Then, by using the new moving velocity meshes off the midplane, we can

easily obtain the integration F by numerical calculation without any

singularity.

In calculating the density profile for the potential

determination, a new coordinate (v^.S^) is introduced which represents

the mirror loss cone boundary in addition to the (VJ_,<?J) meshes on the

velocity space. Here subscripts i, j are mesh numbers in the v and 0

directions, respectively. The distribution function at the boundary

(Vi,8i) is obtained by interpolation from the mesh points around it.

The density of the mirror-trapped particles is determined by numerical
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integration of the distribution function outside the loss cone.

Passing particle density and Yushimanov trapped particle density

are calculated from analytic expression as follows. Let us consider

the typical profile of the electrostatic potential in a single mirror

cell as shown in Fig.l(a). In this system the ion and electron

distribution function at the mirror throat are assumed as,

fi =

(22)

^ g Qe<P,

Here n, is the density at mirror throat, q;, qe are ion, electron

charge, respectively and we let B=BQ , <p=<po at the mirror throat, and

B=Bb. <p=¥>b at the midplane. Hereafter in this section we drop

subscripts i and e for simplicity. The passing particles exist in

the region e^/iB+q<p and c^fiBo+qcpo in Fig.l(b) and the passing

particle density n p is obtained by integration of Eq.(22) over the

passing particle region as follows,

Tip = n,exp(-S?>)Cer/c{(-6«))I/2}

- (1- i)1/2exp(-

- ( 1 - l)i/2exp(_ ^ - ) } , 5<p>0. (23)
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Here,

erfc[x) =

Here we assume Ril . Though thi? code follows the passing particle

distribution, we use Eq.(23) to calculate the potential profile in

favor of the computer time and numerical accuracy.

This code does not follow the Yushimanov trapped particles because

only the dynamics of the particles passing through the raidplane are

calculated as already stated below Eq.(10). Then we approximate the

distribution function of Yushimanov trapped particles as the same as

that of passing particles in Eq.(23). The density n y of Yushimanov

trapped particles is given by.

for the case that,

_&.«** _S_
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and &p S 0,

= n.exp(-6«>)[l-er/c)(-6/)1/2n

+ W(R-1)/Restp(-

for the case that,

and 5?) < 0,

= 0, /or other cases.

Here,

~ , Kb = O0/ofe.

Here we assume R^\ and Rb^l . Then we determine the potential

profile by solving charge neutrality equation nt (R,ip)=ne(R,<p) .
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This scheme resembles to that of Ref.(12). If the population of

mirror trapped ion is very small, we may have multi-valued solution of

potential in the neighborhood of mirror throat. However in this

electron heating problem we obtain the proper solution for the

potential from the charge neutrality equation'^).

4. Simulation Results

We show the results of the simulation of second harmonic electron

resonance heating in the thermal barrier region of GAMMA 10. Figure

2 shows the schematic diagram of GAMMA 10 magnetic field profile used

in the simulation. The thermal barrier is to be created in the

axi-symmetric plug/barrier region^). The microwave is localized

around the midplane. We assume that to the left of the magnetic

throat of the plug/barrier cell there fills a Maxwellian plasma with

density 1012cm"3 and temperature 100 eV standing for the central cell

plasma. In the simulation we assume N±=1 , fcn=0 at second harmonic

resonance.

We assume the profile of I E? I as

IT(2)I = I £51 moid-25 (z-1/2 ) 2, 0). Here the system length of

mirror cell is normalized to be unity, and midplane is at z = 1/2 in

the simulation. In this electric field profile, the magnetic field

of the point l£*(z)l2 = I Eo I 2/2 is B(z) = 1.058b. The electrons

trapped magnetically in the region l£*(z)l2 S \EQ\Z/Z are expected
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to be mainly heated. Those electrons are localized in the region

190' -6) S 12" in the electron velocity space. Here 6 is electron

pitch angle. This is the reason of A6=12" in Sec.2.

Figure 3(a) shows the bounce averaged Fokker-Planck diffusion

coefficient for the case of I Ed I =100V/cm at the midplane. It is

seen that the resonant RF diffusion is localized along the vw=0

line . Although this field strength should be externally determined,

hot electron formation and losses are calculated consistently with the

microwave power.

Figure 3(b) shows the amplitude of the diffusion coefficient along

vn=O line. This coefficient is proportional to energy E

consistently with what is expected from Eq.(2). In the region

ES50fceV this coefficient becomes small due to the relativistic

electron mass shift.

First we show the hot electron build up before the collisional

process of hot electron is dominant. Here we assume n.=10I2cnf3,

Te=100eV, 7\=100eV and <p=Q at the mirror throat as a boundary

condition. As a initial condition we assume there are Maxwell

distribution functions of hydrogen ions and electrons at the midplane

of which density and temperature are the same as that of mirror

throat. Then <p = 0 everywhere along z at t = 0.

Figure 4 shows the time variations of the electrostatic potential

<p, the total density n, the hot electron density nn, and the hot

electron mean energy T}j at the midplane for the case of

I £51 =500V/cm. Here hot electrons are defined as the electrons with

energy larger than 2 keV at the midplane. Hot electrons build up at
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early time and quasi-steady state is realized. In this build up

phase the hot electron or ion coilisional effects are neglected

compared with the RF diffusion. The electrostatic potential dip is

formed at the midplane.

The velocity distribution of the electrons and ions at the

midplane at 3.0/isec are plotted in Fig!5. It is seen that the

electrons are heated by BCRH in the v± direction. The electron

distribution function is streched strongly around i>«=0 line so that

its amplitude is smaller than that on the both sides. On the other

hand ions are not heated at all but modified from Maxwellian due to

the acceleration by the electrostatic potential difference between

mirror throat and the midplane. The collisional effects do not play

any roll for the hot electron build up in this early phase.

Figure 6 is the electron distribution on i/n=O line as a function

of electron energy E at 3.0usec corresponding to that in Fig.5.

Electron distribution function is proportional to £"' in the high

energy region, from which Eq.(6) is justified. The distribution

function becomes small in the region larger than 50keV.

Next we study the hot electron build up in longer time scale. We

examine the results of I £5 I =100V/cm, because the RF diffusion phase

and the later phase of the slow build up of hot electrons are clearly

observed in one figure. Figure 7 shows the time evolutions of the

electrostatic potential, the total density, the hot electron density

and the hot electron mean energy at the midplane. In the early phase

before 150usec, a quick build-up is observed in the hot electron

density and in its mean energy in the same way as seen in Fig.4.
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However after 150/jsee, in contrast to the mean energy, the hot

electron density continues to increase with lower growth rate. The

latter process proceeds in the time scale of -̂ Imsec associated with

the pitch angle scattering of hot electrons. The mechanism of the

slow build-up of hot electron population may be understood as the

balance of diffusional feed of particles driven by RF along the

characteristic line 1*11=0 and the collisional drain from the RF

diffusion zone. The RF diffusion tends to establish a velocity

distribution function as shown in Eq.(6) along un=O line in a few

tens of Msec. A net particle flow appears along tin=O line only when

particles are removed from the diffusion zone, which flow represents

the build-up rate of the hot electron density. Because the pitch

angle scattering does not change the particle energy, the mean energy

remains the same in this phase. Electrostatic potential becomes

negative in the first build up phase because electrons flow into the

mirror trapped region from the passing region by ECRH, while ions are

not affected by ECRH directly. In the second build up phase,

however, the electrostatic potential turns back in the positive

direction. This means that the collisional filling rate of the ions

is larger than that of hot electron density build up by ECRH. At

3msec the final steady state is realized in the simulation.

Figure 8 shows the axial profiles of the magnetic field,

potential, total density, and hot electron density in the steady

state. Hot electrons are localized around the midplane and there are

about A\% hot electrons at the midplane. Electrostatic potential

also has a sharp profile around the midplane. Remarkable feature is
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that electrostatic potential is negative at the midplane compared with

that at the mirror throat even though any ion pumping is not included

in the simulation. However this potential dip of -34eV is not

sufficient as the thermal barrier against the passing electrons coming

from the mirror throat with mean energy of lOOeV. Density has its

maximum value at the midplane which shows there are many ions trapped

in the potential well at the midplane.

Figure 9 is the contour plot of the electron distribution function

at the midplane in the steady state. The hot electrons are localized

around the uu=O line, i.e. resonance line. We believe from this

contour that the hot electrons escape to the passing particle region

by the electron drag but not by the hot electron pitch angle

scattering, i.e. hot electrons scattered into off resonance region

lose its energy by the electron drag and then are scattered into the

passing particle region. This is supported by the analytical

estimation in Sec.2. That is, the hot electron drag time is shorter

than that of hot electron pitch angle scattering time to the passing

particle region because (A6)2M in TCS and Ths of Eq. (9) in this

case.

Figure 10 is the steady state electron distribution function at

the midplane on vu=0 line as a function of electron energy E. This

distribution function is proportional to £"' in the high energy

region, representing the dominant effect of the RF diffusion which

maintains the steady state distribution of Eq.(6) along the resonance

line i;n=0 .
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5. Summary and Discussion

We have found that the hot electron density builds up in two

phases with different mechanisms. We have also examined the

potential evolution during the hot electron build up. The mechanism

of the hot electron build up is as follows. At first electrons in

the resonance region are accelerated by ECRH until they acquire the

maximum energy limited by resonance detuning due to the relativistic

electron mass shift. This first build up ends when the runaway

electrons reach its maximum energy limit. While these hot electrons

accumulate, the electrostatic potential at the midplane, becomes

negative. This is the result of charge neutrality condition which

requires faster accumulation of ions so as to balance the magnetically

trapped hot electron population.

In the second phase hot electron pitch angle scattering play an

important role of the hot electron density build up. The pitch angle

scattering drives the hot electrons out of the resonance region of

velocity space. The vacancies thus produced in the resonance region

are filled by the RF diffusion from the cold electrons in a time scale

of the first phase. Then hot electron density grows furthermore.

In this second phase ions are collisionally trapped in the potential

well so that the ion density also builds up. In the parameters used

in our simulations ion trapping rate is larger than that of the hot

electron build up time. Then the electrostatic potential dip decays

in the second phase.

The ratio of the hot electron density to the total electron

density at the midplane in the steady state is not so large in our
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simulation which is 41% as is already shown. This ratio does not

increase so much for I £5! larger than lOOV/cm. However the density

ratio will be increased by including the fundamental electron

resonance heating, because the characteristic resonance line extends

in the 6=45' direction in electron velocity space in GAMMA 10. In

the steady state we found that the potential is negative at the

midplane even though any ion pumping is not included in the

simulatiom. However this potential dip is too small for the thermal

barrier. Therefore necessity appears for pumping of the ions trapped

in the thermal barrier potential.
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Figure Captions

Fig.l(a)

Schematic diagram of single mirror and electrostatic potential

profile. Here q is the charge of a particle.

Fig. l(b)

Particle velocity space diagram. z and jj=mui/2B are the

particle energy and the magnetic moment, respectively. B, <p are

magnetic field and electrostatic potential, respectively.

Subscripts 0 and b represent the quantities at the mirror throat

and at the midplane, respectively.

Fig.2<a)

GAMMA 10 magnetic field profile along magnetic field line.

Fig.2(b)

Magnetic field profile used in the simulation. This profile is

the same as that of plug/barrier region of GAMMA 10.

Fig.3(a)

Three dimensional plot of the bounce averaged Fokker-Planck

diffusion coefficient C«u . Here £}„„=/ Aadz/vw / I dz/u« in
•/orbit "orbit

Eq.(14). The Fokker-Planck collision term is omitted in this

figure.

Fig.3(b)

Amplitude of cuu along vw=0 line in Fig.3(a).

Fig. 4

Time evolution of (a) the electrostatic potential, (b) the total

density, (c) hot electron density, and (d) the hot electron mean

energy, respectively at the midplane for the case of
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I £o I =500V/cm.

Fig. 5

The contour plot of (a) electron and (b) ion distribution

function at the midplane at t = 3.0 /isec for the case of

I £5 I =500V/cm. Here meufo/2 = 1/ceV and mjU?o/2 = lfceV .

Fig.6

The electron distribution function along uu=0 line at the

midplane at 3.0 ^sec for the case of I £5 I =500V/cm.

Fig. 7

Time evolution of (a) the electrostatic potential, (b) the total

density, (c) the hot electron density, (d) the hot electron mean

energy, respectively at the midplane for the case of

I £51=100V/cm.

Fig. 8

(a) the magnetic field, (b) the electrostatic potential, (c) the

total density, (d) the hot electron density profile along z in

the steady state, respectively for the case of I Eg I =100V/cm.

Fig. 9

The contour plot of the electron distribution function at the

midplane in the steady state for the case of I £5 I =100V/cm.

Here Intfe) is plotted.

Fig.10

The electron distribution function along vu=0 line at the

midplane in the steady state for the case of I £5 I =100V/cm.
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1. Summary of simulation
We have used a high resolution and time-dependent three

dimensional magnetohydrodynamic (MHD) model to study the
interaction between the solar wind and the earth's magnetosphere
during intervals when the interplanetary magnetic field (IMF) has
both a B -component and B -component. When the IMF is northward
(B >0), the plasma sheet thickens near the noon-midnight meridian
ana extends projections into the northern and southern lobes.
When projected onto the polar cap, this appears as a narrow
channel extending from midnight towards noon. This plasma sheet
extension from the nightside towards the dayside shifts dawn for
B < 0 and towards dusk for B > 0.

Two types of upward field-aligned currents were found: an
arc-shaped current which extends around the auroral zone, and a
tail lobe region 1 currents running almost parallel to the sun-
earth line. Like the plasma sheet extension, the sun-aligned
tail lobe region 1 current moves across the northern polar cap
from dusk to dawn when the IMF orientation changes from duskward
to dawnward during northward IMF. At latitudes north of the
region 1 current in the polar cap, the currents have the same
direction as the region 2 currents (i.e. upward at dawn and
downward at dusk). As the IMF orientation changes from northward
to dawnward, the currents rotate such that the upward current
joins with the upward region 1 current while the earthward
current expands in the polar region. These magnetospheric
features can be well explained by high latitude merging cells and
tail lobe convection cells resulting from antiparallel merging
between the northward IMF and the tail field. They also are
consistent with several phenomena of theta aurora dynamics.

When the IMF is dawnward, the dayside cusp and the tail
lobes shift toward the morning side in the northern
magnetosphere. The plasma sheet rotates towards the north on the
dawnside of the tail and towards the south on the duskside. For
an increasing southward IMF component, the plasma sheet becomes
thinner and subsequently wavy because of patchy or localized tail
reconnection. At the same time the tail field-aligned currents
have a filamentary layered structure. When projected onto the
northern polar cap, the filamentary field-aligned currents are
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located in the same area as the region 1 currents with a pattern
similar to that associated with auroral surges.

Magnetic reconnection also occurs on the dayside
magnetopause for southward IMF. The steady dayside reconnection
mainly occurs in the antiparallel merging region nearest the
subsolar point and drives strong convection near the magnetopause
as reconnected field lines flow tailwards. This causes an
enhancement of the polar cap and region 1 field-aligned currents.
The polar cusp field-aligned currents evolve from the polar cap
(northern B ) field-aligned currents as the IMF is rotated from
northward to southward.

2. Simulation method and results
The MHD equations are solved by the two step Lax-Wendroff

scheme as an initial value problem. The initial condition is
given by a three dimensional dipole magnetic field and a static
ionospheric state, where the plasma pressure balances with the
gravity force. The solar magnetospheric coordinate system used
in the calculation is shown in Figure 1. The magnetospheric
quantities near the earth are fixed to the ionospheric parameters
through a smooth transition region. The upstream boundary
quantities are also fixed to the uniform solar wind parameters.
The free boundary condition, in which the derivative is zero, is
used at the outer and tail boundary.

The MHD code was run until a quasi-steady state
magnetospheric configuration resulted. This required 512 time
steps or 32 minutes. In Figure 2 we have projected the plasma
pressure, the field-aligned velocity, the field-aligned vorticity
and the field-aligned current along magnetic field lines into the
northern ionosphere. The results are plotted on a polar plot
with noon at the top. The circular rings indicate 10 degree
steps in latitude and each row contains the results for a given
IMF orientations. In the left hand panel, the bifurcation of the
lobes can be seen as an extension of the high pressure plasma
sheet from midnight towards noon. The extension of the plasma
sheet from the nightside towards the dayside shifts towards dawn
on the northern polar cap projection when the IMF orientation
changes from northward to dawnward.

In Figure 3, we have plotted the magnetospheric magnetic
configuration, where the merging region is shown by the dashed
oval and only those field lines with at least one foot connected
to the earth were plotted. The direction of the IMF is given by
the large arrow. The magnetic field lines in the merging region
are almost antiparallel to the IMF and the magnetic merging is
occurring on the dawn side in the high latitude near the earth
tail magnetopaus e.

Projections of magnetic field lines on the x-y and y-z
planes are shown in Figure 4. The top two panels show only the
reconnected open field lines which have their feet in the
northern ionosphere. The bottem panel shows the field lines
which start from the equator in the range for x > 0. The dashed
line is the subsolar line perpendicular to the IMF direction at
the subsolar point and the dotted oval shows the predicted
antiparallel merging region. The newly reconnected field lines
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are sharply bent and this sharp bend can be used to identify the
merging region. The dominant merging region can be seen on the
dawn side in the top panel and north of the subsolar line on the
dawn side in the middel panel. The dominant merging region
agrees well with the predicted antiparallel merging region. The
open field lines on the far dusk side come from magnetic merging
at the southern dusk dayside magnetopause.

3. Numerical problems
Numerical problems in the present. calculation are

perticularly associated with the near-earth and tail boundary
conditions. The fixed boundary condition is used near the earth.
Therefore, the field-aligned currents do not make closed loops in
the ionosphere and the feed-back processes from the ionosphere
can not be treated. The tail boundary is not so far in the
present model, but the real magnetotail is known to be much
longer from the satellite observations. Phenomena in the distant
magnetotail may have serious effects on the magnetosphere near
the earth through the magnetic field lines. These distant
magnetotail dynamics are waiting a future study.
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solar
wind

sun

Figure 1. The coordinate system used in the simulation, (solar magne-

tospheric coordinate system). The angle 9 (theta) gives the

direction of the interplanetary magnetic field.
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105

120'

150°

Figure 2. Projections of the plasma pressure, p, the field -aligned

velocity, v B, the field-aligned vorticity, n B , and the field-

aligned current, 3|| , along magnetic field lines to the northern

hemisphere of the earth when the IMF orientation changes from 6 =

90° (northward) until 8 = 150", where the solar wind speed is 300

km/s and the B i- = 5 nT. Areas with positive Q and .negative

3II , are shaded. The contour leve.ls for p, v j , ft j and 0 j- are

3.9 x 1 0 " 1 2 N/m 2, 6.8 km/s, 2.1 x 10"1* s' 1 and 2.0 x 1 0 ~ 1 1 A/m 2,

respectively.
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Figure 3. Configuration of magnetic field lines in the x-y and y-z

planes for 8 = 120° where the region of merging is shown by the

dashed ovals. The magnetic field lines in the merging region

are almost antiparallel to
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8 = 240° -20 5 = 255"

F i g u r e 4. Projections of the magnetic field lines onto the x-y and

y-z planes for 9 = 240° and 255°. The top two panels show the

reconnected open field lines which have their feet in the north-

ern ionosphere. The bottom panel shows the field lines which

start from the equator. The dotted ovals show the antipara. .el

field regions from the model calculation.
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A 3D STUDY OK SPINNING SPHEROMAK

Takaya Hayashi and Tctsuya Sato

Institute for Fusion Theory, Hiroshima University

Naka. IIirosliima 730. Japan

Abstract

The spin-stabilization of the tilt of the spheroruak

plasma confined by an external magnetic field is

investigated by means of a 3D magnetohydrodynamic

simulation. The spinning- spheroniak-equi 1 i brium is

dynamically created by giving a spinning speed as high as

about Mach one of the poloidal Alfven velocity and

simultaneously increasing the magnitude of the external

field. The life time of the spheromak is thereby remarkably

increased. However. a new, presumably pressure-driven,

instability is induced by the spin motion, which after all

determines the lifetime. The results are indicating that

the spinning spheroiuak. if practically created. can be a

good candidate for a feasible conf tnenient configuration.
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j Equilibrium of Spinning' Spheromak

In the first step, we at tempi lo obLain a spinning'

sphoromak equilibrium by running a 2U simulation code wliicli

assumes an axisymmetrie evolution. The toroidal spin speed

was gradually ( in 100 tA> where rA is the typical Alfvcn

transit time ) increased instead of giving a high spin

ins tantaneously. Here we do not address the physical

mechanism of the driving force of the spin. but we assume

that a gradual toroidal acceleration is possible by some

means. The spin fl is given only inside a certain magnetic

surface as a function of if ( i3 = fl(V) ). Specifically, the

spinning area is expressed in terms of the magnitude of G

instead of V where G ^ R B ( ( B t • is the toroidal magnetic

field ). which also is a surface function for a spinning

equilibrium. Namely. the following' fl ( G) profile is

gradually established ;

(for (8)

where Ga. Gb. and S23 are all constant. The variable G,

instead of V . is chosen because the value is not affected

when we change Hie value of ^oxl •
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Tiie time dcve lopmeril of the result is shown in Fig-. 1.

by flux contours. Figrure 1. (a) shuws a spheromak

equi L ibr iuui without spinning' motion. for which U o x t is

uniform. The outermost rectangular represents the

perfect-conductor wall of the vacuum vessel, which is the

boundary of the simulation regrion. The separatrix position

is shown with the dotted line. In this case, Lhe final spin

speed M p was chosen to be about 1.0 at the magnetic axis.

As figure 1. (b), (c), and (d) show, the spinning- spheromak

could not reach an equilibrium, but was torn in two because

of the lack of the balancing forco in the R direction. Part

of the original spheromak was detatcherJ from the main body

and the main body was eventually desl.rur.ted.

One way to achieve an equilibrium is to increase the

external field B e x l in accordance with the increase o[ the

spin speed so that the centrifugal force can be balanced by

the Ampere force. Figure 2 shows an example we have been

able to get a spinning- equilibrium spheromak in this way for

the same case as in Fig-. 1. The Doxl was increased uniformly

by about 42% in the simulation. The spinning- area was about

50% of the total spheromak cross section. An outward shift

of the magnetic surface is observed. The temporal evolution

of the radial profile of fl is plotted in Fig-. 3. The

profile reaches a more or less steady state in about hundred

Alfven transit time. indicating the achievement of an

equilibrium. fl increased only inside a certain inag-netic

surface indicated by Eq. (8). and a steep differential

rotation is formed near the spinning- boundary. It seems
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thai the effect of the numerical viscosity was not serious

in this simulation. since the dragging' force due to a

numerical viscosity was so small that it did not affect the

spinning motion of the whole sheroinak torus.

2 Spin Stabilizatin of Tilting' Instability

Since a dynamic equilibrium is obtained, wo shall go on

to 3D simulation by which we can study the spin

stabilization of the tilting' instability. Figure^ shows

one result ivhcrc the spin speed was Mach 1.0. and the

spinning' area was about 50% of the cross section ( the

initial &p before the spinning' was turned on was .about 0. Q'i

) . lu this case, the sjihcromak torus exhibited a

precession around the central axis. The lifetime of the

spheroniak was about 250 Alfven transit time which is

remarkably longer than the life tirno without spin (40 Alfven

transit time). However, the sphuromak configuration was

destroyed after ail after a few precession periods,

presumably owing to. some pressure driven instability. When

the spin speed was increased further, say above Mach 1. 5,

the onset of a new (pressure driven) instability was

accelerated and the lifetime was reduced.
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3, Summary

The spin-equilibrium spheromak is dynamically obtained

by increasing- Che external magnetic field in accordance with

the increase of the spinning1 speed, or by installing- a wall.

The pressure profile becomes considerably deviated from the

magnetic surface function. The tilting' instability is able

to be stabilized by spin, but a hifTh spin such as Mach one

is needed. When the spin speed is too hifflii the created

steep pressure gradient g-ives rise to a different dangerous

instability which destroys the spheromak configuration,

although the nature of the instability is not yet clear.

The spin stabilized spheromak car. have a very high beta such

as beta one. A combination of the spin and some nearby

conductor, especially a central conductor, may provide a

practical and important way for creating; a t i 1 1-st.aliLc high

beta spheromak.

Though not shown in this paper, we note J,hat the n=2

kink mode was not stabilized by the spin.

Apart from the sphcroinak confinement, the results of

splitting' (Fig-. 1) and cof inement (Fig-. 2) may srive an

interesting information on the behavior of a highly spinning-

magnet ized star.
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Figure Captions

Fig. 1 Splierumak is split into two parts when lliu spin of Ltic

order of Alfveri Macli 1 was given remaining t tie

external condition the same.

Fig. 2 A spinning equilibrium spheromak is obtained when the

external magnetic field is increased in accordance

with the increase of the spin speed.

Fig.3 Three dimensional behaviour of the spinning' sphnromak

shown by a contour of the toroidal nagnctic field

where the spin speed was 1.0 of the rtlfvcn speed. A

prcscssion motion is observed.
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Methods and Graphics of the MHD Simulation
in Space Physics

Tatsuki Ogino
( Research Institute of Atmospherics, N;iyoya University,
Toyokawa, Japan )

Computational methods and graphics in the global MHD
simulation of the earth's magnetosphere are demonstrated. Of
course, there are many other MHD simulation works in space
physics such as the magnetic reconnect ion in the magnetotail (
Hayashi and Sato, 1978; Birn and Hones, 1981; Sato et al., 1984
). However, discussions are consentrated to only the global MHD
simulation in order to try to make clear their present situation
and problems.

1. Historical survey
The first work on the time dependent global MHD simulation

of the earth's magnetosphere was done by Leboeuf et al.(1978) to
produce a magnetospheric topology consistent with Dungey's model
for a southward interplanetary magnetic field (IMF), where a
newly developed 2 dimensional MHD particle code was used. Leboeuf
et al.(1981) also developed their MHD particle code to a 3
dimensional version. The MHD particle code has an advantage to
be numerically stable without adjustment of time step in a low
density region although the Alfven speed is higher there.
However, the plasma sheet was short ( about -30Re ) due to a
large numerical magnetic diffusion, where Re is the radius of the
earth.

The 2 dimensional interaction of the solar wind with the
earth's magnetosphere was simulated by using a minimally
diffusive MHD code to show the basic features of the
magnetosphere such as the bow shock, magnetopause and long
magnetotail C Lyon et al., 1980 ). They used the flux-corrected
transport (FCT) for the hydrodynamic variables and the partial
donor cell method (PDM) for the magnetic field. Lyon et
al.(1981) modified the MHD code and applied to simulate a
substormlike process occurring in the earth's magnetosphere,
where a leapfrog time-integration scheme, a 20th-order finite-
difference approximation to the spatial derivatives and flux-
corrected transport were used. Therefore, the code could produce
a long magnetotail (more than -60Re ) and gave the results
consistent with an empirical substorm model namely the magnetic
neutral-line model.

Brecht et al.(1981) developed the code to a 3 dimensional
version to study the 3 dimensional features of the interaction
process between the solar wind and the earth's magnetosphere,
where the partial donor cell method was used on the inhomogeneous
grids. As the result, they could successfully treat a longer
magnetotail ( -90Re ) as well as the sharp gradients in the
dayside magnetosphere including the bow shock and the stagnation
point.

Wu et al.(1981) simulated the steady state magnetospheric
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configuration by using a 3 dimensional MHD model to reproduce
many of the observed magnetospheric features including the bow
shock, magnetopause and plasma sheet, where Rusanov scheme was
used, The success of the MHD code in reproducing many of the
features observed in the quiet magnetosphere encourages us to use
successively in modeling the dynamic magnetosphere. Moerover, Wu
applied the MHD model to study the shape of the magnetosphere
(1983) and the effects of dipole tilt on the magnetospheric
structure (1984).

The interaction of the solar wind with the earth's
magnetosphere was also studied by using another time dependent 3
dimensional MHD model ( Ogino, 1984; Ogino and Walker, 1984;
Ogino et al., 1984; Ogino et al., 1985 ), where the two step Lax-
Wendroff scheme was used. They tried to demonstrate the
generation of field aligned currents in the magnetosphere.

Thus we can say that historically efforts in the global MHD
simulation of the earth's magnetosphere have been put on the
following points:
1. How to solve well the discontinuity such as the bow shock and

raagnetopause. This needs the decrease of the numerical
diffusion and numerical viscosity.

2. How to reproduce a long magnetotai1. This needs the decrease
of the numerical magnetic diffusion.

3. How long can the simulated magnetospheric configuration be
maintained? Because, we want to study further physics in an
energy conversion mechanism from the solar wind to the inner
magnetosphere.

In Figure 1 is shown the 2 dimensional configuration of the
earth's magnetosphere depending on the Bz component of
interplanetary magnetic field, where the two step Lax-Wendroff
scheme is used on the grid, ( Nx , Nz ) = ( 160, 80 ) and the
grid spacing is 5Re. In Figure 2 is shown the similar
magnetospheric configuration when a large number of grids are
used, where ( Nx, Nz ) = ( 400, 100 ) and the grid spacing is
1.5Re. As the results, a long plasma sheet could be obtained by
-200Re in Figure 1 and -450Re in Figure 2. Moreover, its
structure can be maintained for a long time ( more than 8 hours )
in the case of Figure 2. It is noted that the contour of plasma
pressure has similar pattern to that of magnetic flux in the
plasma sheet. These suggest that the 2 dimensional global MHD
code may be useful to study the magnetospheric dynamics. Of
course, the available grids are still limited to a small number
in the 3 dimensional case.

As was mevtioned, several methods such as the MHD particle
code, flux-corrected transport and partial donor cell, leapfrog
with 20th-order difference, partial donor cell on inhomogeneous
grids, Rusanov schme and two step Lax-Wendroff scheme have been
applied to the global magnetospheric modeling, and they are also
shown in the table. However, we must say that the present codes
are only the first step in the development of the time dependent
MHD model. The global MHD simulation code has still so many
problems in numerical diffusion, spatial resolution, initial
condition and boundary condition.
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2. Subjects and problems of the global MHD simulation
Now, subjects of the global MHD simulation are increasing in

the magnetoshperic dynanics as well as in the magnetospheric
structure. The magnetospheric substorms, magnetotai1 dynamics (
plasmoid formation and propagation ) and dayside magnetic
reconnection ( flux transfer events: FTE ) will be examples of
the important problems to be solved by the MHD simulation. These
phenomena include simultaneously a large scale size ( 100-200Re )
and a small scale size (0.05-lRe ). Moreover, they are the
Phenomena which are occurring for a long time ( 2-5 hours ).
The characteristic scales of those phenomena in space and in time
are shown in Figure 3. Therefore, we need a higher spatial
resulution, a larger simulation volume, an improved boundary-
condition and an improved initial condition. In particular, an
open boundary, which needs in the global MHD simulation of
magnetosphere, must be well treated. The free boundary condition
in which the derivative is zero is often used in the tail
boumdary and is sometimes serious. A good way is that the tail
boundary is moved further and further. However, this is usually
difficult from the limitation of computer capability.

3. Computer graphics
Computer graphics are also important parts in the computer

simulation. Sometimes, we need almost the same efforts and
computational time in graphics as well as in main calculation.

Generally, there are two kinds of physical quantities. One
is scalar and another is vector. In the two dimensional case,
the computer graphics have been well established. The contour
line, lattice, perspective plot C hidden-line ), distribution (
dot plot ) and shadding ( including colour code ) are used for
scalar quantities and the flow ( field ) vector plot by arrows is
used for vector quantities. These graphic methods are directly
applicable to the cross section and the projection onto a two
dimensional surface, which are produced from three dimensional
data.

The methods to show the solid surface in the three dimension
are also well developed. However, we need a further study how to
demonstrate scalar and vector quantities in the three dimensional
space. The distribution ( dot plot ) and shading for the
integration along the eye-line may be appricable for scalar
quantities and the three dimensional flow vector plot by arrows
and flow (field ) line plot for vector quantities. As an example,
the magnetic field vector plot and the magnetic field line plot
of the distant magnetotai1 in the three dimension are shown in
Figure 4. It is not easy to understand the structure from only
the simple vector plot by arrows. In such a case, a deep seeing
technique will be needed.
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Table

Global MHD Simulation of Magnetosphere

Leboeuf et al
Leboeuf et al
Lyon et al

Lyon et al

Brecht et al
Brecht et al
Wu et al
Wu

Wu
Ogino et al

Ogino et al

1978
1981
1980

1981

1981
1982
1981
1983

1984
1984

1985

2D
3D
2D

2D

3D
3D
3D
3D
2D
3D
3D

3D
2D

grid
64x32
32x16x8
64x32

50x40

29x21x21
29x21x21
56x20x20
94x53x53
122x73
60x30x62
62x32x32
50x50x26
162x42x52
400x100

method
MHD particle(192xl28)
MHD particle(8 per cell)
flux-corrected transport(FCT)
partial donor cell(PDM)
leapfrog, 20th order difference
FCT
PDM, inhomogeneous grid
PDM, inhomogeneous grid
Rusanov scheme
Rusanov scheme

Rusanov scheme
two step Lax-Wendroff scheme

two step Lax-Wendroff scheme

Figure 1. 2D configuration of the earth's magnetosphere. Vsw = 300 km/s

205

-205 205

southward IMF
B1MF = -5 nT

northward IMF
3IMF =5 nT
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Figure 2.
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Figure 3. 3 D G I o b a , M H D Simulation

I
00
10

Z 150 R pressure 10

10 -

-450R

I1IN = - 1 .5E-01 MfiX = 1 .5E-01

(NX,NZ) = (100,100)

e 1 hour->

1 0 '

u
(A

0)

E 2

P 10

10

t= 4

, magnetospheric
/ convection

<v*

/
/

!//

10

' distant
magnetotail

( plasmoid )

A
 1 U 30 Re

AX= lRe Distance ( Re )

1 ( ) 2



Figure 4. 3 Dimensional Distant Magnetotail (122x32x32)
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MHD HALL TERM MODEL

John M. Dawson

UCLA

INTRODUCTION

There are roughly speaking two types of plasma models, particle models

and fluid models. Particle models try to emulate nature by following the

motion of a large number of charged particles in their self-consistent

electric and magnetic fields. In their most basic form they must follow the

behavior of the plasma on the time scale of the highest frequency supported by

the plasma (typically the plasma frequency) and the shortest space scale

(typically the Debye length). By using some sophisticated numerical methods

it has been possible to suppress the high frequency and short wave length

phenomenon and thus use larger time steps and system sizes1"7. Much work is

going on in this direction so that long times and large size plasmas can be

simulated.

Fluid models on the other hand use macroscopic fluid equations to model

the plasma. MHD models are typical of this type. They can handle large

scales and long times; i.e., quite often the complete plasma involved in an

experiment. Such fluid models miss the physical phenomenon taking place at

the microscale and these phenomenon can influence the properties of the fluid;

i.e., its resistivity, viscosity, heat transport, etc. One can attempt to put

these effects in as phenomological coefficients. Thus while it is possible to

come at long time large space scale modeling by modifying particle models it

is alternatively possible to start at the other end with fluid models and

incorporate more physics in the model. The work I want to describe is one

attempt to do that by adding the physics of the fact that electrons and ions

can slip relative to one another across a magnetic field. This effect is
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called the Hall effect and the additional term that is added to the MHD

equations is the Hall term.

Our approach is to use a particle fluid code; i.e., a code which treats

elements of the fluid like particles and follows their motion. Since fluid

elements should not flow through each other if two or more fluid elements

enter a grid cell a large drag between them is introduced to bring them to

nearly the same velocity. This viscous type behavior allows us to treat

shocks. The energy that is dissipated can be converted to temperature (i.e.,

internal energy or pressure). The particle fluid model is an extension of

that developed by Tajima, et al.8

Our starting equations are:

Ion Momentum

dvj vA x B

Electron Momentum

ve x B
— = -ne (B + ̂ -T-1) - ?Pe (2)
dt

We will assume that the electron mass is zero so that the left hand side of

Eq. 2 is zero.

Ion Continuity

£ + n V.vt - 0 (3)
dt - *•

Assumption of quasi-neutrality

ne - nj. (4)
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from which

V • i = 0 (5)

j - ne (vx - v,,) (6)

and Maxwell's Equations

I " T- ? x 8 (neglect displacement current) (7)

-1 3B-

Y xi-r-it (8)

and the assumption of perfect conductivity along B

5 • B - 0 (9)

This last condition can be relaxed by including a resistivity (its assumption

also neglects electron pressure effects parallel to B; this can also be included).

From the electron equation of motion we get

(10)

Substituting this in the ion equation gives

dy.i n e (vl ~ ve) * B

dv± 4 x B
n Mi dt ~ " -

V (Pe + Pi) (11}

B x (7xB)

4ff" * - 2 (Pe + Pi) (13)
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Substituting fi from Eq. (10) into Eq. (8) gives

3B B x (VxB) v x B 7 Pe

•5-1 - c7x [" "—~-+ - - —4 (14)
3t - l 4ifne c neJ

Equation (14) can be written in the form

aa *- '̂ e

W~V-* ^e *B~) + ̂ T <15)

This is similar to the MHD equation for B except that it says that the

magnetic field moves with the electron fluid; it is frozen to the electron

fluid; because of their inertia the ions are allowed to slip.

We advance B and v accordingly to the following scheme: B, the particle

positions rj_, the density n and pressure P are known at integer time steps 4,

the particle velocities are known at half-integer time steps as illustrated in

Figure 1. First vj is pushed from time step * - 1/2 to time step Jl + 1/2

using Eq. (13) and the values of B and P at I. Then the average value of y. is

calculated at time step I from

Y l (Jt) - 1/2 {viU-1/2) + Yi<*+l/2)} (16)

Next B is pushed from time step I to 1+1/2 using Eq. (14) and the average

value of x at £. These values of B and v, at 1+1/2 are then used to advance B

all the way to l+l. This is a Lax Wendrof method for computing B. The par-

ticles are used to compute the fluid density and pressure using the standard

area weighting method. A drag is introduced between particle fluid elements

in a cell by including a velocity change for particle i given by

AYi « ki 5 n} (1 - e) (17)

where the sum over j is over all particles in the same cell as particle i.
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Testing of the Code

We have constructed both 2- and 3-dimensional versions of the code and we

have tested them by looking at linear wave propagation. First we tested the

two-dimensional version; its geometry is shown in Figure 2. For this model

k was restricted to the x,y plane but the velocity and B were allowed to also

have z components.

The first case we tested was the case of Bo parallel to x and k parallel

to x. We used both the MHD codes with and without the Hall term to show the

difference. We determined the frequencies of waves through time correlation

techniques. Figure 3 shows typical power spectra obtained from the code

without the Hall term. We see the two Alfven waves at tw^ (the difference in

amplitude are due to initial conditions). The kx number refers to Che number

of wavelengths in the box. Figure 4 shows a similar power spectrum for the

case with the Hall term. Now we can see the modes are splitting into ion

cyclotron waves and whistler (ft) < « w0) waves. The results of these measure-

ments are summarized in Fig. 5. The two branches with •'s are obtained from

the Hall term code; the x's from pure MHD. The turning down of the whistler

wave at high k is due to finite grid and time step effects.

The next case we did was with BQ parallel to z; thus k was perpendicular

to B these were magnetosonic cases. Typical power spectra are shown in

Figure 6 and the dispersion relation is shown in Figure 7. The Hall term does

not split this branch; however, one does see a zero frequency branch appearing

(density striations confined by the magnetic field).

As a severe test of the model we ran a case of almost perpendicular to

B. The results of this extreme case, k = e^k, 8 = 90° and $ = 88°; i.e., Bo

almost parallel to y and k in the x direction. The predicted dispersion

curves along with the simulation results are shown in Figure 8. The ion
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cyclotron branch, the ion acoustic branch and the Alfven (or Whistler) branch

are shown and they agree very well with theory.

Finally we have constructed a fully 3-dimensional model including the

Hall term. It is the same as the 2D model except that k can now have any

direction. Figures 9 and 10 show power spectra and dispersion results (to vs.

kv) for kz equals 1. The theoretical curves are also shown. This calculation

was made on a 323 grid. The ion acoustic, ion cyclotron and whistler branches

are clearly shown.

In conclusion we have constructed 2- and 3-D particle fluid models

including the Hall term and thoroughly tested the model against theory by

exploring linear wave propagation. We will now start using the models to

explore many problems of relevance to fusion (ICRH, normal modes, influence of

the Hall term on instabilities, etc.),
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Figure Captions

Fig. 1 Time Stepping Scheme for B, r, n, P and V.

Fig. 2 Geometry for Plasma Model.

Fig. 3 Power Spectra for Model without Hall Term (propagation parallel to B).

Fig. 4 Power Spectra for Model with Hall Term (propagation parallel to B).

Fig. 5 Dispersion Relation for Model with and without Hall Term (propagation
parallel to B).

Fig. 6 Power Spectra for Propagation Perpendicular to B.

Fig. 7 Dispersion Relation for Waves Propagating Perpendicular to B.

Fig. 8 Dispersion Relation for Almost Perpendicular Propagation.

Fig. 9 Power Spectra from the Three-Dimensional Model.

Fig. 10 Dispersion Relation from Three-Dimensional Model, Fixed K̂ ,.
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Fig.2
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POWER SPECTRUM FOR THE CASE
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Simulation on analytic linear theory
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POWER SPECTRUM OF THE B* CORRELATION
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Cubic-Interpolated Pseudo Particle (CIP) Method

- Application to Nonlinear or Multi-Dimensional Problem -

Hideaki TAKEWAKI+ and Takashi YABE

Institute of Laser Engineering,

Osaka University, Suita, Osaka 565, JAPAN

ABSTRACT

The basic principle of CIP is re-examined from a

different view point and the scheme is modified into an

explicit finite difference form. The method gives a stable

and less diffusive result for a square wave propagation as

well as FCT and a better result for propagation of a sine

wave with a discontinuity. The scheme is extended to

nonlinear and multi-dimensional problems.

I. INTRODUCTION

In the previous paper, we proposed a less-diffusive and

stable algorithm, CIP (Cubic-Interpolated Pseudo-Particle)

[1], for solving a linear hyperbolic-type equation. In the

scheme, a profile of a quantity within a mesh is

interpolated by a cubic polynomial. In the sense that the

gradient of the quantity is a free parameter, the scheme is

t Present address:FUJITSU LIMITED,Shinkamata,Ota-ku,Tokyo
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completely different from the spline method[2,3]; in the

latter method, the gradient is calculated by assuming the

continuities of the value, the first derivative and the

second derivative of the quantity at the mesh boundaries and

is independent of the equation. In contrast, the first

derivative in CIP is calculated by the model equation for

the spatial derivative and is chosen so that it is

consistent with the time evolution of the given equation.

Since CIP does not use the "clipping" procedure as in

FCT[4], it does not suffer from a fictitious clipping in the

triangular wave. This was demonstrated in the propagation

of a sine wave with a discontinuity in the previous

paper[1].

The present paper gives the generalization of CIP

scheme to nonlinear problems with non-advective terms and to

multi-dimensional problems. In section II, the basic

principle of CIP is briefly explained from a different view

point from the previous paperfl]. In section III, CIP is

extended to nonlinear problems. In section IV, an

one-dimensional shock tube problem in a plane geometry is

used for test run. CIP and various schemes are compared

with an analytic solution. In section V, the scheme is

extended to a two-dimensional configuration with few

numerical examples. CIP scheme proves to be straight-

forwardly extended to a multi-dimensional problem by

repeating sequential one-dimensional calculations.
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II. BASIC PRINCIPLE OF CIP

In this section, the basic principle of CIP algorithm

is briefly explained by comparing it with other schemes.

For this purpose, let us use a simple hyperbolic-type

equation ;

3f/3t + c 3f/3x = 0, (1)

where c is constant. Equation (1) is integrated over an

interval (x±_1/2,x.+1/2),(tn,tR+1) to be

• xi+l/2

[fn+1(x)-fn(x)]dx=-AFi+1/2+AFi_1/2, (2)

Xi±l/2

fn(x)dx,

Xi±l/2-cAt

where the superscript n and the subscript i on f mean the

value of f at t=t and x=x.. , respectively. In the right

hand side of Eq.(2), the profile of f is assumed to remain

rigidly during the interval At(=t ,-t ) and to propagate by

a distance cAt[l].

It is interesting to examine the assumptions made on

the spatial profile of f(x) for the integration of Eq.(2) in

various schemes. At first, let us begin with a centered

difference scheme. The assumprions made is as follows ;
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1) left hand side : f(x) is constant and /fdx = f.AX.

2) right hand side : f(x) is linearly interpolated as in

Fig.l(a) but the integrated area is the shaded area and

hence / >i"a f(x)dx = f i + 1/ 2
c A t = ( fi + fi+l ) cAt/2.

X 4 t

This leads to

f.n+1 - f. n= - K/2.(f. + 1-f i 1), (3)

K being cAt/Ax.

The second example is the Lax-Wendroff scheme[5), where

the employed assumption is as follows ;

1) left hand side : the same as the centered difference.

2) right hand side : f(x) is linearly interpolated and the

integration is over a shaded area as in Fig.l(b) and hence

f(x)dx = (f.+f. .)cAt/2 ± (f.-f. ,) c2At2/2.
„..+ 1 X±J- X X+J.

This leads to

which can be modified into a two-step form as in the

two-step Lax-Wendroff scheme.

The above derivation clearly shows the assumptions made

in the schemes ; it is interesting to see that the

Lax-Wendroff scheme is only a slight modification to the

centered difference as seen from the comparison between

Figs. l(a) and l(b).

Other than those schemes, there exist a number of
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schemes available at present and shown to be useful. In

Fig.2, a part of those schemes were introduced and tested

with a typical problem ; a square wave propagation with

<=0.2 and the profiles after 1000 steps are shown. In the

leap-frog and the Lax-Wendroff schemes, the overshooting and

a so-called phase error are significant. Let us consider a

mechanism of this error. In both schemes, although the

spatial profile of f is linearly interpolated and AF is

calculated based on the profile as in Fig.l, the profile on

the left hand side of Eq.(2) is assumed to be flat. Since

AF^ + , ,_ i
s 'ess than AF._, /, for c>0, the value f. in Fig.l

should always increase according to Eq.(2) and an

overshooting should occur ; the spatial profile of f on the

left hand side of Eq.(2) is constant (f=f.) and hence

AF'-l/2 ~ AF1 1/2 *>0' i s u s e d t o increase f. uniformly.

In contrast, if the spatial profile of f on the left

hand side of Eq.(2) is correctly de'scribed, AF. . ._

AF, , ,_ (which corresponds to the area A in Fig.3) is used

to fill tht; area B in Fig.3. This procedure does not change

the value of f at x=x. and f. is not overshot.

Consequently, it is essential to predict correctly the

profile within a mesh at an advanced time t=t ,. In the

particle code, a number of particles are lining in space and

representing a spatial profile of f. Then, the time

evolution of the spatial profile, which is only a spatial

translation by cAt in the present case, is well described by
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the particle's movement ; the spatial distribution of the

particles after they move gives the spatial profile of f at

the next time (t=t . ) . Then if it is possible to imitate

this movement of many particles by a simple function, it

will provide a stable and less-diffusive scheme. In SOAP

[10] (Second - Order Accurate Particle) scheme, a similar

principle was tried in order to reduce the number of

particles and increase the accuracy ; a spatial distribution

of a physical quantity is assumed within a particle.

CIP method can be considered as an extention of

one-particle version of SOAP scheme. In CIP method, the

spatial profile of f within a mesh is approximated by a

cubic polynomial. Then the integration on the right hand

side of Eg.(2) is the same as that due to a particle's

translation in space by cAt. At the next time step (t . ) ,

that is after the particle moves, a new spatial profile

within a mesh is required in order to calculate the term on

the left hand side of Eg.(2). Since the boundaries of the

particle shift by cAt from the cell boundaries, the

particle's profile at t=t cannot be used as the profile of

the quantity within a mesh at t=t , . Hence, a new cubic

polynomial must be generated to approximate a new particle's

profile as well as possible.

In the ordinary cubic-spline interpolation, the

continuities of the vale f, the first derivative f, and the

second derivative f" are required to generate the piece-wise
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cubic polynomials from the data given at some discrete

points. This procedure is not suitable for the present

problem, because the profile generated by the method is not

consistent with the given equation. Even in recent works on

the spline interpolation, this physical requirement was

neglected and the efforts were limited to construct

well-posed and monotonic splines[2,3]. CIP method relaxes

the requirements on the continuities, that is, requires the

continuities only of f and f at the mesh boundaries. Then

f and f' at some discrete points are used to generate the

piece-wise cubic polynomials. The additional free parameter

f offers a tool to approximate the particle's movement as

mentioned in the previous paragraph. This can be done by

calculating the time evolution of f by the equation

3f'/9t + c9f'/3x = 0, (I1)

as well as that of f by Eg.(1). In the previous paper [1],

Eg. (I1) was not solved by the difference method but the

first derivative of a cubic polynomial f (x) at x = x.-cAt

was proposed to be used for f.'n+ ; this corresponds to the

translation of the particle ( fn(x) ) by cAt.

Here, we summarize the finite difference form of CIP as

follows ;

(5a)
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(5b)

= 5/192(f1
i1-fi+1)ix, (5c)

K2/8+K3/6-K4/4)fi+1
nAx2

+( K/8+ K2/8-<3/6-K4/4)f^"Ax2

+( K/2-3K 2/4 +K4/2)fi+1
nAx

2 / 4 -ic4/2)fi
nAx, (5d)

When all f.n and f.'n are given, the value of the right hand

side of Eq.(5a). is calculated. But both fn+1 and f n + 1

cannot be calculated at once from this equation alone. Then

f'n+1 is determined by Eg.(I1) as

fi'"
TX =f(xi-cAt,tn) (6)

Hence the equation which must be solved is the tri-diagonal

matrix for f. ., f., and f. , at t=t , in Eq.(5a). Since

the solution Eq.(6) is only an approximate one, it will

depart from the real solution after a long time and hence

re-correction is required to adjust it to the value f. ; in

the previous paper[l] , this re-correction was done once

every 50 steps.

Before closing this brief review, we must make an

important comment in solving Eq.(5a). Since the

tri-diagonal matrix is slow when it is operated under vector

machines, it should be avoided in the code. This can be
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done in CIP. H.n+ in Eq.(5a) is re-writen as

H.n+1 = f.n+1 + H.(n), (7a)

? i + 1-2f i + f i 1 ) . (7b)

Here the quantities having ^ is calculated by the shifting

as in Eq.(6) because Eq.(l) is the same as Eq.(l') except

for the difference of f and f. According to this

equation,

fi=f(xi-cAt,tn) (8)

Consequently, the equation to be solved is

fi
n+1 = H±

n - KL

+G.
n - ^n+1-(^.+1/2-tF._1/2)/^, (9)

instead of Eq.(5a). We found that Eq.(9) can give the same

result as Eq.(5a) and it is given in Fig.2.
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III. GENERALIZED ONE-DIMENSIONAL CIP

A large class of equations can be written in the form ;

3f/3t + S(fu)/3x = g. (10)

Here, f and g can be vector quantities. The inhomogeneous

term g include, for example, the pressure work in the

hydrodynamic equation and the heat conduction in the energy

balance equation and so forth. Furthermore, f is sometimes

written in terms of u and hence Eq.(10) becomes a nonlinear

equation.

In this section, we extends CIP algorithm to the

equation given in Eq.(10). The algorithm is divided into

two phases ; the Eulerian and the Lagrangian phases as in

PICfll] and SOAP codes.

1) Eulerian Phase

Equation (10) is solved without the advection term

f*i = f±
n + gi

nit. (ID

CIP algorithm needs information of the first spatial

derivative of f. In the previous paperfl], we proposed to

use the equation

3f/3t = 3g/3x, (12)

for this purpose. We do not need to use an elaborate
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difference scheme in this phase and hence Eq.(12) may be

solved with a centered finite difference. Although Eq.(12)

works well, another simple procedure is preferable for a

general purpose because 3g/3x becomes the third order

derivative if g is the heat conduction term and is written,

2 2for example, as 3 f/3x . Here, we propose to use

f'i*=flin+(fi+i*-fi-i*-fi+in+fi-in'/2Ax' ( 1 3 )

Although this procedure is the same as Eq.(12), the

procedure is greatly simplified ; only the values f given

by Eq.(ll) are used. Furthermore, the procedure offers

another advantage. In the coupled hyperbolic-parabolic

equation

9f/3t + 3fu/3x = D32f/9x2, (14)

the spatial derivative f1 can be advanced in time by Eq.(13)

after non-advective term is solved implicitly as

f±* = f±
n + DAt/Ax2(fi+1*-2fi*+fi_1*). (15)

Thus CIP can be used even if DAt/Ax >>1.

2) Lagrangian Phase

In this phase, the advection term is calculated by CIP

algorithm as given in Eqs.(5c),(5d),(6),(7b),(8), and (9),
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but K = K. = u. , /-At/Ax is now space-dependent, and f , f'n

in Eq.(5d) are replaced by f , f . The shifting process as

in Eqs.(6) and (8) can be done by the spatial translation of

cubic-interpolated profile f (x) by u.At as follows ;

where

7± = a±X
3 + biX

2 + f'i_1*X + fjL_1*, (16)

f'±
n+1 = 3aiX

2 + 2biX + f.^j*, (17)

X = Ax - u±At, (18)

ai=(f'i*+f
I
i_1*)/Ax

2-2(fi*-fi_1*)/Ax
3, (19)

bi=3(fi*-fi_1*)/Ax
2-(fli*+2f'i_1*)/Ax. (20)
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IV. SHOCK WAVE PROPAGATION IN PLANE GEOMETRY

In this section, CIP algorithm is applied to the

hydrodynamic equations ;

3p/3t + 3pu/3r = - 6pu/r, (21a)

3m/3t + 3tnu/3r = - 3p/3r - 6mu/r, (21b)

9E/3t + 3Bu/3r = - 3pu/3r - 6(E+p)u/r, (21c)

(Y-l) (E-mu/2), (21d)

where p, m, E, u, and p are the density, momentum, total

energy, and pressure, respectively, and y is the specific

heat ratio. These equations can be used for the geometries

of plane, cylinder, and sphere by changing 6 as 0, 1, and 2,

respectively. In this section, the problem is limited to a

plane geometry.

The scheme proposed in section III is checked by the

following test problem : the initial condition is p=l, E=l

for the left side 100 meshes and p=0.5, E=0 for other meshes

with u=0 at all meshes and Y=5/3. AS is well known,

overtaking occurs at shock front if there is no

dissipation term in Eqs.(21). In the discussion of such

dissipation, we should distinguish the nonlinear problem
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from the linear one. In the linear problem CIP algorithm

does not need any dissipation even at a steep gradient

region. This is due to the fact that CIP scheme tries to

correctly solve the given equation. The situation becomes

different in the nonlinear problem ; the dissipation term is

physically required in order to obtain a single-valued

function and all schemes use it whether it is explicit or

implicit.

The major three among explicit numerical dissipations

are the artificial viscosity, the "clipping"[4] and the

"hybrid"[13] schemes. The clipping sometimes leads to an

incorrect result as pointed out in the review by McRae et

al.[14]. The hybrid scheme uses a diffusive scheme at the

shock front and a higher order scheme at other region. In

this paper, above three dissipation methods are examined.

(i) Artificial Viscosity

The artificial viscosity of the form[12] ;

Q = Q, + Q-,, (22)

is used in the pressure term in Eqs.(21b) and (21c), where

- apC (3u/3x)Ax, if 3u/3x<0,

0, otherwise,

Q2 •

- apOu/3x)2Ax2, if 3u/3x<0,

otherwise.

(23a)

(23b)
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Here, C means the sound velocity and a is an adjustable

parameter of order unity. The result with CIP method after

800 time steps is shown in Fig.4(a). Here, a is set to 1.0

and At is fixed to 0.1 with Ax=1.0. There are still slight

overshootings remained behind the shock front and the

contact surface. For a comparison, an analytical solution

is shown by the dashed line in the figure. It should be

noriced that a=1.0 is quite small compared with that used in

other schemes ; in Fig.4(d) the result with McCormak

scheme[15] is shown, a being the same as in Fig.4(a).

(ii) Hybrid Scheme

For a flux AF in Eg.(9), the upstream flux

AF

K f / , if U. + 1 / 2>0

i + 1/2
*

(24)

' o t n e r w i s e

is used instead of the flux (Eq.(5d)) in the region where

8u/3x<0 and u3p/3x<0, (25)

is satisfied. Equation (25) well traces only the shock

front. It should be noticed that only AF is changed while

the other CIP algorithm is not changed. The result with

this method is shown in Fig.4(b). Compared with Fig.4(a),

the contact discontinuity becomes slightly diffusive and the
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oscillation occurs in the area where velocity is constant

ahead of the expansion region. This oscillation is due to

an incorrect switching of Eq.(24) and is improved if

(u. ,-u.)/|u. ,+u.|<0.05 is used instead of ' ui +i~
ui) < 0

Ou/3x<0). The diffusion at the contact discontinuity is

due to diffusion by Eq.(24) in the initial phase. However,

the profile at the shock front is improved better than that

in Fig.4(a). As shown in Fig.4(e), the upwind scheme alone

cannot produce such a sharp discontinuity at the contact

surface.

(iii) Clipping

Since it is of no use to incorpolate the clipping

procedure with CIP, which only makes the scheme complex, the

"phoenical-SHASTA"[9] is used for comparison and its result

is shown in Fig.4(c). The steepness of the shock front is

almost the same as that by the hybrid CIP, while the contact

discontinuity becomes more diffusive. Although there exists

no overshooting at the shock front, the density after the

shock wave is unfortunately larger by about 5% than the

analytical solution. It may be possible to use the

different clipping procedure, for example, the clipping

proposed by Zalesak[16]. However, it is true that we must

be carefull in using the clipping procedure ; the clipping

is probably problem-dependent.



V. MULTIDIMENSIONAL CIP

It is generally known that a one-dimensional scheme can

be easily extended to the multi-dimensional schemes by using

the time splitting technique. However, this technique

should be applied to CIP method with care because CIP method

has the gradient of the quantity as a free parameter. For

instance, let us consider a two-dimensional convective

equation such as

3f/3t+cx3f/3x+c 3f/3y=0, (26)

where c and c are the velocities in the x-direction and

the y-direction, respectively ; now both are constant

values. The time splitting technique means that Eq.(26) is

split to be

f\ = L(x)fi
n, (27a)

f i
n + 1 = L(y)f\, (27b)

where L(X) is an operator of any scheme which gives the

solution of the equation

3f/3t + cx9f/3X = 0, (28)

In CIP scheme, Eq.(27) should be modified, because the
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scheme needs the information on the spatial derivative of f.

That is, in solving Eq.(27b), Eg.(9) should be applied to

the y-direction tfith the aid of Eqs.(5c),(5d),(6),(7b) and

(8). However, 3f/3y is not yet obtained because in Eq.(27a)

only 3f/3x is calculated according to Eq.(6). Consequently,

some method is required to estimate 3f/3y. In order to

clarify the computing process, let us introduce a "CIP

operator" C(X) ;

,-n+l

3f n + 1/3A (

= CU)

3f

(29)

(A=x,y)

which represents the process given in Eqs.(5c), (5d), (6),

(7b), (8), and (9). By using the expression, Eq.(26) can be

solved as

C(x) (30a)

q = S(x,y)q

-n+1

(30b)

(30c)
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= S(y,x)q , (30d)

where p=3f/3x and q=3f/?y.

Here the operator S(X,u) gives the solution of the

equation

9 / 3 t [ 3 £ / 3 u ] + c . 8 / 3 X [ 3 f / 3 y ] = 0 , ( 3 1 )
A

(u, X=x or y but u^X) .

That is , the spatial derivative of f in some direction is

convected toward the perpendicular direction. In the

calculation described below, we found that the result is

insensitive to the method to solve Eq.(31) and hence the

donor-cell-type finite difference scheme is used.

Figure 5 shows the propagation of a square wave in the

direction 45 degrees to the axis. The used parameters are

Ax = Ay = 1.0, c = c =1.0, and At = 0.2 and the figure

shows the profiles at the initial step and after 1000 steps.

The gradient correction was inserted at initial 10 time

steps and once every 50 steps as in the previous paper!1].

Thus, CIP scheme is successfully extended to two-dimensional

problems by repeating sequential one-dimensional CIP

algorithms. This procedure has a great advantage because

the subroutine for CIP solver can be used in any dimensions

and hence the program is largely simplified. This scheme
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works well also for a solid body rotation as tested by

Zalesak's fully multi-dimensional FCT[16]. Figure 6 shows

the profile at an initial time and after one revolution with

CIP ; the conditions for the calculation are all the same as

those in Zalesak's test run. It should be noticed that an

old FCT[4,9] cannot reproduce the result shown here and CIP

method can give a similar result to the Zalesak's method

with a shorter CPU time.

VI. CONCLUSION

In this paper, we re-examined the basic principle of

CIP from a different view point and found that the scheme

can be modified into an explicit difference form ; hence the

scheme can be operated fast in vector machines. The scheme

was extended to nonlinear and multi-dimensional problems.

In the nonlinear problem, the flux switching at the shock

front gave a satisfactory result for a one-dimensional shock

tube problem although a further improvement should be

expected by choosing a proper dissipation term. CIP scheme

proved to be straightforwardly extended to multi-dimensional

problems by repeating sequential one-dimensional CIP schemes

; hence the problem in any dimensions can be calculated by

the subroutine for one-dimensional CIP.
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Figure Captions

Pig.l : Schematics of flux calculation in (a) the

centered finite difference and (b) Lax-Wendroff schemes.

Fig.2 : Propagation of a square wave after 1000 time

steps, K being 0.2 with the up-wind, Friedrichs-Lax[6],

leap-frog, Lax-Wendroff, Fromm[7], compact-differencing[8],

phoenical-SHASTA[9], and CIP.

Fig.3 : The basic principle of CIP. The bold dashed

and solid lines mean the profiles at t=t and t .

,respectively. The total incoming flux (shaded area A) is

used to fill the shaded area B.

Fig.4 : The shock tube problem with (a) CIP

(artificial viscosity), (b) CIP (hybrid), (c) phoenical

SHASTA, (d) McCormak, and (e) up-wind schemes.

Fig.5 : Linear wave propagation in the direction 45

degrees to the axis ; (a) used meshes, (b) the initial

profile, and (c) the profile after 1000 time steps.

Fig.6 : Solid body rotation as in Ref.[16] ; (a) used

meshes, (b) the initial profile, (c) CIP without gradient

correctionfl] after one revolution, and (d) CIP with

gradient correction.
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In thjB paper I an going to talk about the Discrete Hamiltonian method

applied to particle simulation. The goal is to achieve long time steps

without throwing out the physics. This method was proposed by Curtis Menyuk1

somewhat earlier, and this paper will report on our attempt to turn this idea

into reality.2

The basic idea is that for weakly nonlinear systems, the particles are

interacting with waves which do not change their amplitude and phase very

much, compared to the frequency of oscillation. The trajectories of particles

in a fixed wave are described by ordinary differential equations derivable

from the pendulum Hamiltonian.

• _ _ jffl • _ j)H

where

u 2

H » Y~ + ecosx .

Such equations are known to be area preserving.

In solving these equations, one usually replaces the differential

equation with a finite-difference "mapping" equation. It is important that

this mapping be area preserving, to avoid trajectories spiraling into fixed

points, bound trajectories appearing unstable, and other non-physical behavior

such as particle cooling which occurs when using implicit methods.

The discrete Hamiltonian is one which has the property:

. _i!4 and _ JSi (1)

where the subscripts 1 and f refer to initial and final values, respectively.
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That Is, It is an exact finite difference analogue of the Hamiltonian

equations. It turns out that the standard leap fr6g scheme
3 used in conven-

tional particle simulations is area preserving, but because the trajectories

are approximated by straight line segments, the time step is limited by the

frequency of oscillation of the wave.

For a fixed wave, one can, in fact, do better. One can find the

trajectory for arbitrary large time step. Let me sketch briefly how one

derives the discrete Hamiltonian for the pendulum equation:

Define:

Au(t) = uf - u(t) - e / sin x(t')dt'

t

Ax(t) = x(t) - x4 - J u(t')dt'
o

One can then write:

T
Au(t) - e / sin[Xl + Ax(t')]dt'

t

t t
Ax(t) - / [uf - Au(t')]dt' - uft - / Au(t')dt' .

o o

Now let's assume that e is small, and solve these equations by iteration.

To zeroth order:

Au " 0 •> Ax » uft

To first order:
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/ sinfxj + uft']dt' [ c o s ^ + uft) - cosCxj + uft)]

Thus

[ C ! ufT) -

It follows that

ufT + — / [COSCXJL + ufT) - COB(.*L + u f t ' ) ]dt '
f o

£ £
+ — CO8(Xi + UfT)T - ̂ -y [sinCxj + UfT) -

Comparing this with the definition of the discrete Hamiltonlan, one finds the

result is:

Uf2 e
Hd - ~ T + — [sinCxj + ufT) - sin(x1)] , (2)

to first order in e. One can repeat this procedure to arbitrary order e.

Menyuk has shown that the solution so obtained is area preserving at each

order.

Thus, one finds that the discrete equations so obtained (Eq. 1), are

exact for arbitrary time steps (to whatever order e one wishes to carry out

the expansion), at the expense of being implicit.

If there are many waves, then the Hamiltonian consists of the sum of many

terns. In physical units, one has the expressions:

(kvn+1

(3)

- sin<kxn + •k)} ,

where a refers to the tine step.
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Therefore, it follows:

n+1 n 1 3Hd
v - v *

m 3xn

(4)

k vn -
" I -TTT {cOstkX11 + (kv" + 1 - U)k)T + •fc.] - COs(kx° +
k vn /k

and

n+1 n 1 3*»d

n + 1t - I i {sinlkx n+ (kv n+1• v n + 1t - I
k (vn+ -

{sinlkx n+ (kv n + 1- * )x + + ] (5)

sin<kxn + <j>k) - (kv
n+1 - o>k)Tcos[kx

n + (kvn+1

The application one has in mind is that if the amplitude and phase of the

waves in the simulation are evolving only slowly, one can integrate over the

rapid oscillations in one time step. In other words, the time step would be

limited by the rate at which the amplitude and phase changes, not by the rate

at which the high frequency part changes. A similar approach where one inte-

grates over the unperturbed orbits but does not take into account the

Hamiltonian constraints has been used by Rathmann, et al.1* In practice, it

is also limited by the expansion in e, which means essentially the trapping

time.

In this method, the leap frog time integration is replaced by equations

(4) and (5). Equation (4) is solved by a Newton's method and Equation (5) is

then explicit. We found empirically that between one and two iterations of

Newton's method is sufficient for convergence.
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So far I have described the particle push algorithm. The second part of

the simulation algorithm involves updating the fields. The major complication

here is that the Hamiltonian is written in terms of wave amplitudes and

phases. So for a ID Polsson system, the fields *(x,t) have to be decomposed

into left-going and right-going waves. To do this requires storing additional

information about the wave, for example, the current, in addition to the

charge density to solve Poisson's equation.

We do this for each value of k separately. If the potential is

expressed in the form of oppositely propagating traveling waves

*k(x,t) - *fccos(kx - Wfct + <(>k) + *_kcos(kx + \ t + * _ k ) ,

the corresponding electric field can be written in the form of spatial

harmonics as follows:

E. (x,t) - k[S. + S . ] cos(kx) + k[C. + C . ] sin(kx),

where

C±k(t)

s±k ( t ) -

(6)

Now if the charge density is also expressed in terms of spatial harmonics:

Pk(x,t) - 2Re[Pk(t)e
±kX} - 2[Repfccos(kx) - Inpksio(kx)],

then from Poisson's equation, one can equate the coefficients of each harmonic

to obtain a relation between Cfc, Sk, and p^.

3E fx t> k 2 l Ck + C-k ] * 8' R e Pk

3x ' Kk
(x,t) -> (7)

2 + S_fc] - 8irlmpk
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Another relation can be obtained from the equation of continuity

+ g| 3E (X,t)

which gives us the relation:

k \ [Ck ~ C-k ] =

~ S-k] "

Solving equations (7) and (8) together leads to:

S+k * k^ *Impk

Finally, the desired amplitudes and phases are given by:

(8)

* , - VCz + S 2

+k +k +k

n-l (S±k/C±k) ±

To test this discrete Hamiltonian particle simulation, we ran some test

cases, where we compared the results with those obtained using a usual leap-

frog code. For a thermal plasma with 2560 electrons, and a time step of At =*

2, one could reproduce reasonably well the leap-frog results (with At » .2),

Beyond At > 2, however, the discrete Hamiltonian code becomes unstable. The

reason for this turned out to be that the electric field fluctuations with so

few particles was rather large, and the linearized Hamiltonian was no longer

valid. When the number of particles was increased to 40,000, the fluctuation
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level was reduced and time steps of At » 4 could be achieved. Thus, it

appears that to achieve very long time steps, quiet start techniques5 may need

to be employed.

The most serious constraint with this kind of code is that one is, in

effect, pushing the particles wave by wave, and this is very expensive. Thus,

I believe this model will be useful only in those cases where the problem can

be adequately modeled with only a relatively few modes. Secondly, the model

is most useful when the non-linearities are weak. Of course, this is pre-

cisely the region where conventional particle codes are the most difficult to

use in practice. The time step could also be adjusted during the simulation,

for example, using long time steps during the linear growth of an instability

and reducing the time step (or switching to leap-frog) during the strongly non-

linear stage. Finally, it may be possible6 to use the discrete Hamiltonian

method to make a predictor step in a predictor-corrector algorithm.
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Particle Simulation of Divertor Plasma
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Abstract Characteristics of divertor plasma are studied by using a

one-dimensional electrostatic particle code with a binary collision model.

Effects of recycling particles near the divertor plate are introduced.

Heat flow is investigated in detail, and the estimation of ion heat

conduction from the temperature gradient is found unaccurate when particles

are highly recycled near the plate.

1. Introduction

A poloidal divertor is considered to be the most reliable concept for

a tokamak reactor from the viewpoints of impurity and neutral particle

control and heat flux density reduction. The characteristics of the

scrape-off layer plasma in a divertor tokamak have been studied

experimentally and theoretically. The fluid model has usually been applied

for analyses of divertor plasmas. It is not clear, however, the usual

fluid equations can describe accurately the scrape-off layer plasma.

The electrostatic particle model is suitabl to study divertor plasmas,

which can express correctly the velocity distribution function and the

self-consistent electrostatic field: - Chodura found the- pre-^sheath "with- "the

scale length of the ion Larmor radius in an oblique magnetic field by using

a one-dimensional electrostatic particle model C1 ] . Two-dimensional

simulation was performed by Takizuka et al., and the pre-sheath with the

scale length of the system size was found to be formed by the cross field

diffusion which was simulated by a Monte Carlo technique [2] . Coulomb

collisions, as well as particle diffusion, play a very important role in

supplying electrons with large velocity parallel to the magnetic field,

which can pass through the sheath potential barrier near the divertor
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plate. Takizuka et al. studied the dependence of plasma parameters, such

as temperature, flow speed, pre-sheath potential, etc., on Coulomb

collisions by using a one-dimensional code with a binary collision model

model [3] .

The particle recycling near the divertor plate is considered to be

very efficient for the reduction of heat load to the plate and of impurity

sputtering at the plate. When particles are highly recycled near the plate

and the Mach number in the scrape-off layer becomes much smaller than

unity, almost all the heat is carried by the electron and ion conductions,

while the heat convection is comparable to the heat conduction in a

low-recycling plasma. The heat conduction is affected directly by the

distortion of the velocity distribution function from the Maxwellian.

Therefore the difference between the fluid model and the particle model can

be observed apparently in a high-recycling plasma.

In the present work, the effects of particle recycling near the plate

are introduced into the particle code described in Ref. [3] , and the heat

flow in a scrape-off layer plasma is investigated. In the next section,

the simulation model is explained briefly. We review results of Ref. [3)

in Section 3.1, where the particle recycling is absent. Characteristics of

scrape-off layer plasma are investigated in Section 3.2 for various values

of particle-flux amplification factor, the ratio of particle flux into the

plate to that at the upstream side of the recycling region. We also study

in Section 3.2 the difference between the heat conduction obtained by the

particle simulation and that estimated by the temperature gradient. The

implicit scheme for the divertor plasma simulation is discussed in Section

4, and summary is drawn in Section 5.

2. Simulation model

The simulation model is explained briefly in this section. We

consider a one-dimensional system parallel to the magnetic field. A

divertor plasma is bounded by divertor plates located at x=L and x=-L.

Since the position, x=0, is a point of symmetry, simulations are performed

in the region, OSii^L . Poisson's equation for electrostatic potential, *,

is solved under the boundary conditions, $=0 at x=L and di/dx=0 at i=0.
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Motions of finite-size particles are subject to the electrostatic field

parallel to the magnetic field, when Coulomb collisions are absent. The

position, x=0, can be treated as a reflecting wall, and the plate, r=L, as

a absorbing wall.

Effects of Coulomb collisions are very important in the scrape-off

layer plasma, and these are simulated by using a binary collision model

proposed by Takizuka and Abe [4) . The collisionality is represented by

the ratio of the collision frequency to the bounce frequency of an

electron,

V* = l>de/Vbe •

Particle source in a divertor plasma is assumed to be originated by

the cross field outflux from a main plasma and the ionizations of recycling

neutrals near the plate. Hot particles from a main plasma are supplied in

the central region, O^xSLs, which are distributed according to a Maxwell

distribution with a temperature, Teo or 7,0 • Cold particles by ionizations

are supplied in the recycling region, L-d-Lc£x£L-d. The

collision-and-source free region L-d<x<L, is necessary to simulate the

sheath in front of the plate. The temperature of cold electrons, Tec . is

much smaller than Teo > and r^^io . The total flux of hot particles from

the central region is To > and the total flux of cold particles from the

recycling region is fc . In the steady state, the flux to the plate, f(L),

is equal to FQ+FC . In order to perform a simulation run with constant

number of particles, we choose the source fluxes as FQ=F(L)/R and

fc=(fl-l )r(L)/R, where ft is the particle-flux amplification factor defined

by

R = r CD/To .

It must be noted that F(L) is varied in time until the steady state is

attained.

The simulation procedures are summarized as follows:

(1) Particles are supplied in the region, OSxgL s, whose temperature is

Teo or TJO • Total flux from this region is FQ=F (L)/R.

(2) Cold particles are also supplied in the recycling region. Total fl'ux.
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rc, is equal to (R-l)r(L)/R.

(3) Densities, n« and n., and the potential $ are calculated.

(4) Particles are pushed without collisions in a time interval, At, by

using the leap-frog method; v« and x are changed.

(5) Velocities, U=(UH,UJ.) , are changed by adding effects of collisions.

(6) Particles are absorbed, when they arrive at the plate, x-L.

Time is advanced by repeating these procedures until the system becomes

stationary. The detailed explanation of the simulation model without

particle recycling ( fc=0 ) was made in Ref. [3] .

3. Results

Simulations have been performed for various values of v* and of R. At

first, we review the results of Ref. [3] , where collisions dominate

properties of scrape-off layer plasma. Next we study the effects of

particle recycling, and compare the heat conduction with that estimated

from the temperature gradient. Simulation results shown in this section

are obtained from the steady state solution averaging for long time

duration ~10+Ai . The system size, L, is chosen as lOOAoo , mesh size as

AX=O.5ADO , time step as At=O.25/o^eo > the total particle number as

, and the mass ratio as nii/me=400 .

3.1 Effects of collisions for R = 1

We perform simulation runs for R=l over the wide range of v*=

( VdeO is the frequency of 90° pitch-angle scattering by ions of an

electron with an energy of mei^eo/2=Teo/2., and Vbeo=vteo/L )•

. The., steady state solution for u+=l_ is shown in. fig.l.:. From.fig.J (a),

we observe the sheath potential, $ s, near the plate; $sMK0.95L) , and the

pre-sheath potential, A$, due to collisions; A$=$(LS)-$S . The dependence

of these values on y+ is shown in fig.2(a). The pre-sheath with the scale

length of the system size is formed by collisions in the divertor region,

Ls<x<L, as well as by the particle source in the source region, 0<x<Ls.

The flow speed, Vn , is increased by this pre-sheath potential, and before

the sheath region it exceeds the sound speed, Cs, defined by
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where < > denotes the average in the velocity space.

The random energy is not always isotropic in a scrape-off layer

plasma, as shown in fig.3. The difference in electron energies becomes

small for u+Sl , while the relaxation of ion-energy difference is small

even for y*>l . Figure 4 shows velocity distribution functions of ions in

the region, 0.5SZ/LS0.6 , for the cases of (a) y*=0.3 and (b) y+=3. The

parallel velocity distribution of ions, F, (u» ), tends to be a shifted

Maxwellian (smooth line) as v* increases. On the contrary, it is found

that the perpendicular velocity distribution, Fi (ui), remains the same as

the source distribution in a rare-collisional plasma and becomes very

different from a Maxwellian for v*>l . The electron distribution looks

like a Maxwellian as shown in fig.4(c) for y*=3.

The dependence of the solutions on the mass ratio, m,/me , is studied.

Considering the electron distribution to be a truncated Maxwellian near the

divertor plate, we obtain an approximate relation for the sheath potential

as

As shown by fig.5 for y*=3, the mass ratio dependence of $s is a little

changed from the predicted one, because the large velocity part of Fe (fn )

differs a little from a Maxwellian. We find that the pre-sheath potential,

A$, depends weakly on the mass ratio.

3.2 Effects of particle recycling

Effects of particle recycling near the divertor plate are studied.

Cold ions of TiC-OATio and cold electrons of Tec<Teo are supplied in the

region, 0.6<x/Li0.8 . Hot particles are supplied as the same way as in

Section 3.1; riO=Teo and Ls=0.3L. A steady state solution for R=10 and

v*=10 is shown in fig.6. It can be seen that the high-density and

low-temperature plasma is realized near the divertor plate, which is very

efficient for the reduction of heat load to the plate and of impurity

sputtering at the plate.
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The plasma density at the recycling region, np , is higher than the

central density, no- Figure 7 shows the dependense of np/no on v+ for

various values of R. In this subsection, the collisionallity, y*, is

estimated from the local electron temperature at x=0.45L. The ratio,

nP/no . increases as R and v* increase. The flow speed, V$ , is nearly

equal to Cs at the understream just behind the recycling region, and the

Mach number is smaller than unity in the divertor region, when particles

are highly recycled. The Mach number, Vn/Cs, at x=0.45L is shown in fig.8

as a function of R. It is expressed by

and becomes Cs/2RCsr for R>1 , where Cs and Csr are the sound speed at

i=0.45L and at x=0.8L, respectively. The ratio, CST/CS , is weakly

decreased by the increase of R, i.e., CST/CS oc R"° (0<a<0.5) , and is not

always decreased by the increase of y+. It must be noticed that

re(0.8L)/7e(0.45L) is always decreased by the increase of vt,, while

TJII (0.8L)/Tjii (0.45L) is not decreased by the increase of i>*. The parallel

temperature of ions, Tin , and perpendicular one, 7'jj_, in the divertor

region are found to be different each other even when v*i is much larger

than unity.

Next, we study the energy flux parallel to the magnetic field in the

divertor region. When R^l and Vn^Cs , the energy is transported mainly by

the ion and electron convections, Qj and Qe , and by the electron coduction,

qe, where the flux components, Qj and qy, are defined as

Qi =

When R>1 and VnCCs , the convection fluxes, Qi and Qe , become less

important and the ion conduction flux, q*, becomes very important. The

energy flux components in the divertor region for u+o=10 are shown in

fig.9, where each component is normalized by the total flux,

Qtot—Qe+Qi+Qe+Qi > and y*o is the same as y+ defined in subsection 3.1.

The heat conduction fluxes, qc and qi, are compared with those estimated by
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the temperature gradients. dTe/dx and dTi/dx, in the divertor region. For

this estimation, we use the thermal conductivities, Ken =3.16reTe/me and

Kiii=3.9riTiii/wi; . which have been given by Braginskii [5] , where re and T,

are the electron and ion collision times, respectively. As shown in

fig.10, the electron heat conduction flux is almost equal to that estimated

by the temperature gradient when electrons are collisional (vt>\) . On the

other hand, the ion heat conduction flux is much different from that

estimated by the temperature gradient, as shown in fig.11. This is because

the first and second derivatives of ion temperature are so large compared

with the mean free path that the velocity distribution function, F;, is

distorted a great deal from a Maxwellian. Figure 12 shows the parallel

velocity distribution functions of ions, Fi(v\\), in the diver tor region for

y+0=10 . When fNl and V'u^Cs , F, (v\\ ) is almost a shifted Maxwellian. When

R>1 and Vn<Cs , F; (vn) has a large tail and the ion heat conduction flux

becomes much larger than that estimated by the temperature gradient.

4. Discussion on implicit scheme

In the present simulation, we choose the ratio of the system size, L,

to the Debye length, HD , to be of the order of 102. This ratio is far

smaller than that in the real scrape-off layer plasma. Though

characteristics of the plasma in a steady state are almost unchanged by

changing the value of L/ln except the sheath region [3] , unsteady

properties, such as the wave-plasma interaction, can be affected by L/7.D -

Therefore, it is required to develope a simulation model with large L/ls

value.

We propose here an implicit scheme for divertor plasma simulation,

where the mesh size is much larger than the Debye length and the time step

is much larger than the inverse of electron plasma frequency. Motions of

particles and the electrostatic potential are calculated by the implicit

method by Barnes et al. (6] . New points of the present implicit scheme

are the boundary conditions at the divertor plate. The width of the sheath

at the plate is assumed infinitely small, and the value of the sheath

potential, <JS , have to be solved implicitly, too. The boundary condition

at the plate for particles is given as follows:
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(1) All ions are absorbed.

(2) Electrons of mevn%2e$s are reflected perfectly.

(3) Electrons of mev\\
2>2eis are absorbed.

(3') When secondary electrons are emitted by the plate with the emisson

coefficient, 72 > (I-Y2) of electrons of meuu
2>2e*s are absorbed, and

72 of electrons of mevtt
Z>2e$!i are reflected with a parallel velocity,

un=-(2e$s/me)
l/2, and a perpendicular speed, V]_=Q .

In addition to the above condition, a stability condition for the sheath

formation is required;

fc2 = (e/eo) a(ne-ni)/d* > 0 ,

which means that the solution to Poissn's equation,

is varied monotonically in the sheath region. The sign of fc2 can be

obtained numerically in the present scheme, while the stability condition

is given as V H ^ C S by assuming that the electron distribution function at

x=L is a Boltzmann distribution. If fc2 takes a minus value, the value of

$s has to be corrected small. The development of a suitable iteration

method for the new implicit scheme is a future problem.

5. Summary

We have developed a one-dimensional electrostatic particle code with a

binary collision model to study divertor plasmas. Coulomb collisions play

a very important role in supplying electrons with large velocities. The

pre-sheath with the scale length of the system size is formed by the

collisional relaxation of the velocity distribution as well as by the

particle source. Effects of particle recycling near the divertor plate are

also introduced into the code. The ion heat conduction flux becomes

important in a high-recycling plasma. This value is found to be much

larger than that estimated by the ion temperature gradient.

In usual analyses by fluid model, the boundary condition for the flow
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velocity at the divertor plate is given by V'n = Cs. In a low recycling

plasma (R<=*\) , however, VH exceeds Cs in the divertor region, while in a

high-recycling plasma V« is equal to Cs at the understream just behind the

recycling region. We have not found yet the maximum value of R for \'n can

exceed Cs. It is usually assumed in fluid equations that both electron and

ion temperatures are isotropic. The isotropy in the electron temperature

is almost realized for vt>\ , because of effects of the trapping due to the

sheath potential. On the contrary, anisotrpy in the ion temperature is

large, even when y+>l . Therefore the parallel temperature of ions, Tm ,

and perpendicular one, Tjj., should be treated separately in fluid

equations. As for the heat conduction in a divertor plasma, it is

confirmed that the electron heat conduction for u*>l can be described by

the diffusion type;

qe ** -Keii dTe/dx .

When particles are highly recycled near the plate (R>1) and Vn<Cs in the

divertor region, the ion heat conduction flux, q;, becomes very important

in the total heat flux, and becomes much larger than that given by

Braginslcii [5] . An equation of the third moment for ions will be

necessary to the set of fluid equations.
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1.0

Fig.l Spatial profiles of (a) potential *, (b) particle number ,Vceu , (c)

flow speed VH , (d) mean random energies m,<i?>/3 of ions (thick line) and

electrons (thin line), (e) mean perpendicular random energies mJ<Lr1>/2 ,

and (f) parallel one mj<H?w> in a scrape-off layer plasma: R=\, Ls/L =0.3,

. v+=l , and
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1.0 -

2

O

Fig.2 Collision dependence of (a) sheath potential, $s, and pre-sheath

potential due to collisions, A$, and of (b) flow energy at the divertor

entrance, x=Ls (open square), and that before the sheath region, ;r=0.95L

(black square).

1.0

0.5

10

(b) Ion

m <v,,->/ T

10

l\

Fig.3 Collision dependence of mean random energies of (a) electrons and

(b) ions. Open squares ( mj<irii> ) and open triangles ( mj<ir±>/2 )

represent values at x=Ls, and black ones at r=0.S5L.
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a.aa.a l.a 2-a 3.3

Fig.4 Velocity distribution functions at x=0.55L; (a) ions for y+=0.3,

(b) ions for y*=3, and (c) electrons for v*=3. Smooth line represents a

shifted Maxwellian, and ^=v/Teo/m] .
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Fig.5 Dependence of sheath potential, $s, and pre-seath potential, A*, on

mass ratio, mi/m,, , for u+=3.
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-e- o.i

Fig.6 Spatial profiles of (a) potential $, (b) particle number NCeii< (c)
flow speed Vn , (d) mean random energies my<i?>/3 of ions (thick line) and
electrons (thin line), (e) mean perpendicular random energies mj<\r^>/Z ,
and (f) parallel one m,<i?ii> in a scrape-off layer plasma for R=\Q. Hot
source region is 0^x/L^0.3 and cold source region is 0.6ir/Lg0.8 .
Other parameters are TiO/Teo=l. Tic/Tio=OA, i>*=10, and mi/me=400 .
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h»t source

cold
source

V

%/L

Fig.7 Plasma density at recycling region, no is density at the center, R

is particle-flux amplification factor, and v*. is local value estimated at

x, L=0.45.

cold source .

hat seurct

X/L

Fig.8 Mach number in divertor region. It is decreased by increase of R,
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X

u_

DC
OJ
Z
W

0.07

Fig.9 Energy flux components, qe, q,, Qe, and Qi. in divertor region for

y*o=10 . They are normalized by the total flux. Qtot=Qe+<ii+Qe+Qi • I ° n

conduction flux, q; , becomes important for R>1 and Vn<Cs , while

convection flux, Q, becomes less important.
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Fig.10 Electron heat conduction flux vs. estimated flux from temperature

gradient. Parallel thermal conductivity, KJ . is given by Braginsldi.

V
it?
V
£

-k
tn

V
E

dT" 1* £!±

Fig.11 Ion heat conduction flux vs. estimated flux from temperature
gradient.
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Fig. 12 Parallel velocity distribution function of ions. Fi<v--\), in

divertor region. When R=l. y*o=lO . and V'u=Cs , Fi
:v\ ) is almost a sifted

Maxwellian. When R>\ . y«o=lO , and Vn<C s . F, (v>\ ) has a large tail.
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Introduction of Two Independent Green Functions

to the Electromagnetic Code in Bounded Systems

Hirotada Abe and Sadanojyo Nakajima

Department of Electronics, Kyoto University, Kyoto 606, Japan

ABSTRACT

The computational method to solve the boundary value problems in

the Maxwell equations are formulated using two independent sets of

eigen functions of the system. The validity of these solutions to the

fields is proved by invoking the theory of the Green's functions.

This computational method can be naturally optimized for

implementation on the charge and current sharing in the

electromagnetic particle simulation u~>ing the spatial grids with the

slab and square boundaries. The simplest case, a slab geometry with

conducting walls is adopted as an example to explain, however, its

principal idea may be extended to the more complicated boundary

problems. The code implementation may be simpler than the other

methods.
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W; I. INTRODUCTION

There exist many traditional ways by which we solve the boundary
value problems in the particle simulations. Let us introduce here
three standard ways used widely.

One way is to solve the difference equations [ 1) . The other
two ways are to modify the solutions for the periodic boundary
problems to those for the bounded boundary problems cleverly [2,3]
and to use the eigen functions of the system (4-10) . The former is
to expand the physical quantities by the usual Fourier series with
mode &r and the latter is to expand the physical quantities by the
eigen functions.

To the best knowledge of the authors, the third way is
originated by Abe et al.. The idea of its first version was applied
to the system of the square cylinder [4] . In this case, the
Fast-Fourier-Transform (FFT) which was then being popularized was not
used, where the coefficients of the eigen functions were determined
by the least square approximation (4) . The 2nd version was applied
to the system of circular cylinder [5] , where the coefficients were
considered to be obtained by truncating the infinite series giving a
form of the 5 function. It is interesting that these two ways give
the same computational method eventually. The 3rd version has been
applied to the 1- and 2-dimensional slab systems (6-9) . All of
these are for the electrostatic model.

The 4th version was applied to the 2-dimensional, magnetostatic
model of the slab system (10) . Here, two independent sets of
expansion series and two 5 functions were introduced in a system and
the idea of the Green's functions were used as a mathematical tool to
prove its validity for the first time. Unfortunately, the
magnetostatic model has been inconvenient for our purposes, because
the iteration for solution to the spatial nonlinear boundary problems
needs much computer time according to our experiences.

Therefore, we change the 4th version for the magnetostatic model
to that for the electromagnetic model, retaining its essence. This
5th version is rather simpler than the 4th version, however, the
electromagnetic code using this 5th version works very well.

If we use these two sets of the expansion series without proof
of validity, we cannot trust the simulation results at all. In
addition, the problem in implementing these computational method
should be discussed.

Accordingly, the motivation for this paper is directed to proof
of the mathematical validity and appreciation of the approximation
associated with implementation in the 5th version using two
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independent Green's functions in a system. The results of the
standard test concerning the thermal equilibrium plasmas will be
shown.

In Sec. II, the way to solve boundary problems using the Green's
function are explained to make sure that the solutions obtained here
are correct and unique when the expansion series of the system are
chosen, then the computational scheme using the two independent
Green's functions will be shown to give solutions for different
boundary value problems. In Sec. Ill, the results of tuc
computational tests for thermal equilibrium plasmas will be given.

II. THE BOUNDARY PROBLEM IN THE ELECTROMAGNETIC PARTICLE SIMULATION

A. Solution of the Boundary Value Problem using Green's Function

The equations to the boundary problems used in the
electromagnetic particle simulation can be unified to

(V2 + K2) V = S . (1)

When K is finite, this differential equation is a hyperbolic
type representing the wave equation and is called the Helmholtz
equation. In the special case of K=0, this equation becomes an
elliptic type and is called Poisson's equation.

As an example of the boundary problems, we treat only a
spatially 2-dimensional, slab system through this paper. The
schematic illustration is shown in Fig. 1. The function i// is bounded
in the x-direction between x=0 and x=Lx and is periodic in the
y-direction with period Lv . The straightforward extension is possible
in other cases, therefore, the generality of the discussion is not
lost for the boundary problems.

To get numerical solutions to Eq. (1), it is possible to choose
it from many methods. Taking mathematical beauty, easiness of
physical interpretation, and mathematical and computational
tractability, we choose the method using Green's function.

The Green's function G is generally composed in the following
way: The function d is assumed to satisfy the inhomogeneous
equation,
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(V2 + K2) G;(x,x\y-y') = - 8(x,x\y-y') , (2)

where 5(x,x',y-y') is so-called 6-function. The function Gh is
assumed to satisfy the homogeneous equation,

(V2 + /c2) Gh(x,x\y-y-) = 0 , (3)

and the sum G of G\ and Gh

G = d + Gh (4)

is also a solution to Eq. (2). If G satisfies the boundary condition
of the system, then G is a Green's function, and the solution to
Eq. (1) is represented as

= J dx>s(x',y>)G(xP,x) . (5)

Note that the composition of the Green's function G is not
unique, because the 6-function is not uniquely determined.

A method using the 6-function expanded by a series of the eigen
functions to solve the general Dirichlet and Neuman boundary problems
is chosen here.

Now, we consider typical two boundary value problems, i.e., the
Dirichlet and Neuman problems with the simplest boundary values:

Dirichlet boundary Condition: D

lKx,y) = 0 , at x = 0 , x = L x ,

Neuman Boundary Condition: N

||(x,y) = 0 , at x = 0 , x = Lx . (6)

The series of the eigen functions for these two boundary
problems are:

{sin(fc,x)exp(xfcny)} ,

{cos(fc,x)exp(ifcny)) , (7)
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where

K =4™ . (8)

Using two sets of eigen functions, we compose two independent
8-functions:

80(1,1',y-y') = 2 E -rf~ sin(fcmx)sin(fcmx') exp {ifcn(y-y')}. (9)
m=0 n=-oo

 LxL!l

8n(x,x' ,y-y") = 1] X! 7^7- cos(fc»x)cos(fc,x' ) exp (ifcn (y-y
-)), (10)

where

/ 2 for u S 1 ,..-.
e' ={ 1 for m = 0 , (11)

and the Green's functions for the Dirichlet and Neuman problems with
the simplest boundary values of Eq. (6) are:

Gb(x,x',y-y') =

OO DO

2 sin(fc.x)sin(fc,x') exp {ifcn(y-y')}, (12)

GN(I,X* ,y-y") =

m=0 n=-~
 Li L« —22 cos(fc,x)cos(fc»x') exp {ifcn(y-y')}. (13)

Note that each term in Go and Gs is independent.

General boundary value conditions for the Dirichlet and Neuman
boundary problems are:

Dirichlet boundary Condition: D
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tfCU.v) = dz(y) ,

Neuman Boundary Condition: N

||(0,y) = ni(ii) ,

ff (14)
and its solutions to Eq. (I) with arbitrary boundary values are

.y) = / X / dx'dy' s(x',y') GD(X,x" ,y-y")
Jo Jo

+ J "dy" di(y) -^GD(X,X' ,y-y') I *•. o

efe(!*) ̂ Gbd.x'.M-a')!,--/. , (15)

(x.y) = / / dx'dy' s(x',y') GN(X,X* ,y-y'
Jo Jo

+ I "dy' m(y) ̂ (x.i'.y-y^lx1- o
Jo

(16)

These solutions may be useful for the more complex problems than
that treated in this paper.

B. Electromagnetic Code with a Conducting Boundary

Maxwell equations to be solved in the electromagnetic code is
expressed with

V-B = 0 , (17)

V - E = •&• , (18)
GO
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VxB = MO J + 4, -^ , (20)
c <J t

We adopt a method to separate all the physical quantities Q into
two parts, the longitudinal part Q L and the transverse part Q T :

Q = QL + QT , (21)

where

VxQL = 0 , V-QT = 0 . (22)

Equation (17) forces the magnetic field B to have only the
transverse component. The electric field E can be separated by the
following equations:

El = - Vcp ,

ET = E - EL , (23)

where the scalar potential <p satisfies Poisson's equation:

Vz<p = -V-EL = - -£• . (24)

Here, we introduce the vector potential A T for convenience of
explanation.

B T = VxA T . (25)

From Eq. (22), we get

V -A T = 0 , (26)

which means that the Coulomb gauge is adopted implicitly.

Using the continuity equation of the current density J and
Poisson's equation, Eq. (24), we obtain the relation:

J L + EO - ^ = 0 , (27)

Then we get the basic equations for the transverse components:
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VxB1 = juo JT + ^ " ^ . ' (28)

: MO J • (29)

The separation of E into E L and ET is not uniquely determined
generally, as shown in Appendix A. If we assume the boundary
conditions for EL and ET independently, then the separation becomes
unique. In the electromagnetic theory, usually, the boundary
condition is given to E = EL + E1. If independent determination of
the boundary conditions for E l and E T does not violate the boundary
condition for E, this assumption is convenient to get numerical
solutions. Its validity is also shown in Appendix A.

Hereafter, we call EL and ET determined in the above
definition as the longitudinal and transverse components of the
electric field E for convenience of the terminology. Here, we assume
the conducting boundary conditions for the longitudinal and
transverse electric fields, the magnetic fields and the scalar and
vector potentials:

-^-(x,y) = 0 , Ey
L(x,y) = 0, Ez

L(x,y) = 0 , at x= 0 , x = Lx ,

(x,y) = 0 , £/(x,y) = 0, Ez
T(x,y) = 0 , at x= 0 , x = Lx ,

dEx
T

3x

BiT(x,y) = 0 , -g-!L(x,y) = 0, * (x.y) = 0 , at x= 0 , x = Lx ,

<p(x,y)= 0 , at i= 0 , i = L, , (30)

4^-(i,y) = 0, V(x>y) = 0, A/(x,y) = 0, at x= 0 , x = Lx . (31)

Now, we get the solutions for potentials, <p and A r in the
electromagnetic simulation using the spatial grids. At first, we
consider it for the scalar potential <p. The charge density p is
sampled at the spatial grid points of MxxMy using the appropriate
weighting function which is extended from Eq. (5) in Ref. 11 for the
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one-dimensional case to that for the two-dimensional case. Then, ve
get

.y) = f'dx'dy' — p(x' ,y-Jo eo ,y-y') , (32)

where K = 0 for

In the case of the limited number of spatial grids, the
coefficients of eigen modes for the Dirichlet problems are naturally
reduced to a set of finite terms due to independency of each eigen
mode, because the coefficients of the higher modes are calculated to
be zero. In this case or the squared boundary case, the FFT may be
used to optimize the code implementation, as shown soon. In the
cylindrical or elliptic case, some additional technique may be needed
and will be discussed in future to optimize and adjust with the
sophisticated spatial interpolations such as the high order
interpolation [11] .

Now, we get

e fL* /*Lv
P»n = 7-7- I / dx'dy'p(x' ,y' isin(fc»i' )exp(-ifcny') , (33)

L>xLif Jo JO

where

0 g m S Mx ,

-My/2 sS n ̂  +My/2 , (34)

and the FFT may be used to get A,n by extending definition of
p(i',y') as p(x',y" )=-p(-x',y') for the negative x'.

Using the above coefficients, the potential <o and the
longitudinal electric field E L are obtained as series of the eigen
functions for the limited number of spatial grids as

) = £ E 7 S " 5 sin(fc.x)exp (ikny) , (35)

EI
l(x,y)= £ J T21 ~ fcffo fcn) cos(fc,x)exp (ifcny) , (36)

»=0 n=-V2 E0 KB + fcS
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Ev
L(x,y) = £ £ T 2 "fcf2

(fc%fcn) sin(fc.x)exP (ifcny) , (37)
•-0 n—Nv/2

 E° K» + Kn

where

G(fc.,fcn) = expt-^fltif+fc2,)) (38)

acts as a Gaussian filter in fc-space which reduces noises of the
higher mode and R is a radius of the filter. This method for the
scalar potential q> has already been applied successfully to the
physical problems [6-9] , where the waves traveling to the boundary
direction (along x-axis) are treated.

Then, s?e will proceed to get a solution for the vector
potential A T . To explain advance of time for solving the vector
potential A T , the standard time-central difference is substituted
for temporal derivative as a simplest example here:

then we have the Helmholtz equation for A'T=ANI\/Z

(V2 + /c2) A'T = - Uoh1 . (40)

where

K =

(41)

Here, it is noted that this equation is inconvenient and is not
used actually for advancing time in the code, because the most
advanced term, 4^3/2 , to be solved is included in the right-hand-side
of Eq. (41). We only use this equation for proof of solution and its
uniqueness for the boundary problem on the vector potential A T .

The Helmholtz type equation, Eq. (40), can be solved using two
types of Green's functions, i.e., Dirichlet type for A'I and Neuman
type for A'l and A'I as

-170-



(42)A'l(x,y) = f'dx'dy- HOJHI GN(x,x\y-y') ,Jo

A'l(x,y) = / dx'dy- /i0JMJ GD(x,x\y-y
-) , (43)

A'J(x.y) = f'dx-dy1 ju0J»I Gp(x,x' ,y-y
-) . (44)

Jo

The coefficients of eigen modes for A'l with Neuman type
boundary condition and A'l and A'l with the Dirichlet type boundary
condition can be obtained as

Jnl..n =rf- f* f" di"dy'J«I(x
I.y>)cos(fc.x1)exp(-ifcny

<) , (45)
LjLy Jo JO

dx'dy' JnUx1 ,y- )sin(fcBx' )exp(-ifcny') , (46)

dx-dy-J«I(x>,y1)sin(fc»x1)exp(-ifcny
>) , (47)

f [
o JO

O JO

where the spatial grids and its computational method used for J»l „„
and J«I,,,n are the same in the charge density p ( see Eqs. (34) and
(33) j and the method to get Jnl,nn is also obtained by using the FFT
after extending definition of Jnl.m(x' <y') & s

Jt&.mte' .y" )=+Ji&,mn(-x' .y') for the negative x'.

Then, we get solution for the vector potential A'7 as

£ S ^ ^ " \ cos(fcx)exP (ifcny) , (48)

A'lix.y) =

A *(x,y) =

««

, f

n=-«y/2

+IU2.

n—HJ2

m + Kn-K

G(fc"fcn)2 sin(fc,,x)exp (ikny) , (49)

^ 2 ^ sin(fcBx)exp (ifcny) . (50)

Now, the existence of the solution and its uniqueness can be
proved by invoking the Green's function for the vector potential A T .
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In the actual code, the time is advanced for the coefficients of
the eigen modes as

(2-ki-kW) M J } I M / 2 -M.JJN-I/2 + G(fc.,fcn) (cAt)
2 HO{J,1}N*\/2 (51)

where At is a time step for the particle and the field, and [Aml)fi*3/z
is the coefficients of the eigen modes for the vector potential at
time 0V+3/2)A£. The coefficients {Jml}n*\/2 have the same meaning as
the former notation and are obtained by substituting J T for jj in
Eqs. (45) to (47).

III. SIMULATION RESULTS AND COMPARISON WITH THEORY

As an example for testing the numerical method introduced here,
we consider uniform plasmas between two conducting plates. If we
neglect the boundary effects, we can use equilibrium plasma theory to
predict thermal fluctuations':

(52)

^ £ ? 3 E T , (S3,

where

1 • (54)

Sflt) = Ww(k.) Vm(kn) G(k.,kn) , (55)

Here, Vm (fc) is a fc-space representation of the (N-l) order
spline (the N-point spline) [11] :

1 Note that the definition of fc, is changed from km=Tcm/Lz to
fc,=27rmAi here and in the following. See Eq. (8). This means that the
measured quantities are Fourier-expanded with the periodic conditions
both in the x- and y-directions.
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W » ( M - r sin(fcA/2)-,w
* ( ^ ~ l (fcA/2)J '

where A is a grid spacing.

We have carried out two runs called run 1 and run 2. As an
spatial interpolations [11] , a high order spline of A/=5, i.e., the
4th order spline (x) x the 4th order spline (y) is used.

The common simulation parameters are: 64 x 64 grid in (x,y)
with equal spacing, c=4o>peA , R=A, mi/m,>=1836 , particle numbers used
M=/Ve=15104, and upeA£=O. 1 .

Only the different parameters ere the thermal velocities
Vthe =0.5 copeA for run 1 and vthe =0.01 «peA for run 2, while Te=T{ .
These parameters correspond to Te= 6 kev and 3 ev for runs 1 and 2,
respectively.

The total energy errors are -0.29 % and -0.25 % at copet = 180 ,
and -2.6 % and -2.0 % at aptt = 5000 for runs 1 and 2. This slight
numerical cooling may be attributed to use of the single precision
(1 word = 32 bits). When the double precision is used, this value is
improved to +0.0016 % at upet = 180 for run 1.

Figure 2 shows the time average thermal spectra for the
longitudinal electric fields EL . The broken lines indicate the
theoretical values calculated from Eq. (51). The measurement values
fairly well agree with or slightly enhance the theoretical values in
the region of the lower mode numbers (m2+n2)'/2, where m and n are the
x- and y-directional mode numbers whose wave numbers fcm and kn are
2xm/Lx and 2xn/Lu , respectively.

In the high mode numbers (nrVn2)'^2 in Fig. 2(a), on the other
hand, enhancement of the spectrum is seen compared with the
theoretical predictions. Its shape seems to be whiskers ordered from
the top to the down. Each whisker has the same n.

At first, we doubted that this was a kind of the electromagnetic
effects, because it appeared rather strongly in the transverse
electric field E T and the magnetic field B T , as shown in
Figs. 3 and 4. Therefore, we have tested this with the same
parameters in run 1 using the electrostatic code where the light
speed is meaningless. In this case, however, we observed the same
tendency. This meant that the eletromagnetic effects was not its
origin.

Next, we doubted the incorrectness of the computational method
adopted here. However, Fig. 2(b) shows little enhancement and no
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whiskers for run 2 with the smaller Debye length than in run 1. Now,
we understand this enhancement is a physical process, which is
originated from the conducting boundaries and appear both in the
electrostatic and electromagtic phenomena.

Then, we discuss the results for run 2 with a small Debye length
A/> = 0.01 A in more detail. The spectra for the transverse elelctric
field E T and the magnetic field B T do not reach their equilibrium
level in the lower mode numbers (m2+n2)l/2. It may take a long time.
However, the spectra for the longitudinal electric field E L are
slightly over its equilibrium level, nevertheless, the energy
conservation is still kept good, as written just before. It may be
presumed that the model index n (113 is also still good, although ??
is not measured actually in this work.

IV. DISCUSSION AND CONCLUSION

The method proposed here may be simpler than the other
conventional methods using the difference equations (1) and the
usual Fourier expansion with mode &r [2,3] . The former method needs
to let the spatial grids stagger for the electric field E and the
magnetic field B. The latter one uses a 5 function in a system both
for representation of the charge and current densities of a charged
particle. We may feel that this is rather natural and that the
special mathematical proof and physical consideration are not
required. However, it needs to get the homogeneous equations seeming
complex to meet the boundary conditions, especially for the cases of
the electromagnetic and magnetostaic [3] boundary conditions.
However, the computer CPU time and accuracy may be almost the same as
in these three methods for the simple slab and square boundaries.
Therefore, the reader may choose one, which he prefers to.

In conclusion, a mathematical method using two sets of the eigen
functions are formulated as computational solutions to the boundary
value problems in the electromagnetic simulation model and justified
by using the idea of the Green's functions. This justification should
be needed for trust and intuitive grasp of the simulation results,
the authors believe.

Extensions to other complicated boundary problems such as
circular and elliptic boundaries become transparent now, because it
is shown here that two independent sets of the eigen functions of the
system are generally needed for the electromagnetic simulation. In
these extensions, we should take care of which the spatial
interpolation is chosen. In future, we will discuss this extending
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the idea presented here.
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Appendix A

At first, we will show existence of arbitrariness of
determination of the longitudinal and transverse components of the
electric field.

The boundary conditions for the electric field E are

•^f(z.y) = 0 > £w(x,y)=0, E*(x,y)=O, at x=0 , x=Lx . (Al)

This means

Ey
l(x,y) + E,/(x,y) = 0 ,

Ez
L(x,y) = 0, at x= 0 , x = Lx . (A2)

These equations mean that the boundary conditions are not given
independently to EL and ET . Therefore, separation to E L and ET .
from E does not become unique. Here, we will show this.

Let us assume E L and E T as the solution which satisfies the
boundary condition: Eq. (A2). From this solution, we will produce
another solution, E\l and Ey for example:
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E\L =EL + F,

E\T =ET - F, (A3)

The vectors E\l and EiT also should be longitudinal and
transverse components, therefore the vector F should satisfy the
following conditions:

VxF = 0

V-F = 0 . (A4)

Using a scalar potential V> w© have the Laplace equations:

F = - Wi> , V 2 ^ = 0. (A5)

For the vector F, the boundary conditions are arbitrary,
therefore, we can obtain the harmonic functions, which satisfy the
above Laplace's equation. Now, we have proved that the separation of
E to E L and E T is not unique.

At the same time, this proof means that choice of the separation
within the freedom of adding F does not violate the boundary
conditions for E.
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Gyrokinetic Particle Simulation Model
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ABSTRACT

A new type of particle simulation model based on the gyrophase-averaged Vlasov

and Poisson equations is presented. The reduced system, in which particle gyrations are

removed from the equations of motion white the finite Larmor radius effects are still

preserved, is most suitable for studying low-frequency mlcroinstabilities in magnetized

plasmas. The resulting gyrokinetic plasma is intrinsically quasineutral for XD « ps (•

Pj(Te/Tj)1/z]. Thus, without the troublesome space charge waves in the simulation, we

can afford to use much larger time steps (uHAt < 1) and grid spacings (Axx/ps < 1) at

a much reduced noise level than we would have for conventional particle codes, where

°H * ^i^i^^D^Ps^pe* and k« <<: k r F u r t n e r m o r e . it is feasible to simulate an

elongated system ( I , » Lj) with a three dimensional grid using the present model

without resorting to the usual mode expansion technique, since there is essentially no

restriction on the size of Ax,, in a gyroklrtaic plasma. The new approach also enables

us to further separate the time and spatial scales of the simulation from those

associated global transport through the use of multiple spatial scale expansion. Thus,

the model can be a very efficient tool for studying anomalous transport problems

related to steady-state drift-wave turbulence in magnetic confinement devices. It can

also be applied to other areas of plasma physics.
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I. INTRODUCTION

Gyrokfnetic particle simulation consists of using the existing simulation

techniques to solve the gyrophase-averaged Vlasov-Poisson system, in which the

particle gyration (s removed from the equations of motion while the finite Larmor

radius effects are retained | l , 2]. The reduced system has been obtained through the use

of well-known gyrokinetic ordering for magnetized plasmas. The resulting nonlinear

gyrokinetic equations satisfy the basic requirements for simulation that they preserve

the characteristic form of the dynamic equation, and satisfy both particle and energy

conservation. The new scheme is most useful for studying low-frequency

gradient-driven microinstabilities in tokamaks. In the previous paper [1], we have

demonstrated the feasibility of such an approach. Here, we will present the numerical

aspects of the gyrokinetic particle simulation model.

It is generally agreed that conventional particle codes are not practical for

studying low frequency quasineutral-type of phenomena, becausae of the disparate time

and spatial scales involved. The fundamental problem is the high frequency space

charge waves, characterized by «_e and XQ, which impose severe restrictions on the

time step and spatial resolution used in the code (3.4). Even for the model based on the

guiding-center electrons and gyrating (Vlasov) ions [5), which was developed for the

purpose of investigating low frequency drift-type instabilities in magnetized plasmas,

space charge waves In the form of lower hybrid oscillations still exist, in addition,

their presence gives rise to very high noise level in the simulation plasma, which can

actually suppress the growth of the low frequency quasineutral waves, whose

equilibrium fluctuation energy is a factor of (kXD)2 lower. Furthermore, when the

saturation amplitude of the instability Is lower than the noise level, the nonlinear

physics can also be obliterated. To overcome the difficulty of excessive noise by

increasing the number of particles in the simulation can be prohibitive. Thus,

unrealistically large background density gradient has to be employed for simulating
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drift waves in order to produce strong enough instabilities. However, when the scale

lengths for the zeroth-order density and for the perturbation become comparable in

magnitude as in Refs. 6-8, profile modification may dominate over other nonlinear

processes. Since, under realistic experimental conditions in tokamaks. the background

inhomogeneities tend to persist as quasi-static profiles because of the continuous

replenishment of plasma particles, it precludes profile relaxation as a viable nonlinear

mechanism. Thus, it Is difficult to make meaningful comparisons between the

simulation results and the experimental observations. These are some the pitfalls

confronting the conventional particle codes in simulating low frequency waves.

In our present model, the difficulties associated with space charge waves no

longer exist, since gyrokinetic plasma Is intrinsically quasineutral for \Q « ps [«

Pj(Te/Tj)' /s], where pj is the ion gyroradius. Following the procedures developed by

Langdon 13.11 based on the leap-frog scheme for particle pushing and linear interpolation

for charge sharing, we have found that the limitations on the time step and the grid

spacing become much less strigent for the gyrokinetic model. Instead of the usual

OpeAt < 1 and Ax < XD for unmagnetized plasmas, the stability conditions now become

<oHAt < 1 and AxA < p$. where « H • (k|/kJL)(mj/me)|/2Qj • bt/*1)O.D/ps)<*pe is the

electrostatic shear-Alfven wave frequency, Q| * eB/miC, k, « k, = k, and subscripts u

and I denote quantities parallel and perpendicular to the external magnetic field,

respectively. Results from the numerical analysis on our model also indicate that there

is essentially no limitation on the size of AX|. Compared with the guiding-center

electron code (5], where time step is limited by o_(At < 1 and grid spacing by Ax^ =

Ax,, < XD, the present scheme represents orders of magnitude improvement.

For reason of accuracy rather than stability, the Courant condition of kgV^At •

(oHAt)(k1ps) < l imposed by the electron transit time also has to be satisfied in our

simulation. For kj>s = 1 modes, which usually have the largest growth rates for
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microinstabilities and are the most important ones in the simulation, this condition

does not constitute as an additional constraint. The restriction of kxvEAt < 1. where

vE • cE*B/S. is usually not a problem for tokamak plasmas. In the presence of sheared

magnetic field, as we will discuss, normal modes associated with oH do not exist at

all and local instabilities due to oHAt > 1 are also absent. Therefore, time step in the

simulation can be solely determined by the mode frequency of interest, e.g., the

diamagnertic drift frequency, uM, if one can. In the mean time, satisfy the requirement

of 0<||)maxvteAt < 1. which we will discuss.

The restriction on AxjL poses no difficulty at all for the gyrokinetic model. A

grid of the size of ps is needed, at any rate, to accurately resolve the fluctuations for

the modes with k±ps = 1. which, as we have mention before, are the most Important

ones in the simulation.

As for the three-dimensional simulation, we can now afford to use a very coarse

grid in the parallel direction for which Ax, » ps to model an elongated system with LK

» l^. Thus, the mode expansion technique [9] commonly used in the conventional codes

is not the only alternative here. The grid instability, which may still exist in the 3D

gyrokinetic simulation when modes with k,ps « 0.21 are included, can be suppressed

by the higher order interpolation schemes (10]. The combination of finite-size particle

effects and implicit particle pushing schemes [11] can also stabilize all the numerical

instabilities caused by «HAt > 1. usually related to k^ps « 1 modes in the 30 code.

However, most Interestingly, all the aliases-induced numerical growths mentioned here

may altogether be eliminated by magnetic shear, which we will elaborate.

Because of the nature of the gyrophase averaging processes [1. 21. the gyrokinetic

Vlasov equation is expressed In the guiding-center coordinates, whereas the gyrokinetic

-184-



Poisson equation is still in the original particle variable space. To circumvent the

numerical difficulties involving coordinate transformations, the simulation scheme

described In Ref. 1 used the analytically transformed gyrokinetlc Vlasov equation In

particle coordinates by assuming that, nonlinearly, ion perpendicular temperature is

zero. In the present paper, we have developed an efficient numerical method to expedite

the transformation, which can accurately represent the gyrophase-averaged quantities for

arbitrary values of kxpf. linearly as well as nonlinearly. As for the gyrokinetic

Poisson equation, it is a linear second-order differential equation in the regime of our

interest and can be solved using an iterative scheme.

The fact that the reduced Vlasov equation is in the guiding center coordinates

makes it possible for us to perform the multiple scale expansion on the spatial

derivative term of the equation so as to separate the equilibrium spatial scale lengths

from those of the perturbations. In doing so. the zeroth-order density and temperature

gradients become Input parameters for the simulation. By holding them constant In

time, we succeed in removing from the simulation the time and spatial scales

associated with global transport. Since the model now contains only the frequency and

the spatial scale of interest, it is most suitable for studying steady-state drift wave

turbulence problems. Futhermore, the application of multiple spatial scale expansion

also simplifies the boundary conditions for the particles and waves in the simulation,

which, in turn, greatly facilitates the diagnotics for particle and energy transport.

Finally, one Important aspect of the gyrokinetlc plasma is its low noise level.

This important property has been investigated in Ref. 12, in which the equilibrium

fluctuation field energy is shown to be at a minimum in the gyrokinetic regime. Thus,

for the same number of particles, we can simulate a much larger volume of plasma with

the present model than with conventional codes.

In recent years, various implicit schemes have been developed for the purpose of

eliminating unwanted high frequency oscillations from the simulation through numerical

meanslll, 13-15]. Their approach represent a basic difference in philosophy from the
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scheme considered in this paper, where the removal of the space charge waves is

contingent upon the underlying physics. Other numerical methods to achieve long time

step simulation have also been developed based on orbit averaging [16], and electron

subcycling [17]. Under certain conditions, some of these numerical schemes can be very

useful for us.

The paper Is organized as follows, in Sec. I I , the governing equations In

electrostatic slab are described along with their conservation properties. The

pertlnenet numerical schemes are presented in Sec. II I . Section IV discusses the

simulation schemes based on multiple spatial scale expansion. Numerical properties of

the gyroklnetlc plasma are presented In Sec. V. Discussion and concluding remarks are

given in Sec. VI.

II. Gyrokinetic Formalism

The gyrophase-averaged Vlasov and Poisson equations have been derived earlier

[1. 21 based on the well-known gyrokinetic ordering, which assumes that o/Q, p/L.

k (/kx and e<J>/T are of order E. where <•> is the frequency of interest. 0 is the

gyrofrequency, p Is the gyroradius, L Is the equilibrium scale length, k( and k± are the

perturbed wavenumbers parallel and perpendicular to the magnetic field, respectively.

e«/T is the electrostatic potential normalized to average plasma temperature, and e is

a smallness parameter. The gyrophase averaging procedure not only removes the

gyrophase-dependent quantities from the reduced system, but also eliminates the fast

gyromotion which gives rise to the unwanted high-frequency waves, while retaining the

important finite Larmor radius effects.

The resulting gyrokinetic Vlasov equation in slab geometry valid to order e2can

be written in terms of guiding-center variables as [ l . 2]

DF/Dt • 3F/3t + v^SF/aR -(q/mQ)(3*/3R*6)-3F/3R -(q/mXSV/aR-bjaF/av, = 0, (l)
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where

*(R) - *(R) - (q/2T)(v,/fi)2 |3*(R)/3R i |
2. (2)

F = F(R,u.v(|,t) Is the gyrophase-Independent distribution function, ji = v x
z / 2 , Q =

qB/mc. b • B/B, B is the external magnetic field. v t • (T/m) ) /2, *(R) and <F(R) are the

electrostatic potentials at the guiding center, and q is the signed charge. Moreover, the

guiding-center position variable R is related to the particle position variable x

through R = x-p, where p = - v ^ b / C l is the particle gyroradius. Equation (1) is valid

for both the electrons and the ions. However, for the electrons, the finite gyroradius

effects are neligible and Eq. (1) reduces to the usual drift-kinetic equation for p -> 0.

The gyrokinetic Poisson equation in particle coordinates takes the form of [1. 2]

V2* - T ( * - * ) / X D
2 + ( p s A ^ V ^ t o j - n ^ V j O / V = -4ne(nj-nG). (3)

where the electrostatic potentials 4> and $ as well as the number density n .̂ n| and ne

are functions of x, V • 3/9x. XD
2 - Te/47rnoe

2 r • Te/Tj. ps * -/cp^ f>{ •

(T| /m|)1 / 2 /Dj . and subscripts e and i denote species. The distribution function,

potential and number density in Eqs. (1). (2) and (3) can be related through the Fourier

transforms of

= 2«Kk)exp(lk-x) and F(R) =
k k

The coordinate-transformed quantities then become

). (4)
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and

nix) = I FCkJJ^k^/Qjexpdk-xJdpdvi. (5)

= I*(k)roa»exp(ikx), (6)

where the ordinary Bessel function

Jo = <exp(ik-p)>,p (7)

Is the result of the gyrophase averaging process, ro(b) • Io(b)exp(-b) comes from the

second gyrophase averaging with respect to the Maxwellian background, b • kx
zPjZ. i0 is

the modified Bessel function. *{R) and n(x) correspond, respectively, to *(R) and rT(x)

with Jo = 1. and nQ • <n(x)>x is the spatially averaged number density. In Eq. (3), pe =

O is assumed, and the additional terms on the left-hand side of the equation are the

contributions from the ion polarization density response. For b « 1. the lowest order

term becomes (pgA^y^ 2 * . Since p3 » XQ for the usual tokamak plasmas, the Oebye

shielding term of V2* is much smaller by comparison and. thereby, can be iynored in Eq.

(3). [This is true for arbitrary value of b] Finally, in Eqs. (2) and (3). we have kept

only the leading terms from the small gyroradius expansion for Ofe2) quantities, i.e.,

terms of QfaSpftf) are ignored. This approximation considerably simplifies the

numerical scheme and can be justified on the physics ground.

Because of the Ham i I ton i an nature of our equations (2], it allows us to obtain

simple expressions for various conservation laws for Eqs. (l)-(3). From the simulation

point of view, the most relevant ones are the particle and energy conservation. The

former is rather trivial and can be verified by taking the zeroth moment of Eq. (1) in

(R. p. Vj) space. The energy conservation, which can be derived by following the
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procedure given in Ref. 2. takes the form of

Z m«<f tjJf2+ vu
2/2) F^dudv,,) + (l/8Tt) Z k2|*(k)|2

«=e,i " k

2" 1 1 l-ro(b)] |*(k) f • (pg/BTtnoXfj) < la-KxVSxx f [nj(x)-no]> = const. (8)
k x

where <•••> denotes spatial average In the appropriate coordinate system. The first two

terms can be readily identified as the usual particle kineti- energy and electrostatic

potential energy, respectively. The last two are the ion sloshing energy; the second one

comes from the OCe2) terms in Eqs. (2) and (3). For b « 1. we have

sloshing energy/potential energy =

Thus, for ps » XD. most of the field energy in the gyrokinetic plasma is associated

with the Ion sloshing motion in the perpendicular direction In response to the

electrostatic fluctuations. Consequently, the potential energy, which is related to the

V2* term in Eq. (3). is negligible.

I I I . NUMERICAL TECHNIQUES

In this section, we will discuss the numerical schemes for solving the

gyrokinetic Vlasov-Polsson system, Eqs. (l)-(3). based on, for the most part, the existing

explicit particle simulation techniques. Applying the discrete representation for the

distribution function of N particles.

N
F = | S(R-Rj) S(u-Uj) SCv-Vnj), (9)

to Eq. (l), we obtain the equations of motion in the guiding-center coordinates for the
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j-th gyrokinetic particle as

dR i/dt = v. ib - (q/m0)0+/3R*b) |
J J Hj. Uj

and

dv(j/dt =-(q/m)a«/3R-b| . (11)

where + is the gyrophase-averaged potential defined in Eqs. (2) and (4). Equations (10)

and (11) reduce to the familiar guiding-center equations of motion for the drift-kinetic

particles when p = 0 (or u = 0). Thus, the only difference between the two types of

particles is in the form of the electrostatic potential with which they Interact.

Consequently, the leap-frog and/or the predictor-corrector schemes for pushing the

drift-kinetic particles described in Ref. 5 can also be used here for the gyrokinetic

particles, once • is known. The method for calculating • for each individual particle

is complicated by the appearance of JQ in the equation for 5".

The gyrokintic Poisson equation. Eq. (3). in the Fourier k space becomes

T|l-ro(b)]S4(k) + I (ku-k2 i+k2X)ps Snj(k,)S*(k2)
k k + k

= lSrTj(k)-$ne(k)L (12)

where 8* • e*/T_. Sn • (n-nj/n., SrT= (fT-nJ/n.. and rTas well as n is defined in £q.

(5). Because of the presence of the Otc2) terms. Eq. (12) is in the form of an

inhomogeneous Fredholm equation of the second kind and can easily be solved using the

method of succesive approximation [18], once the particle number densities are given.

Here, again, the difficulty comes from the evaluation of n". which involves JQ.

As we can see. Eqs. (10)-(12) can be solved straightforwardly with the standard

numerical methods. The only issue remaining is the coordinate transformations of Eqs.
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(4) and (5). Since the calculation of Jo using table lookup for each individual particle

to account for its interaction with all the waves in the system is computationally

prohibitive, alternative methods are needed. One obvious way Is to carry out the

transformation analytically at the sacrifice of some important physics [1). A better

approach is to use the power series expansion of Jo =* 1 - (kjjOVi + (k^p)V64 - . The

drawbacks here are the additional computer storage (arrays) required for the calculation

and the unphysicai behavior at large k±p when the resulting | j Q | becomes larger than 1.

The scheme we have chosen is efficient, more versatile, more physical in nature

and needs no additional storage. The starting point for its derivation is to re-write

Eqs. (4) and (5) as

(13)
J T

and

n(x) = <JF(R. u. vH)8(R-x+p)dRdpdv,>^ , (14)

where < >* • ^df/2rt denotes gyrophase average. Equations (13) and (14) can be easily

verified using the relation of Eq. (7). From

«(Xj) = }«x)S(x-Xj)dx. (15)

where x • = Rj+p • is the actual position of the j-th particle, we have

•(Rj) = <«(Xj)>^ = I «<lc)J0(kjVj/Q)exp(ilc-Rj). (16)
k

Thus, the potential at the guiding center position R> is the gyrophase-averaged

potential of the particle at its actual position X: as it traverses a circle centered at
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R: with the gyroradius pj. Analytically. Jo accounts for the difference between the

potential measured directly at R: and the average potential.

By substituting Eq. (9) into Eq. (H). the expression for number density in terms of

individual particle positions can be obtained as

N fN i
n(x) = 2 <8(x-Xj)><) = Z [ 2 exp(-k-Rj)/VJ V k ^ / Q ) exp(ik-x), (17)

where V is the total volume. Here, the relation of

6(x) = I exp(ifc-x)/V
k

Is used In the derivation. Again. J o accounts for the difference between calculating the

number density at R: and at X:. Equation (17) also relates the number density at x

with the gyrophase-averaged contribution from the individual particle as it travels in a

circular path. In other words, for calculating nix), each gyrokinetic particle can be

viewed as a uniformly charged ring with its center located at R: and with radius pj.

Thus, through Eqs. (16) and (17). we have established the correspondence between

the gyrophase averaging procedures In the Fourier k space and those In the (x/R)

configuration space. The latter is apparently much more suitable for numerical

calculations. More specifically, the evalution of *(R.) for the j-th particle from the

known potential field <Wx). given by Eq. (12). can be carried out by simply taking the

average of t(x ,)'s for a number of locations on a circle, where x, = R, + p,. We can

then use this tyftj) to calculate t(Rj) In Eq. (2) for the actual potential of the particle.

For pushing particles with Eqs. (10) and (11). one can utilize the equivalent operation of
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3*(R)/3R| = O«(X) /3X| ><, (18)
j J J

to evaluate the field for each particle, in which the O(ez) part can be calculated

directly at R:. Likewise, the evaluation of n(x) can be carried out by summing up the

contributions from the gyrokinetic particles represented by rings of charges. For each

Individual particle at R:, the charge is equally distributed In a number of locations of

x :'s on a circle. The resulting n(x) then becomes the Input for Eq. (12).

The Issue now is to determine the optimal number of points (locations) on a ring

for the accurate representation of the gyrophase averaging procedure. This is critical

because it directly affects the computational time and. utilmately. determines the

viability of the scheme. The apparent way is to study the result of numerical

integration of exp(lk-p) in Eq. (7) for various A f s. Obviously, a large number of

integration steps, or a small Af. is most accurate, but undesirable. Letting A9 =

2n/M. where M is the number of integration steps, we can easily show that

» M
<exp(ik-p)>* = I Jn(kj.p)2 exp(i2nnl/M)/M

n=-» 1=1
(19)

= I Jn(kip)sin(2«n)cot(nn/M)/2M.

As we can see. for M = 1. all J's have nonvanishing coefficients. Therefore, it is the

poorest representation for the gyrophase averaging process, in the other limit, for M =

•», we recover Eq. (7). The numerical scheme for coordinate transformation and the

results for using different values of M in Eq. (19) are shown in Fig. 1. Since Jo » J^

for kj> < 2. the scheme with M = 4 i jiost ideal for studying microturbulence. where

the experimental measurements have indicated that majority of the fluctuation energy Is

In the region of 0 < k j j j < 1 [ 191. Thus, a four-point representation for the gyrokinetic
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particle is adequate for calculating *(Rj) and n(x) in Eqs. (16) and (17). For those

particles with kx/> > 2 in the simualtion, the scheme does not describe their behavior

correctly. However, the resulting <exp(ik-p)>* is always much less than one. Thus, the

problem is not serious at all compared with the Jg expansion scheme. If the physics

for k^p > 2 is important, one should then use a larger M for the calculation. For the

electrons, where p = 0. the difference between R: and Xj disappears. Hence, the scheme

with M = 1 is sufficient, which is simply the usual guiding-center model for the

drift-kinetic particles [5).

x =* J n

M=l

Ji

Js

J«

M=2

0

J£

J5

M=3

0

0

J3

J4

0

0

0

J4

Fig. 1 Numerical scheme for coordinate transformation for the j - th particle

IV. MULTIPLE-SPATIAL-SCALE EXPANSION

As stated earlier, the purpose of multiple-spatial-scale expansion is to enable us

to develop a numerical model which simulates the realistic experimental condition,

where, in so far as microinstabilities are concerned, the background inhomogeneity is

quasi-static. Let us start with the expansion of

8F/8RX (20)
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where eRĵ  represents the spatial variations for the zeroth-order quantity, and R^ is

now associated with the scale lengths of the perturbations only. Assuming that

Fo - ( lA/2* ) n^eR^ I m / y e R ^ F 2 exp!-mv2/2T0(£R1)]. (21)

is the background distribution, we find

= -KF. (22)

where

K=[cn-(3/2-vV2vt2)KT]. (23)

Kn = -tiB^/QtRj/n^ rT = -tidJ^dtR^/T^ and v2 * v,,2 + v±
3. Substituting Eqs.

(20) and (22) into Eq. (1). we then obtain

OF/Dt + (q/mn)(a*/3R*b)- KF = 0, (24)

in which the scale lengths for the background and the perturbations are completely

separated, and the distribution F contains only spatial variations for the perturbations.

Equation (24) is similar to the equation used in many theoretical analyses. The only

difference comes from the term associated with the background inhomogeneity K, for

which the distribution function F, for example, is replaced by FQ given by Eq. (21)

120-22].

However. Eq. (24) is not suitable for particle pushing because it lacks the

conservation properties. The proper equation can be constructed by adding an extra term

to Eq. (24). It takes the form of

DF/Dt + (q/mO) (OF/3R *!>)•*• + (3t/8R«b)- K FJ = 0. (25)
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Equation (25) conserves particle and. together with Eq. (3). also conserves energy. The

latter is again given by Eq. (8). Since the multlple-spatlal-scale expansion Is based on

|k| » |K|, the difference between the nonlinear physics described by Eqs. (21) and (25)

is rather insignificant and is of higher order in e, provided that modes with |k-K/K| <

|K| for * is excluded from Eq. (25).

Equations of motion for the individual particles given by Eq. (25) can be derived

using the distribution function F defined in Eq. (9). They become

dR ,/dt = v,,b - (q/mQ)(3*/8R«b + KY)I , (26)
J J R j , JJ j

and

dv.i/dt =-(q/m)8*/9R-b , (27)
R j , Jl i

for the j-th particle. The important fearture here is that Eqs. (26) and (27) differ from

the original gyroklnetlc equations of motion. Eqs. (10) and (11). by only one term; and It

is the term which accounts for the effect of background inhomogeneity. Thus, by keeping

Kn and K T constant in time (and space), we can indeed investigate steady-state

microturbulence problems with the new set of equations. As for the initial loading in

the simulation, one can use spatially uniform distribution for the particles (with the

Maxwellian distribution in the velocity space, if desired) at t= 0. since the distrbution

function F in Eqs. (24) and (25) describes only spatial perturbations. Thus, surprisingly,

the separation of the disparate spatial scales in the simulation makes it possible for

us to study gradient-driven mlcroinstabllltles using homogeneous plasmas. Moreover,

the freezing of the background inhomogeneity also effectively remove the global

transport time scale from the simulation. Thus. Eqs. (26) and (27). as well as Eq. (25).

contain only the spatial and time scales of interest, in which the undesirable scales

have been eliminated analytically beforehand (through the processes of gyrophase

averaging and multiple-spatial-scale expansion). The idea of multiple-spatial-scale

expansion was first proposed by the authors of Ref. 23.
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It should be mentioned here that the particle dynamics depicted by Eq. (25) are no

longer incompressible in the (R. u, v(|) phase space. Nevertheless, particle simulation

techniques are still applicable in this case for the following reason. Re-writing Eq. (9)

as

N
F(Z) = £ 8(Z-Z i). (28)

J=l J

where Z * (R. u. v(|) or the original phase space variables (x, v), one can show that

particle pushing is actually solving an equation of the type

8F/9t + (3/8Z)-(ZF) = 0, (29)

where Z (• dZ/dt) are the equations of motion. This is exactly the form for Eq. (25).

When the phase space fluid is incompressible, i.e.. (3/3Z)-Z = 0. Eq. (29) reduces to Eq.

(1). (or the Vlasov equation). Thus, incompressibllity Is not the prerequisite for

particle pushing.

Let us now discuss the diagnostics for the particle and energy flux in the new

scheme. As stated earlier, these measurements are greatly facilitated Dy tiie use of

multiple-spatial-scale expansion and are quite different from those in which the

background inhomogeneities are actually present. Applying Eq. (20) to Eq. (1) and taking

the zeroth moment in (JJ, v j of the resulting equation as well as by performing the

spatial average, we have

3no/3t + (3/9ex)- [no<r>x) = 0, (30)

where

r = -(c/BMO^/ax-bKnVn^ - (l/2)(q/T)(v t/Q)Z(8/9x)|a*/8x i|2«b(n/n0)J (31)

is the particle flux, and nQ. n~and n are defined in Eq. (3). For Kn - <nx. i.e., the
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density gradient is in the x direction, the particle diffusion coefficient becomes

D = <FX>X/Kn. (32)

Particle flux r can also be expressed in terms of individual particle motion. With the

substitution of Eq. (17) into Eq. (31). the flux in the x direction becomes

(33)

where vEx • - ( C / B ) 0 * / 3 R H > - X is the particle drift, and the evaluation of which

involves the use of Eq. (18). For the electrons, since p = 0 and R, = Xj. the calculation

of Eq. (33) is considerably simplified. Multiplying Eq. (3) by -(c/B)@*/8x)*b- x and

invoking the periodic boundary conditions for the potentials, we arrive at

<rex>x = <rix>x- »«

where the flux is given by Eq. (31). Thus, particle flux is ambipolar for our system,

which should not be a surprise.

Before we examine the issue of energy flux, let us describe briefly the

calculation of some related fluid quantities in the simulation. Following the same

procedures in obtaining Eqs. (14) and (17) for the number density, we find that current

density can be evaluated by

r N
J|(x) = (K|V|F(R. u, v^SlR-x+pJdRdudv,)^ = q 2. v» ,<S(x-x j)>a, (35)

j=l

and the expression for the energy density is

r N

P(x) = (m/3)<jvzF(R, u, VnHto-x+pJdRdudv,,;^ = (m/3) I Vjz<S(x-Xj)>f. (36)

j=l
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Thus, the numerical calculations of these quantities are similar to the manner in which

number density is obtained as depicted in Fig. J.

The scheme for measuring energy flux in the simulation can now be derived as

follows. Applying Eq. (20) to Eq. (1) and taking the vz moment of the resulting

equation, we obtain, after performing the spatial average.

8P0/8t • O/8ex)-[P0<Q>x] = <S>X, (37)

where Po « <P(x)>x is the average energy density,

Q=-(c/B)[O*/3xxb)(p"/P0)-(l/2)(q/T)(v t/D)ZO/3x)|a«»/ax i|2xb(P/P0)] (38)

is the energy flux,

S =-(2/3)[T ) |(30/3x | |)-(l/2)(q/T)(v t/fiP j],O/3x,,) |3«/3xx|* J (39)

is the source term, Tand Fare given by Eqs. (35) and (36), and P corresponds to P~ with

p = 0. For J | o * <J||(x)>x
 = 0. which gives PQ - nQT0, and for Kn = Knx, and KT = KTX.

Eq. (37) yields the thermal diffusivity in the inhomogeneous x direction as

Energy flux can also be measured through individual particle motion. Substituting Eq.

(36) into Eq. (36). we obtain

N
« V x = ? vEx(Rj)(v/vt)Z/3N. (41)

where Vgx is the particle drift defined in Eq. (33). Likewise, with the substitution of
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Eq. (35) into Eq. (39), the spatially-averaged source term becomes

N
<s>x = ? v , j 0 * / 8 R - W | H . (42)

in which the use of Eq. (18) is again necessary for the calculation.

Thus, the ease with which the flux and diffusion measurements can be carried out

using the present simulation scheme is evident. It differs greatly from conventional

particle simulation, for which the only effective tool is the measurement of test

particle diffusion. However, test particle diffusion gives no information on particle

and energy flux. Such an information can only be ascertained through the study of the

global features of the simulation. The difficulty here is that the simulation volume in

the conventional codes are usually too small to be able to describe the global

phenomena accurately. This brings out another advantage of the present simulation

scheme. With the multiple-spatial-scale expansion, we can now view the simulation

plasma as a small segment of a much larger system (as if we are dealing with a

homogeneous plasma). By allowing the simulation plasma to interact with the

neighboring system through the appropriate use of boundary conditions for the waves and

the particles, we can study a variety of realistic problems without simulating the total

plasma volume. With such an arrangement, the global flux and diffusion of the

simulation can be construed as the local quantities of the larger system. One simplest

example is the use of periodic boundary conditions for the Investigation of

gradient-driven microinstabilities in a shear less slab [20-22}.

V. NUT1ER1CAL PR0PERTIT1ES

Numerical properties for the simulation plasma using the Vlasov particles have

been extensively investigated since the inception of particle simulation more than two

decades ago [24, 25]. The two important aspects, which are of particular interest to us.

are the restrictions imposed by the space charge waves on the time step (<->DeAt < 1)
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|4] and grid spacing (Ax < XD) (3). In this section, we will follow the same procedures

as in Refs. 3 and 4 to establish the stability criteria for the gyrokinetic plasma.

The starting point is the linear dispersion relation for a gyrokinetic plasma in

slab geometry obtained from Eqs. ( l)-(3).

where

^ ^ ( 4 4 )( ) .
/2k,,vto<

Z is the usual plasma function. u M a k n KnpgO| is the diamagnetic drift frequency

produced by the density gradient In the x direction, r 0 = l - f r ^ ) 2 for small kxpj, and

<x denotes species. For the cold plasma response (u/k,, » vJ(X) and <o* = 0, the

eigenmode frequencies for Eq. (43) are

2 2 kH 2 m i 2 kH ,2 . XD ,2 2 . . . .
a - u H * (-—). ( ) 0: * (-—-) ( ) aae (45)

k i me k i Ps P

for ps » XQ. These are the damped quasi-neutral oscillations, which can be identified

as electrostatic shear-Alfven waves. [The modification of o>H by u« is small and is

negligible for the analysis]. Our focus here is to understand the stability properties of

these modes in relation to the sizes of the time and space steps used in the simulation.

Their contribution to equilibrium fluctuations wil l also be examined.

We begin the numerical analysis by first re-writing the expression in Eq. (44) as

xoc * - 1 + (kllvt«)Z f t exp{io>t-(kuvt(Xt)z/2} dt. (46)
o
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By letting t = qAt, the integral here can be evaluated numerically by

r 00 00

I dt * Y At. (17)
o q=o

Langdon has elegantly demonstrated that the size of the integration step At in Eq. (47)

corresponds directly to the time step used in the leap-frog particle pushing scheme In

the simulation 14]. Substituting the discrete form for XK Into Eq. (43). and Invoking the

quasineutral condition and the cold ion approximation, we arrive at

e ( - V • 1 + (uHAt)2 2 q exp[i(uAt)q- ^(^M^ik^q2) = 0. (48)
Ps q=o l

for k = k̂  » kj. By keeping only the first nontrivial term in the series, we find that

the maximun growth of the unphysical instability, if it exists, occurs at (kips)(uHAt) =

Jl. The corresponding growth rate is OjAt = 21n(uHAt) - 1 , which gives the onset of

the instability at uHAt = 1.65 with kxps = 0.86, and yields larger growths for the

smalier k,ps's. Thus, the stability condition can roughly be expressed as

oHAt < 1. (49)

A3 in Ref. 4, the instability originates from the aliasing effects on a temporal grid.

The dispersion relation for an unmagnetized plasma and the resulting stability criterion

given by Ref. 4 can also be recovered from Eqs. (48) and (49) through the substitutions

of <>>̂  and ps by u . . and Xp. respectively. Besides the stability consideration, the

time step also has to satisfy the particle transit-time requirement of

k|,vteAt « (kj^KuHAt) < 1. (50)

so that accurate plasma response, i.e.. Eq. (48). can be reproduced in the simulation. The

difference between Eqs. (49) and (50) is that violation of the latter will not lead to

numerical instability. Nonetheless, both equations have to be satisfied in the
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simulation. Since microinstabilities are generally most unstable for the modes with

kjj>s = 1 and their inclusion in the simulation is essential, the two conditions then

become identical. Thus, there is no reason to further increase u^At (except for 3D

simulation, which we wi l l discuss). This is quite different from the unmagnetized

cases, in which implicit schemes can be utilized to increase «p f lAt in simulating kXD

« l modes! 11. 13. 11], As we can see. orders of magnitude improvement in time step

over the conventional codes Is indeed realized with the present scheme without

resorting to implicit particle pushing. The condition of k±vEAt < 1 can usually be

satisfy without any difficulty, and does not constitute as an additional constraint.

In the presence of shear, radial eigenmodes associated with o^ do not exist at

alt. This property has been verified using a mode equation of the form, 82<t>/8xz + Q(u,

A t ) * = 0. obtained from Eq. (-13) for ro= 1 - (kypj)2 + p (
2 0 2 / 8 x 2 ) and k,, = kyx/Ls .

where Lg is the shear scale length. Analytically, for « * = 0 and At •* 0, its absence

can be understood from the fact that modes of the du branch do not satisfy the outgoing

wave boundary conditions and have no spatially evanescent solutions (from the rational

surface at k,=0). The mode equation has also been solved numerically using a

WtCB-shooting code [26]. The results of which have indicated that the only eigenmodes

in the system are those associated u N , and instabilities induced locally due to k>v teAt

> 1 and u H At > 1 away from the rational surface are also absent. The only requirement

needed in this case is that

6)At < 1 (51)

(e.g.. oAt = 0.1 or 0.2). and it is for the purpose of accurately describe the temporal

behavior of the wave, where <•> is the eigenmode frequency. These important results

from the WKB-shooting code have also been confirmed by the gyrokinetic simulation of

drift instabilities in a sheared slab [1]. This is, of course, a highly desirable
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situation, where the time step is solely determined by the mode frequency of interest.

However, there is a caveat.

The fact that correct physics can be reproduced in the region where k,,vtBAt > 1

is rather fortuitous for the case with a single rational surface. Because the amplitude

of the mode is very very small in this region, the error caused by Xe = ioAt (instead of

zero) is inconsequential. In general, one would not want to violate Eq. (50). Thus, even

with the elimination of the modes related to oH by shear, electron transit-time

requirement still has to be taken into account in the simulation. Interestingly,

gyrokinetic plasma under the influence of shear has the unique property of slow waves

(low-frequency eigenmodes) co-existing with fast particles (thermal electrons), i.e..

w/kuVjg « 1. in the region away from the rational surface. Therefore, It Is the most

natural system for the application of the orbit averaging [16] or electron subcycling

[17] schemes, and it requires no implicitness. This important feature also exists in the

finite-^ gyrokinetic plasma even in the absence of shear [27).

The scheme can work as follows. One pushes the ions and solves the field

equation with a time step that satisfies Eq. (SI). oAt < 1. while calculating the

electron orbits with a time step of (kg)maxvteAte < 1. where At/Ate = Nt and Nt » 1 .

For successive Ate's, the fields experienced by the electrons are constanat in time,

since the field quantities evolve on a much slower time scale than the electron transit

time, i.e., o> « (k||)max
vte- Most importantly, by accumulating the information on

number density for the electrons for the successive Ate's, one needs N{ times less

particles for the electrons than for the ions to achieve the same statistical accuracy.

Therefore, the number of numerical operations under this subcycling scheme remains the

same as that of a system which pushes particles with a time step prescribed by Eq.

(51), i.e. the frequency of interest.
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The restrictions on grid spacings, Ax± and Ax,,, for a gyrokinetic plasma can be

studied using the procedures similar to those in Refs. 3 and 4. Here. Gaussian-shaped

particles with the widths of a± and a,, are assumed. For l^a,, « 1, kHAx|( « 1. and k =

k l >J> kH' E q > ^ t ) e c o m e s

D (— f « 1 + (uHAt)z exp(-kf a?)
Ps

* I ftpAi) [w(kpAx1/2)l 2 qexp[ i(o>At)q- i(oHAt)z(kpps)2qz] = 0, (52)
p=-«o q=0 l

where

w ( e ) » s i n e / e (53)

is the shape function, k. • k^ - 2ffp/AxJL, and n represents different charge sharing

schemes [3, 28]. The additional harmonics for p * 0 are due to the nonphyslcal aliases

arising from the use of a spatial grid. By assuming k ^ « l and «HAt « 1 and

keeping only p = 0 and ±1 terms in Eq. (52), we arrive at

Dfe).i-(c

= 0.(53)
P=-l.l

It can be shown that the largest numerical growth from Eq. (53). based on the NGP (n =

2) scheme, occurs at k ^ x ^ = rt/1.4 for k ^ = 0.21, i.e., Ax^/pg = 11. Numerical

solutions from Eq. (52) also indicate that, in general, this type of instability becomes

insignificant for

Axx < p s , (54)
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if one uses the linear interpolation (n=4) scheme. The usual unmagnetized results can

be recovered from Eqs. (52), (53) and (54) by dropping the subscript l . and substituting

o H and ps by cope and XD. respectively. (So. the results here are not really surprising.)

Since ps Is at least l~2 orders of magnitude larger than XD for tokamak plasmas, Eq.

(54) indeed represents a significant improvement. Furthermore, it is not really a

restriction, because one is compelled to use a grid spacing of Ax. < ps to provide the

necessary resolution for modes with k i p s = 1. Thus, we are again in a best possible

situation where the grid size is prescribed by the physical process of interest. This is

quite different from the conventional simulation, in which higher order interpolation

schemes have to be utilized to Increase Ax [29).

The dispersion relation describing the stability condition on the grid spacing in

the parallele direction. Ax,, can be derived from Eqs. (52) and (53) by making the

following substitutions: k ^ -» k ^ . kpAxx -• ky-Ax^ where k^ « ky - 2«p/AXg. The

resulting equations are valid for k ^ « 1 and kxAxx « i. Specifically, Eq. (52)

after the substitutions yields

0 ( _ ) . i + (<,>HAt)2 exp(-k?aS
Ps

in •» i
k||pAx,/2)j 2 qexpli(<i)At)q--(<0HAt)2(kpps)

2(k||p/kj|)2q2] = 0. (55)
p=-o»Ki l q=0 2

One important characteristic of the equation is that k ( and k± and, in turn. Ax, and A x r

are coupled through wH. Following the previous derivation based on the NGP scheme, we

can show that the largest growth occurs at kHAxu = it/1.4 for k^ps = 0.21 regardless

the size of Ax, — a rather unique feature. Numerical solutions from Eq. (55) again

indicate that the instability for kxps < 0.21 modes can be suppressed by using the

-206-



linear interpolation scheme (n - 4) together with finite size particles. However, for

k.ps « 0.21 modes, stabilization may have to come from the quadratic interpolation

scheme (n = 6). Although we have not studied the influence of shear on the behavior of

this type of instability, there are good reasons to believe that some degree of

stabilization may occur. This view is supported in part by the recent study on finite-^

gyrokinetic plasma, which has shown that grid instability can be totally suppressed by

(a very small amount of) magnetic perturbation [27]. At any rate, since there is

essentially no restrictions on Ax(|, one can use a three-dimensional grid for an

elongated system (LM » Lj) to simulate tokamak-type problems. The mode expansion

scheme (91. which circumvents the use of a grid in the elongated direction, is a

powerful tool but has its share of drawbacks as well.

A brief discussion on the time step issue for 3D gyrokinetic simulation is in

order here. In general, At is determined by the largest UM (or the smallest k.p.) in the

system, which may be much larger than the frequency of interest. Thus, the use of uHAt

» 1 may be desirable and we have to deal with the problem of numerical growth.

While instabilities due to large kK's associated with the smallest kxps can be

suppressed by finite-size particle effects, those caused by small k's can only be rid of

through Implicit schemes [11. 12,13]. This Is permissible, since the unstable modes

all have k±ps « 1. However, as stated earlier, numerical growth due to large oHAt is

no longer a problem in the presence of shear, and the electron subcycling scheme is

applicable here as well.

Let us now compare the stability conditions of the gyrokinetic plasma with other

models of magnetized plasmas. As we all know, the properties for unmagnetized

plasmas are similar to those for the model based on full particle dynamics [30], in

which XQ limits the sizes for both Axx and Ax,. As for the model using drift kinetic

electrons and Vlasov ions [5], the restrictions become opjAt < 1 and Ax, = Axx < XQ
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(assuming Te = Tj). These conditions can easily be verified with the procedures

described here with the assumption of unmagnetized ions. The main advantage of the

model Is the improvement in time step over the full dynamics code by a factor of

. The drift kinetic model [311. which is not useful for tokamak physics, exists

in the opposite limit of the gyrokinetic model, i.e., ps « Xo. It has the properties of

(ky/k)uueAt ~ 1 and AXĵ  < XQ. The stability condition on hx^ is similar to the

gyrokinetic model except for the fact that the characteristic length involved is XD.

All three models discussed here contain space charge wave? and suffer the consequence.

The last topic of this section concerns the issue of numerical noise. Langdon

[32] has conducted a detailed analysis on the subject for the Vlasov plasma, which

indicates that the fluctuations and noise in the simulation and the usual theoretical

predictions are in good agreement for kvtAt < 1 and Ax < \Q. Thus, if we prescribe to

Eq. (50) for electron transit time and Eq. (54) for grid spacing, kinetic thoery results

can also be used to examine the noise issue in our model. Applying Eq. (13) to the

fluctuation-dissipation theorem, one finds

|E(k, UH) |2/BK = ( X D / p / T/2. (56)

which Is a factor of (XD/p3)z smaller than the fluctuation energy In a plasma where

space charge waves are present. This salient feature has been investigated in Ref. 12,

and it is found that the equilibrium electric field energy is minimun in the gyrokinetic

regime. As such, the numerical noise due to the discrete particle effects is also the

lowest. In terms of fluctuating potentials, Eq. (56) can also be written as

(57)

where N is the total number of simulation particles (electrons or ions) in a wavelength
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of 2n/k. Since the thermal noise level in the usual simulation codes is |e*(k, « H

). the noise in the gyrokinetic plasma is down by a factor of XQ/P S for the

same number of simulation particles. [An example of this property is shown in Figs. (1)

and (2) in Ref. 1. For tokamak-lype parameters, the gain can be much higher.]

As we know, excessive noise tends to suppress the weaker instabilities, which is

the reason why large density gradients have been used in the previous simulations of

drift instabilities [6-8]. The process involved has not been well understood. Here, we

will try to provide an explanation. One may argue that the noise-induced damping that

overcomes the linear growth Y^ is caused by enhanced particle diffusion. Dupree's

resonance broadening process [33] relates the damping increment to diffusion through AY

- kzD (for k = k±). To estimate 0. let us use the random walk model [34] which yields

0 = (Ax)2/2At = A(e*/T) | r m s p s
2 «i /2- (58)

Assuming that A(e*/T)| rms is given by Eq. (57), which is an upper bound estimate, we

obtain

AY/Q, = lcps/2yN = (kps)2 |e*/T |/2 (59)

for the gyrokinetic plasma. By comparison, the noise-induced damping rate In the

Vlasov plasma, AY/Gj = (kps)
2/(2,/Hk).Q). is much larger for the same N. Thus, we can

afford to use milder (more realistic) density and temperature gradients to simulate

weaker instabilities with the present scheme.

Nevertheless, the condition of AY < Yj for the modes of interest should always

be satisfied In the simulation. This Is supported by the simulation results reported in

Ref. 1, 7. and 20. The condition, in turn, determines the allowable initial fluctuation
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amplitude and the total number of particles required for the simulation. For example, in

the case of drift waves in slab geometry, where kxps = 1 modes are most unstable. Eq.

(59) gives AV/O, * |e*/T|. Letting Y£ « oH , we have

I*/T|t=o

where Ln (» l/|icn|) is the density scale length. Since it is commonly accepted that the

saturation amplitude for these modes can be approximated by |e*/Tj t=00 = psAn [21).

the condition imposed by Eq. (60) for the inintial perturbation also agrees with the

usual intuition. Namely, the initial amplitude should be lower so that the nonlinear

physics after saturation Is not obscured by the noise. The derivation here makes the

connection between the two requirements. Furthermore, all the modes in the simulation,

with a fixed kH associated with V£. should also satisfy Eq. (80) initially, because Eq.

(57) is constant for all the corresponding It's in this case. The consequence is that

" total ' cons^ant x (Lj.)2- where L^ is the size in the perpendicular direction. This is

true regardless the size of the grid. Since the computer resources determine the

maximun allowable ^ /o/3j in the simulation, they utimately restrict the plasma volume

for the gyrokinetic particle simulation.

Thus, the only real limitation for our model comes from the noise consideration.

However, with the satisfactorily resolution of the time step issue, and with the

availability of the present generation of super computers, the limitation in general lies

beyond the regime of our Interest.

VI . DISCUSSION and CONCLUSION

In this paper, we have presented an efficient computational scheme most suitable

for studying the physics issues concerning low-frequency microinstabilities in
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tokamaks. By exploring the various aspects of the model in terms of its numerical

properties, we are convinced that it is indeed a viable approach. Hopefully, the new

scheme will eventually help us in unrevelling the mystery of anomalous transport in

magnetically confined plasmas.

At present time, a two dimensional (x, y. u, vB) gyrokinetic particle code has

already been used to Investigate various gradient-driven mlcrolnstabiItties In slab

geometry, providing us with some highly interesting results [20-22]. For example, it is

found that nonlinear E » B trapping of the electrons is the dominant mechanism for the

saturation of collisiontess drift instabilities [201. In the case of ion temperature

gradient driven modes (t^-modes). saturation comes from the nonlinearly-generated

zero-frequency current and pressure response, which cuts off the avalability of the free

energy source [22\. Most importantly, the simulation results have indicated that steady

state transport is intrinsically stochastic, in which electron-ion collisions also play an

vital role [21]. As such, the parameter dependence is totally different from the

estimtes based on quasilinear diffusion. The latter in its various forms has been used

for the development of scaling laws (35].

The next item on our agenda is the development of a 3D gyrokinetic code in

toroidal geometry. The recent generalization of the slab formulation of the gyrokinetic

equations [1, 2] to toroidal geometry [36, 37] certainly helps this endeavor. There is no

foreseeable difficulties in the computational front for such a code. The choice of

coordinates may be a Issue. At the moment, the magnetic coordinates [38] seem most

attractive. We also plan to implement the finite-^ effects in the code. The recent

analysis (27] has shown that the inclusion of magnetic perturbation completely

stabilized all the numerical instabilities induced by the aliases. This interesting

property should be pursued further. With a three dimensional toriodal finite-^ code, one

could investigate a variety of instabilities and their nonlinear consequences, such as

dissipative drift instabilities and rippling modes related to edge turbulence, trappped

paticle instabilities in ohmic discharges, Hj-modes in beam-heated discharges as well

as MHD-related tearing modes, interchange modes and ballooning modes. Such a code can
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also find applications in other areas of plasma physics.

Let us conclude the paper by giving an example of tokamak simulation based on

the CaHech tokamak 139], The revelant parameters are: a =16 cm. Ft = 45 cm, ps = 0.15

- 0.3 cm. Te =25 - 100 ev. and J) = 0.3*. From Eq. (60), we can choose |e* /T | = 1 * as

the maximum allowable level for the intial fluctuation. Since kps =0.1 is roughly the

smallest wave number here. Eq. (57) gives N = 106 as the required number of particles

for the simulation. For an elongated 3D grid with Ax± = ps, it gives approximately 8

particles per cell. The memory and disk storage requirements for such a system is well

within the capability of the Cray-II computer. Using a time step of At = 1 psec. which

is sufficient to resolve the observed tow frequency fluctuations, we can simulate 2

msec of the discharge with 2000 time steps of particle pusing. For a figure of 50-100

user per particle per time step on Cray-II, the total CPU time is about 50-100 hours.

In our opinion, this is rather reasonable. For simulating large size tokamaks, e.g.. TFTR

at Princeton, an order of magnitude increase in the number of particles Is needed, which

may not be practical for the present generation of computers in terms of CPU time. On

the other hand, one does not need to use the total cross section of the tokamak for

simulating microinstabilities. which are believed to be active only in the outer region

(q > 1) of the torus (19. 35. 39).
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Implicit Particle Simulation of Magnetized plasmas
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Abstract

An accurate, direct method for the implicit particle simulation

of magnetized, multi-dimensional plasmas is developed. Second-

order temporal accuracy is attained for to At < 1, with w a charac-

teristic frequency and time step At. A time decentered particle

push permits the efficient simulation of strongly magnetized

plasmas.

Numerical results for ion-acoustic fluctuations and for an

unstable gravitational interchange demonstrate the usefulness of

the method applied to low frequency plasma phenomena.

* Science Applications, Inc., Austin, Texas 78746

** Institute for Fusion Studies, The University of Texas, Austin,

Texas 7871
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I . Introduction

He describe a recently developed algorithm for the efficient

particle simulation of low-frequency phenomena in a strongly

magnetized, collisionless plasma. Example of possible applications

are, kinetic modifications of MHO waves and instabilities, colli-

sionless plasma tearing modes and radio frequency plasma heating

or current drive at low frequencies. These phenomena are those

whoes characteristic frequency (mode frequency) co is much smaller

than either the plasma frequency copa or cyclotron frequency ila for

one or several species a (co « as a, ila ) •

The algorithm differs from conventional particle simulation

methods'1', which are appropriate for short time scale plasma

phenomena. In contrast to these methods, for which the maximum

allowable time step At is limited to multiples of a>pa~i or ila'1, a

direct implicit treatment of the particle and field equations

allows much larger time steps to be used.

The possibility of using implicit field computations for

particle simulation was considered by Langdon <2), and it was

concluded that a direct inversion of the implicit particle

difference equation was impractical. Mason*3) showed that including

the time-advanced plasma response only through the cold fluid

response was sufficient for stability. An alternative to this

moment-implicit method is the direct implicit method.(4>"(8)

Although the method described here has been applied to fully

electromagnetic plasma simulation and may include finite

gyroradius effects for arbitrarily large time steps(9)'<10)» the

present paper is limited to a description of multi-dimensional

electrostatic plasma simulation algorithm.
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For this purpose, the static magnetic field is taken to be

uniform, and all effects of finite gyroradius are neglected. The

features of the algorithm described here are as follows: First,

the Implicit difference equations of motion are second-order

accurate for small coAt, and the numerical damping of such low-

frequency modes is much smaller than that for first order scheme.

Seconds, the implicit equations are formulated using the direct

method with simplified differencing. This allows the consistent

inclusion of finite size particles so that long wavelength modes

are very accurately represented with relatively few particle per

cell. Decentered time differencing of the Lorentz force permits

the efficient simulation of strongly magnetized plasmas (£2aAt>>l).

The algorithm has been implemented in bounded as well as

periodic configurations. Ion acoustic wave propagation properties

in a uniform thermal plasma have been tested. Application of the

algorithm to a gravitationally driven interchange instability have

also been carried out.

Following the earlier work's'* our direct implicit algorithm is

outlined in sec.II. Numerical results for ion-acoustic fluctua-

tions in a thermal plasma and for a gravitational instability are

presented in Sec. III. Finally, in Sec. IV conclusions are given.

II. Outline of Direct Implicit Algorithm

Following the finite size particle method*1*'*2' a collisionless

plasma is represented by the use of a large number of superparti-

cles, which move in accordance with the equation of motion (in

rationalized MKS units)

Xj = Vj , (2.1a)
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Vj - *a(Xj,t ) + V3 z fla (2.1b)

for j-1,... No, and the species index a=e,i. In Eq.(2.1) the over

dot represents the usual time derivative. In Eq.(2.1b), AQ is the

electric acceleration felt by the particle of species a

-) [«ar MX-X' )E{X' t) ( 2- 2>
Q

m
A =(-) [«ar M.X-X' )E{X' ,

where qa» ma, are the single particle charge and mass for species a

and h is the particle shape. Also in Eq (2.1b)r J2a = (g/m)aB is the

cyclotron frequency. Although tla may depend on X and t in general

case, iia is taken as a static constant in the present paper.

Electric field is given by solving the equation

E.= -A$ (2.3a)

:-p (2.3b)

where the charge density p is given from the particle data.

p = 2q,A(X-Xj) (2.4)

To solve the field Eqs.(2.3) and (2.4), a grid is introduced in

the usual way and particle quantities are interpolated to and from

this grid. Thus, for a set of grid points Xg the difference

operator in Eq. (2.3) are evaluated by finite differences or

finite Fourier transforms.

The particle shape h is interpolated as

l+f "V "V. \ A, \* i \*f v v * \ i f 'v i v t \ / 1 c \
H\ AO " AiJ Lit? til Aa - Ail J I [ A.a " Ai / , I £ • D I

for some interpolation function i.

This determines the "raw" charge density

%=^aq.UXg-X), (2.6)

j

The sum taken over all particles of species a.
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In terms of na, p is given by a convolution with h
(2.7 )

Po= \g gg a V

The particle force is interpolated by the same rules

Aa(Xj,t) = Si(Xj-Xg)H*E(t) (2.8a)

H*E(t) = S h{ Xg-Xg- )E(Xg«, t) (2.8b)

So that particle self-force is avoided

Denoting time levels by superscripts, the normalized

difference equation corresponding to Eg.(2.1) are written as a

modified leap-frog scheme.

yt+l — yi i yn + I/2 (2.9a)
j j i

(2.9b)

The super bar represents, as yet anspecified, an combination of

various time levels of A\ The field equations (2.3) and (2.4)

becomes

where f = NxNy/N0 (At)2, NX,NY are the number of cells in the x,y

directions. The normalized time step is given by At=oopoAt, where

is the mean electron plasma frequency.

In Eq. (2.9), the normalized quantities are given by

X = X l b (2.11a)

(2.11b)
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A =<*-) —fl»2? < 2 ' l l c >
a m a A

O = ( £ ) MB (2 . l id)
a TO a

where ya is a decentering parameter and A is the spatial mesh

spacing assumed uniform and the same in all dimentions, for

simplicity. The carats has been dropped for notational convenience.

P o r Ya
 = ° an<3 (A~£=A£), Eq.(2.9) becomes the usual time

centered Lorentz force equation for advancing particle data. This

difference scheme is absolutely stable and second order accurate

for ila < 1. For ila » 1, yo > 0 gives damping of the cyclotron

motion. The resulting difference equations describe the zero-

gyroradius, low-frequency motion of species a (9).

Consider next the electric acceleration term or the right of

Eq.(2.9b). Stability of the method for At » 1 requires that AQ

contain information about the time advanced electric field. This

term represent the self-consistent collective interaction of all

simulation particles through the Maxwell Eqs.(2.3) and (2.4).

These implicit equations cannot be solved directly. Either addi-

tional information about higher moment needs to be introduced (3)

or a predictor-corrector method'9' can be developed which directly

expresses the plasma response to the time advanced electric field.

The derivation here follows the latter approach in which the

mechanism for including finite sized particles becomes trans-

parent .

In the predictor-corrector method, a prediction is made by

pushing the particles using some guess for the unknown, time-

advanced field.
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The error in satisfying the implicit field equation is computed.

A field adjustment is computed in which the plasma response is

estimated from the particle equations of motion. Then a correction

to the particle data is made by again pushing the particles with

the corrected electric field.

The first estimate of the potential is provided by <j>"~ (J)""1.

Then the error in the field Eq. (2.10) is corrected by adjusting

*", taking account of the change in the right-hand side induced

by a change in 4> ".

Denote a predictor-corrector interation level by a super-

script t. Then let tn" be the raw densities resulting from
a

pushing the particles with

That is

with *n£ given from the following recursive filter*9'

(1) or (2) with n£+1 replaced by the above estimate.

Q" = i(Qn+1+ Q""1) (1)

Q"= -(Qn+1 + 2Q"~1- - Q""2) (2)
5 2

where Q is a general quantity.

Associated with the Ith iterate there is an error in Eq. (2.10)

e ' r V " * " - / - ^ ^ ; - ' ? ) (2.13)

a correction to *$nis sought such that *+ie ~ 0.

Let 5 denote first-order changes associated with /•*•€+!, so that
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<+!«».. V + 0 * , e t o *

The change Se is computed to give a linear corrector equation

from which 8$ is determined. For this Sno is estimated from

Eq.(2.9). Apparently from Eg.(2.9a) and (2.9b), the change in the

time-advanced particle data is given by

5'x"+1=6V+lfl=S — V64.(Jf") (2.14)

where

a

and I is the unit diadic.

Thus, from Eg. (2.12),

The field corrector is obtained from /+le ~ £t + Se = 0.

Thus, 8$ should satisfy

V28$ + AH 2' [Sv8$] = - < C (2.16)

In the above fn = 1/2 for (1) and 2/5 for (2), and the matrix

Also in Eq (2.16), term of order kv (k; wave number) have been

ignored.

To complete the predictor-corrector iteration scheme, Eq.(2.16)

must be solved for 8$ and all of Eq. (2.9) are advanced to the

next time step.
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III. Code Tests and Applicaion

In this section, test results obtained from a one-dimensional

code based on the low frequency electrostatic algorithm outlined

in Sec.II are presented. Application to an unstable gravitational

interchange of a magnetized two-dimensional plasma are also pre-

sented. In both cases, the second order accurate implicit scheme

(2) has been used and quadratic interpolation to interpolate the

charge density from and the force to the particles.

The fluctuation spectrum and dispersion were observed using a

one dimensional unmagnetized version of the algorithm described

above. The test parameters are (system length) Nx = 256A, (number

of particles) No = 10512, (particle size) a=3A, where A is the

grid spacing with Gaussian particle shape presented by h = exp (-

k2a2/2), (ion-to-electron mass ratio) mi/me = 100, (electron-to-ion

temperature ratio) Te/Ti = 20. Electron and ions are loaded

uniformly on the spatial mesh at t=0 and given Maxwellian velocity

distributions for this thermal run.

Three runs were carried out, corresponding to values of

thermal velocity VT=0.05,0.005, and 0.0005, respectively, so that

the electron debye length is Ane /A = 5xlO"2, 5x10-3 and 5x10-* for

the three cases. The time-step can then be chosen as wpe At = 10,

102 and 103 depending on values of VT, a factor of 50-103 increase

over that allowed for an explicit code in which we has to be

resolved . The calculation comprises 16,000 time steps so that

many ion-acoustic wave periods are resolved. Since the plasma is

nearly uniform, the iterative solution of the implicit field equa-

- 2 2 5 -



tion requires only two iterations to converge to a relative error

of 10-5 of the equivalent mean density. No interation of the

particle pushing beyond the first correction has ever been

necessary. The collective behavior of the plasma at frequencies

ca«a>pe is displayed in Fig.l (a) and (b). The ion-acoustic

frequency spectrum, normalized frequency, co / cope , versus

normalized wavenumber, kAo, is shown in Fig.l (a).

The time averaged electrostatic energy per wavenumber,

<Ek2/8n>, normalized to the themal spectrum is shown in Fig.l(b).

For one set of parameters, the simulation plasma can only carry

waves within a range of wavelengths delimited by the system length

and spatial grid size or particle size. The results from each of

these three runs covered a two-decade range of values for KA D,

with successive runs overlapping in an intermediate decade.

Finally, all of the results from these three runs were then

combined into one graph that covers the entire four decade range

for kAD, shown in Fig. l(a) and (b). The measured frequencies and

time averaged electrostatic energy thus obtained are shown by

crosses (AD = 5x10-*), triangles (AB = 5x10-3 ) and circles (AD =

5x10-2) in Fig. l(a) and (b). The frequency, co/o)pe varies over

four decade range. The theoretical ion-acoustic dispersion

relation, ta/cop, versus kkDr obtained from a numerical solution

including finite particle size effects is shown as three solid

curves with different values of AD in Fig.l(a). The measured

simulation frequencies are in excellent agreement with the theory.

No mode frequencies higher than the ones plotted were observed in

the spectrum.

For T, » Ti and a« cop,, the fluctuation spectrum of a two

temperature Haxwellian plasma can be written as
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<E2
k/Sn> k2 X^ h\k)

KBT II 1 + k2 \2 h2(k)
(3.1)

The fluctuation spectrum predicted by Eq.(3.1) is plotted as the

upper three curves in Fig.l(b). The lower three curves is the

spectrum one would obtain with Botlzman electrons, i.e., in the

absence of electron Landau damping. The simulation fluctuation

spectrum indicated by crosses, triangles and circles follows the

prediction of Eq.(3.1). Note also that the wavenumbers with

maximum energy observed in the simulation and predicted by theory

agree exactly.

In summary, the fluctuation spectrum indicates that the

resonant electron response at low frequencies is described

accurately by the implicit method. It is also clear from these

results that fluctuations at mode frequencies higher than the ion-

acoustic range have been suppressed. These one-dimensional results

clearly demonstrate the efficacy of the implicit method described

here for studying low-frequency phenomena in a thermal plasma. We

note that raising At by lowering vT has the consequence that the

wave vector k of the scope of the simulation becomes small with

respect to A,,"1 since ID + D as vT + 0. Raising At by increasing

grid spacing A also makes k small with respect to AD'1 simply

because A is large. In our implicit code, both making vT smaller or

A larger, therefore focusing on ranges of smaller frequencies or

longer wavelengths, are possible without causing numerical

instability.

Next, a two-dimensional, magnetized plasma is examined using

these methods. An unstable gravitational interchange is studied in

two dimensions for an inhomogeneous plasma. This simulation is

carried out for (system size) Nx x Ny = 32A x 32A, (number of
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electrons and ions) No = 4608, (mass ratio) mi/me = 100, (electron

cyclotron frequency) iio/Wp« = 1 and (particle size) a/A = 3. The

magnetic field is normal to the plane of simulation. The system is

bounded in y by conducting walls and periodic in x. Electrons and

ions are loaded initially with their guiding center velocity (V±

= 0 ) in such a way that the distribution of particles is uniform

in the upper half of the simulation domain. No particles are

loaded in the lower half of the domain. A gravitational downward

acceleration drives an unstable interchange localized near the

interface at the middle of the domain.

The simulation results for g = 2xlO~9 are summarized in Fig.2

(a),(b) and (c). The plasma is initially perturbed by a mode with

the longest wavelength in x, k= 2n/NxA, so that the growth rate of

a single mode may be more accurately measured. With only noise as

the initial perturbation, several long x wavelength modes grow

simultaneously with nearly equal growth rates. The time step used

in the present implicit simulation is At = 103 G)pe-i . To optimize

code performance in achieving such a large time step, a

decentering parameter value of ye = ŷ = 0.1 is used in the implicit

simulations.

Fig.2(a) shows various snapshots of the potential contours on

the x-y plane with double periodicity in the x direction. The

snapshots of the ion positions are also shown as points in

Fig.2(b). As can be seen, the unstable interface near the middle

of the simulation domain evolves through a linear growth stage,

toward a nonlinear "spike and bubble" stage. The only saturation

mechanism is provided by the finite size of the conducting walls.

For the sharp density gradient case, considered here, the

growth rate of unstable mode is given by
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J=-\kJg/(l +2Q2./u>2p.), (3.2)

where g is the gravitational acceleration.

In Eq.(3.2), the effect of the polarization motion of the ions

is very important for high density plasma («pi / Hi » 1). If the

polarization motiion is neglected, the first term in the

denominator of Eq.{3.2) is omitted and the growth rate becomes

unphysically large for high density case. For the simulation

parameters considered here, G)pi /Qi = 10, so the physical growth

rate y~ Vlfc \g .

In Fig.2(c), the electrostatic field energy and gravitational

potential energy are shown in a regular and semi-log plot as a

function of time. The growth rate determined from the energy in

Fig 2(c) is in good agreement with the theoretically predicted

value.

To verify the correct modeling of ion polarization motion,

several runs were carried out, corresponding to values of Qi /copi

= 0.1, 0.6, 1.2, 2, 3, and 4,respectively. The measured growth

rates are in excellent agreement with the theoretical values

predicted by Eq. (3.2) plotted as the solid curve in Fig. 3.

IV. Conclusions

The second-order accurate simulation method descrived here is

appropriate for the study of low-frequency phenomena in a magne-

tized plasma. The guiding center motion of both ions and elect-

rons is accurately followed for Qa » 1 by a simple decentered

differencing of the Lorentz force particle pushing equations.

The one-dimensional test results clearly demonstrate the

accuracy of the implicit method of Sec.ll for studying low

frequency phenomena in thermal plasma. The dispersion relations
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and fluctuations spectra measured in the simulations agree very

well with theoretical expectations. The ion-acoustic fluctuation

of a thermal plasma demonstrate the accuracy with which kinetic

electron effects on low-frequency oscillations are represented.

The results also show the implicit algorithm makes it possible to

increase the simulated spatial scale with respect to the Debye

length and therefore possible to focus on phenomena of any range

of frequency and wavelength.

The simulation of an unstable gravitational interchange in a

sharp density gradient plasma, demonstrates the applicability of

the method to nonliear phenomena at extremely low frequencies.

The algorithm described here has been extended to the fully

electromagnetic case.*10) Many of the extentions have been outlined

in the references.
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Figure captions

Fig.l (a) Frequency spectrum for thermal plasma. Normalized

frequency versus normalized wavenumber is plotted. Curve is

theory.

(b) Fluctuation spectrum for thermal plasma. Normalized

electrostatic field energy as a function of wavenumber is

shown. Upper curve is theory including electron Landau

damping : lower theory neglecting electron Landau damping.

The results of three runs are combined into the figure

that covers the entire four decade range for k\0.

Fig.2 (a) Snapshots of potential contours and (b) point plot of

ion positions for eight different times, (c) Electrostatic

field energy and gravitational potential energy as a

function of time for unstable gravitational interchange.

Fig.3 The measured growth rates of unstable gravitational

interchange with different values of £2i / oopi.
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High Order Spline Interpolations in the Particle Simulation*
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ABSTRACT

In the conventional plasma simulation models using particles, in

which the total momentum is conserved, the total energy is not

conserved due to nonuniformity of space caused by the spatial grids.

The grid spacing has been severely limited of order of the Debye

length. It is found that the use of the high order spline spatial

interpolation removes this limit without a significant increase of

the computation and complexity of the algorithm in the system that

only the long-wavelength, collective phenomena are important. The

theoretical analysis of the total energy is improved compared with

the previous work and its scaling law is related to so-called the

aliasing error explicitly. The coefficient rj introduced previously is

referred as the model index and is used again as a measure of the

accuracy of the models for the energy conservation.

*to be published in J. Comput. Phys..
**present address: NEC Co., 5-33-1, Shiba, Minatoku, Tokyo 108,
Japan.
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I. INTRODUCTION

In the conventional plasma simulation using particles, the use
of a grid associated with the spatial interpolation is inevitable for
the practical runs using the present digital computer, because the
number of the particles used is so large. Some simple models such as
Nearest Grid Point (NGP) [1] , Cloud-in-Cell or Particle-in-Cell
(CIC-PIC) (2,3,4] and dipole expansion and Subtracted Dipole
(SUD) [5] have been commonly used.

It is well known that the applicability of the particle
simulation using these simple spatial interpolations has been limited
severely when the Debye length is shorter compared with the grid size
[ 13] , while there have been several attempts to reduce the
restrictions [6,7] , more efforts may be necessary for the wider
application to various problems of physics and technology. Here, we
review the origin of the restrictions on the grid size using a
one-dimensional electromagnetic code including the full dynamics of
the particle motions.

We denote the plasma angular frequency as ap , a time step as At,
a grid spacing as A, a Debye length as fo , and the light speed as c.
In conventional plasma simulations, three conditions must be met:

(i)

(ii)

(iii) At sSA/c.

The relaxation of the first restriction (i) promises us a
significant improvement of the particle simulation for realistic
environment: We have many unresolved problems, in which the
collective modes with their wave length much larger than the Debye
length ID are dominant and the fluctuations with the short wave
length are small enough to be treated as the collisional effects. We
have much computational gain, if we succeed in getting
high mgain = A/AD in the case of the three dimensional problems.
Therefore, some efforts have been done by the many authors. These are
reviewed simply in Ref. [6,7] .

Furthermore, it is easily pointed out that the relaxation of the
first restriction (i) may help relax the restriction (iii). The time
step At may be chosen to be the smaller one between l/wp and
(irigainVte/c)/<j>p , where vte is a thermal speed of the electrons. In the
case of a low temperature plasma (vte/c«\ )> the computational gain
on the factor %,;„ to At is clear in addition to the gain to the grid
spacing A.

Here, we summarize a brief history of the improvement after
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appearance of CIC-PIC. Abe, Miyamoto, and Itatani [4] have for
the first time succeeded in confirming superiority of the higher
order spatial interpolation using the quadratic spline and the Fast
Fourier Transform (FFT) in the case of A S lu and observed a
decrease of the total energy error compared with the linear
interpolation, when the quadratic spline is used.

Then, Okuda et al. [6,7] challenged to treat the cases of
Ao/A = 0.1 ~ 0.01 and succeeded in finding its way. They have tested
the quadratic spline, cubic spline, and the Gaussian interpolations.
Nakajima, Abe, and Itatani [8] applied the quadratic spline to a
two-and-one-half, electrostatic dimensional simulation on the wave
propagation and plasma heating and have succeeded in treating the
large space as an application.

One of purposes of this work is aimed at resolving a problem of
treatment of iLg/A ~ 0.001 . We conclude that the use of the higher
order splines is one of the most appropriate methods to reduce the
restrictions on the grid size compared with the Debye length for the
present digital computer including the so-called super computer such
as CRAY in US or VP, S, and SX in Japan. We give an example where the
5th order spline functions have been tested.

As a measure of the reliability of the particle simulation, the
total energy error has been usually monitored. At first, its
semi-empirical laws on the simulation parameters were obtained by
Hockney [9,10] and Lewis et al. [11,12] .By introducing rough but
useful assumptions, Abe et al. [4] succeeded in theoretical
analysis, with a scaling law on the temporal fluctuations of the
total energy by representing the standard deviation of the total
energy error. They introduced the proportional coefficient r] inherent
to the spatial interpolation scheme. If we find a spatial
interpolation with smaller )?, this interpolation may be judged as a
better from a viewpoint of the accuracy on the conservation of the
total energy. In this sense, we now rename n as a model index.

Usually, a self-heating time TH introduced by Hockney [ 9 ] is
used as a measure of accuracy of the total energy error. The meaning
of the self-heating time is easily understood. However, it is
inconvenient for the cases of the system with little energy error in
order to measure directly, because much computer time is thought to
be needed. On the other hand, the model index is easily measured as
shown in this work, even though the final energy error is very small.
The relation of the heating time, T« , and the model index TJ is
introduced as ih « l/vz in Ref. 15.

These total energy errors have been shown to be originated by
the aliasing error by Langdon[13] , however, Abe et al. did not
clarify the relation between their scaling law and the aliasing
error, because their analytical way was difficult to represent the
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aliasing error explicitly. It is shown in this work that the relation
between the scaling law and the aliasing error can be clarified by
the modification of the previous work [4] .

II. THEORETICAL ANALYSIS OF THE GRID FORCES

For simplicity, we examine the most basic case: a periodic
one-dimensional, electrostatic system, which is assumed to be
composed of two species of N ions and N electrons and to be charge
neutral. The mass and charge densities of the jth particle are ntj and
e,, respectively. In the gridless simulation system, the force Fj
acting on the jth particle may be expressed generally^ by the
convolution integral of the weighting function W(x) and the electric
field £(x) as

(1)

where L is a period of the system. The physical and the mathematical
meaning and figures of the weighting function V(x) will be related to
the methods of the spatial interpolations and will be explained
later. The equation to the electric field may be given by

From the periodic boundary condition, the weighting function
W(x) is Fourier-expanded as

Applying Eq. (3) to Eq. (1), we get

Fi = ̂ f £ e{ £ fs- ain[fc.(ij-n>] . (4), E

1 When the delta function S(x) is substituted as V(x) , the
force is reduced to the usual representation: F;=e,£(x,-).
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Now, we introduce the spatial grids on which the physical
quantities are numerically calculated and used as the basic
quantities of the spatial interpolations for the purpose of saving
computer time. We define the weighting function Wg in a gridded
system as

Vg(x.ij) = £ V(IA-Xj) 8(x-lA) , (5)
i-o

where Mz is the number of the grids in the system and the grid
spacing A is L/Mx . This equation may be useful for coding the actual
simulation program using the spatial interpolation proposed in this
paper.

As a result of the spatial interpolations using the grid
quantities, the weighting function Wg , unlike W, in the gridded
system cannot be expressed by a function of the differences between
the observation point x and the particle point xy. This causes the
Fourier coefficient Wgn to be a function of Xj , Ifrsm=T/sw (x;-).
Therefore, we may Fourier-expand Wg as

hi /V T - *l — _ ) ^ W f-r • ̂  £>tks(r-i.) ff>\

»g\x,j.1 ) - . /_, »gi» (,xj ; K , (.o;

where Mc <Mx/2 .

This means that the spatial uniformity is lost in the gridded
system. In the gridless system or the real space, the spatial
uniformity may hold and give a necessary condition for the energy
conservation.

The Fourier coefficient Wgm (Xj) can be actually calculated as

"am {Xj ) - «•» + tLm (X, ) , (I )

By comparing Eqs. (6), (7), and (8) with Eq. (3), we may give
the gridless weighting function W(x) the physical and mathematical
meaning in this paper. In other words, the Fourier coefficient W,, of
W(x) for mSMc is the averaged value of Wg, (x,-) on xy, when x,- is
assumed to be at random distributed. The difference between Wg»(Xj)
and Wm , EmCxj), is sometimes called the aliasing error (13) .

Rewriting Eq. (6) by using Eqs. (7) and (8), we can separate the
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weighting function Vg(.x,Xj) in the gridded system into two parts:
Wo(x-Xj) with the spatial uniformity and the rest, in a sense error,
E(x,Xj) as

Wgd.Xj-) = W0(x-Xj) + E(x,Xj) , (9)

No

E
No

Vo(.x-Xj) = f E V. e ^ 1 ^ (10)

; X > , (11)
n=-oo

8,- = x,-/A - [i,-/A] , (12)

VBd-Xj)=f E V-rffc e^<«'> , (13)

where the square bracket [ ] in Eq. (12) denotes the Gauss notation.
The function Wo (x-Xj) is a function which is generated by
inverse Fourier expansion of a set of the infinite Fourier
coefficient: 14 for m£Mc and 0 for m^Mc .

For the computational convenience, we usually choose W(x), such
as it is spatially localized or it vanishes outside of the region
with the finite length. On the other hand, Vo(x) is not localized
generally.

The function E(x,x,) is a representation of the aliasing error
in real space and is an infinite series whose components are products
of the function I/n(x-Xj) with the spatial uniformity and a phase
factor representing the differences between the grid point and the
particle position.

Using Eq. (7), we can get the force acting on the jth particle
in the system:

2e w c 1
Fgi = T / E e, E -r- [Gs,m(xi,xi)sinkI(Xj-xi) +

Gc.m (Xj ,Xj )COSfc. (Xj-Xj )] , (14)

Gs,n(Xi,Xj) = [V.+e.R(Xj)] [Wm+cJ(,Xj)) +cj (Xj)eJ (Xi) , (15)

Gt..(H,ij) = c,1 di) [fc'.+eB
B(n )) -e.1 (Xj) [!4+e.Rdj)] • (16)
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= ReCE.) , c,1 = ImCE.) (17)

As was done in Ref. [4] , we assume the grid forces defined as
the difference between the force acting on the particle with the
spatially uniform weight Wo (x-Xj) and the force acting on the
particle with the gridded weight Vg(x,Xj) . Then, we find

SFj = —f E e, { E T~ [Frs.*(xi,xj)sii±m(xrxi)+
COL ;| i L

jxrXi)) } , (18)

where

F,..(u,i,-) = Gs..(.Xi.Xi) - K2 . (19)

Next, we used the same assumptions as in Ref. [4] .We may
summarize them without losing their essence and replace them by a
simplified assumption that the positions of the particles are
distributed randomly at each time step of the simulation. Then we get
the squared value of the standard deviation of the grid forces in the
system, <8F2> .

<6F2> = ( f^ ) 2 t (f f [ I42 tiV<U + V-^H

i C Efli^n, + V£*x) 32 ) > (20)
^ n=l

This equation is confirmed numerically by using the Monte-Carlo
integration scheme where the particle positions Xi and x; are taken
as uniform random numbers.

In the simulation model using the Fast Fourier Transform (FFT)
method, we may adopt the Gaussian filter which reduces the magnitudes
of the higher modes in fc-space. By the introduction of the
characteristic radius R, Eq. (20) is slightly modified as

t (f )2 f Gj WS 2 ( 1 ^ + WmU) +
m=] K» n=1

5 GL*C Ed/, 2^ + I4?n«J 32} , (21)
^ n-l
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G. = exp(-^f-) . (22)

Now, we can estimate the magnitude of the total energy
fluctuation due to the grid force. The kinetic energy variation in
the system due to the grid force is approximated as [4]

ft = § V' *' • (23)

If £F,- and the particle velocity Vj do not have any
correlations, the standard deviation of the temporal derivative of
the kinetic energy in the system is evaluated as

^} = <i/> <8F2> , (24)
at

where a(x) denotes a standard deviation of an ensemble x.

Relating this equation with Eq. (21), we can get

CO* <1?> T)Z < (25)

where

,, 2 _ e2N , 1 , 1 , e2N ,~s

IT t (r-> ! ̂  v' £
K R-l

Here, the coefficient, i.e., the model index, rj is the same as
that defined in Ref. [43 , but is more general and is represented by
the Fourier coefficient of the aliasing error (In Ref. (4) , the
aliasing error is treated implicitly using the quantities in real
space). In the case of MC=MX/Z 2, the model index rj only depends on
the model and the cloud radius R.

^Throughout this paper, we set as Mc=Mz/2.
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When Mx is increased to be infinite, r) tends to a definite
value. If Mx is sufficiently large (Mx>10 )• 77 is considered to be
almost independent of Mx. In other words, rj is thought to be
determined by the interpolation scheme used in the simulation model,
as introduced in Sec, I.

III. THE PROPERTIES OF THE SPLINE FUNCTIONS

We define the (n-1 )-th order spline function Tt^(x) as a
function which is obtained by folding the rectangle function with
square form (n-1) times by the convolution integral in real space, in
real space^.

Then, their Fourier components in fc-space are

WM - r sin(fc»A/2) n .
"' ~ C (fc»A/2)J ' (28)

where k,=2mA •

Their forms in real space are shown up to n=6 in Fig. 1. As seen
easily, n=l corresponds to NGP [1] , n=2 to CIC-PIC [2,3] ,and n=3
to the quadratic spline or the modified method 2/2 [4,6,7,8] .

These (n-1)-th order spline function has the following features:

(a) The higher components in fc-space are small.

(b) The 0-th mode in fc-space does not include the aliasing
error and its magnitude is unity, i.e.,

V»*nMx = I for m=0 and n=0,

= 0 for m=0 and n =¥ 0. (29)

This is equivalent to the condition for the charge
conservation in the spatial interpolation at any
points [13] .

(n-1)-th order spline requires n points for charge and
current sharing and spatial interpolation of the field quantities.
Therefore, we can call the n-point spline for the (n-1 )-th order
spline [15] .
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(c) In the finite region of real space, their values are
finite, i.e.,

W(x) * 0 , for -nA/2 ̂  x^ +nA/2
W(x) = 0 , for xS -nA/2 and xi+nA/2 (30)

(d) They are piece-wise polynomials of order n-1 in real
space and their derivatives are continuous to the (n-2)-th
order.

(e) The higher order spline function approaches the Gaussian
function with the mean value of zero and its standard
deviation o=A(n/12)l/2 . As a result of the spatial smoothing
due to use of the higher order spline, this spatial
interpolation deteriorates the spatial resolution to the
degree which is shown in an example4.

Here, We assess the aliasing error by defining the following
value:

= J (31

where p(Xj) is the probability density and is assumed to be uniform
in the system.

The numerical results are presented in Fig. 2 in the cases of
R=0.0 and fl=A. We can see that the aliasing error becomes smaller
almost by one order of magnitude, when n is increased by one.
Especially, the decreases to the lower modes in fc-space are very
important, because these modes are physically important and should be
retained in the computation.

IV. COMPARISON BETWEEN THE MODEL INDEX r) AND
THE MEASURED VALUES

Along the scheme explained in Sec. II, the simulation has been
carried out and the value of i) is measured up to n=6. The electrons
and ions are uniformly set initially. Their velocities form a
maxwellian distribution, and their mean value and the thermal speed
are adjusted to be exact within each region which is a piece divided
to 20 from one period L of the system.

example, a is about 0.7A in the case of n=6. When we use
the Gaussian filter with radius R=A , the effective radius of the
cloud may be approximated to be (R2 + a 2) 1 7 2 = 1.22 A.
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The particles are pushed by the standard leap-frog scheme. The
model index r? is approximately measured through the calculation of
the total energy error. This method is the same as used in Ref. [4]
except for the minor improvement explained in the following:

ldt) - Nd L.

where

Wi = Hi-Ho . (33)

Then, we get the empirical 77 from the next equation.

„ _ Or A/x)V2 N (m/u) <Vi2> + (W./M) <Hr2> „ , , , ,
Veip = ^L «„,*> + <ve

2»"2 °exp • ( 3 4 )

In Fig. 3, both the analytical values of the model index 77 and
their measured values are shown as a function of the radius R of the
Gaussian filter. The simulation parameters are AD/A=1.O, copAt=0.04,
N=4O0, and m;/me=100 . The time step is small enough as to avoid the
measurement error of aexp due to the temporal integral. In the usual
simulation aimed at the physical study, the longer time step may be
recommended from the economical point of view. In any case of n, the
measured values are seen to be slightly larger than the analytical
values, but their qualitative agreement is said to be quite well in
spite of the subtlety of the problem. In Tab. 1, the analytical
values of r? are presented for R=O.Q and R=A.

Next, we have measured the model index r) as a function of AD/A
between 0.5 and 0.001.

The simulation parameters are N=400 and =3200 , mi/me=100 . and
apT=100 and 1000, where T is the duration of the simulation run. The
time step apAt is 0.2 except for the case of AD/A=0.5 with a time
step <0pAt=0.02. The minimum total energy error AH/H among runs is so
small to be order of 10"6 , in a few cases, this small time step is
necessary in order to avoid the situation that the error due to the
time integration is larger than that due to the spatial
interpolation [ 4] .

The results of the measured 77 vs Ap/A are shown for R=0.0 and
R=A in Figs. 4(a) and (b), respectively, where the horizontal arrows
indicate the analytical values. For discussion, we divide them into
two parts: the cases of AD/A ̂ 0.07 and AD/A < 0.07 . For the former
case of Ao/A fe 0.07 , it can be summarized that the measured values
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are close to the analytical values. Here, we supplement the following
results on the reliability of our theoretical analysis: From the
conclusion given in Sec. II and Ref. 4, the measured 77(n) should very
weakly depend on the grid number Mx and the particle number N, if it
is correct. Accordingly, the empirical value r)exp , which is
calculated from N, Mx, other simulation parameters, and aexp
depending on N and Mx (see Eq. (34) ), depends only on the model.
This theoretical prediction has been already confirmed in Ref. 4 in
detail for the case of fo^ A . Again we simply confirmed the weak
dependence of rjexp on N and Mx, where the parameters tested were
Mx=64, 128, and 256, and N=1600 within the range of the former case
U D / A S 0.07 ).

Then, we discuss on deviation from the theoretical prediction
and the smaller measured T? compared with the analytical values for
the latter case i.e., ko/A < 0.07 , as seen clearly in Fig. 4.
Anyway, these results may be convenient for the practical uses. We
believe the reason lies in the following point: The initial positions
of the electrons and ions are the same and are distributed with equal
spacing. When AD/A is small, the regularity of the initial particle
distribution persists for a long time. In this case, the assumption
required to get Eq. (20) (the position of the particles are
distributed randomly at each time step) does not hold. This causes
deviation from the theoretical prediction. The grid forces may be
cancelled out due to its persisting regularity. Therefore, we observe
the smaller 77.

Here, we pay attention to the effects of the finite cloud
radius, R, for the latter case WD/A=0.1 ~ 0.01 ). In the case of n=2
with R=0 shown in Fig. 4(a), the measured 77 become larger than the
analytical values in the comparably early time, copT=100. In this
case, the total energy error Mi/H is very large to surpass 100 % due
to the numerical instability [13] . In Fig. 4, the signs enclosed in
the round brackets are the values which are measured at G)pT=1000 (ten
times longer than the usual measurement time: wp7=100). Except for
the case of n=6, i.e., for the cases of n=3, 4, and 5, with R=0.0,
they also surpass beyond the analytical values between a)p7=100 and
1000. In these cases, the numerical instability [13] grows after
the critical time, the total energy error &H/H surpasses 100 % and
the measured 77 becomes larger corresponding to the occurrence of the
numerical instability. From these results, we can conclude that the
assumptions in analysis of 77 are broken.

On the other hand, this instability seemed to be stabilized when
we used the finite cloud radius (ft=A) for the cases of n^3 with a
parameter of Ao/A=O.Ol. This is consistent with the results presented
in Fig. 4(b), where we find even the cases that the measured 77 are
decreased from upr=100 to 1000.

We tried to perform the same test for the cases with AD/A=O.OO1
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and R=A, however, we could not obtain the meaning differences of the
results between ^7=100 and 1000.

These all results can be summarized as follows; the runs with
the parameters of AB/A = 0.01 ~ 0.001 are stable for a very long
time when we use the spline interpolation of n=b or n=6 with the
cloud of the finite size, i.e., R=A. It is noted that 7) is rather
decreased from upt=\00 to 1000, when we use these splines in the case
of ilo/A = 0.01 , as seen in Fig. 4(b), and therefore we may expect
that these splines can keep the same small r) in the long time of
order of or longer than upt=10000.

Finally, we choose the typical examples which indicate clearly
the results of the improvement done in this work, and show the
temporal change of the total energy errors for the cases of AD/A=0.01
and 0.001 in Fig. 5. The other simulation parameters are <DpAt=0.2,
N=400, mi/me=100, Mx=32, and R=A. In Tab. II, we present the final
total energy error.

V. DISCUSSION AND CONCLUSION

A series of the spatial interpolation schemes using the higher
order splines are proposed and the total energy errors due to their
aliasing errors are theoretically analyzed. We used the model index rj
as a measure of the accuracy of the model. The model index 17 was
theoretically predicted and compared with the measured values. For a
set of parameters (A S 0.07 AD )» the theoretical predictions agree
well with the measured values, if the numerical instability does not
grow. In the case of A < 0.07 AD , the measured rj is smaller than the
theoretical value.

This result is somewhat puzzling at first, however, we believe
that the reason lies in violation of the assumption to get Eq. (20)
associated with persisting spacial regularity set by the initial
condition of our simulation: Almost all the particles oscillate only
a fraction of grid space around their positions of free streaming and
therefore, the noises, both physical and nonphysical, have not been
excited to their thermal level. If the simulation is run much longer
than the our measurement time ( upT=1000 ), we have a possibility
that the measured 77 becomes larger very slowly, even when we use the
higher order spline interpolations of ni5. However, we again ask the
reader to pay attention to the note mentioned in the part close to
the end of Sec. IV.

In many cases, the time interval in which the numerical noise is
sub-thermally excited may persist, as discussed in Sec. IV. Some
readers may be afraid that the physical results may be modified, when
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JWA^O.07 . Actually, the properties of the total energy error are
changed. However, this does not necessarily mean that whole the
physics changes. In some cases, the low level of noise may be
advantageous for a study of various problems of the plasma physics.
Such an example was shown in Refs. [8] and [14] , where the
collective wave propagation has been confirmed to be simulated
exactly in the case of <ID/A=0.01 .

Following the examples given in Ref. [6] , we tested the cases
for a very slow drifting beam. When the splines of n=5 and n=6 were
used, all the runs were completely stable and the total energy error
were completely negligible for any cases. As a result even the
physical two beam instability could not grow to a detectable
amplitude within our run time due to the smallness of the initial
numerical noise.

In this work, we sometimes used very small time steps in order
to measure the total energy error caused only by the spatial grids.
From the stability criteria of the leap-frog time integral scheme for
the cold plasma, apAt should be equal or less than 2.0. Actually, the
time step of <<>pAi=2.0 did not cause the numerical instability for the
maxwellian plasma with AD/A=0.01 and 0.001. We therefore believe a
use of a time step close to wpAt=1.0 is not too large in the
simulation system when the Debye length is much smaller than the grid
size.

The essence of merit for use of the high order spline is
considered to lie in a point: For example, use of the linear spline
plus fc-space smoothing may not be substituted, as long as the long
wave length phenomena are retained in the system. Careful chosen
fc-space smoothing can reduce the energy error due to the short wave
length fluctuations, but the error due to long wave length
fluctuations cannot be reduced, if we use the linear spline.

We should point out that a use of large grid with high order
interpolations reduces the thermal noise and collisions. This happens
because the field energy decreases compared with the thermal
equilibrium level. This means save of the number of the particles
used in the simulation and the substantial save of the simulation
cost.

In the strongly magnetized plasma, the phenomena associated with
the long wave length (JlilOOAj) ) are important. The use of the 5th
order spline along the magnetic field and the 2nd order splines
across the field are tested. In this case, the grid points required
for the calculation is 3x3x6=54 for the field interpolations, while
it is 2x2x2=8 in CIC-PIC. When we use the former interpolation, we
can handle space 10* times larger or the more than that in CIC-PIC.
Therefore, the computational gain is very clear.
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Finally, we mention about the cost of use of these weigthings.
The discussions for the cost should be separated in two cases: (i)
for the present computers such as CRAY, FACOM-VP, HITACHI S-810, and
NEC SX-1, and (ii) for the future computers.

We start from the case (ii). The grid points used for sharing
charge or current for a particle are not overlapped, therefore, we
may make the computer doing the weighting of many points for a
particle at once. If these computers are realized, we do not need
much extra computer time^.

At the present time(i), we can roughly say that the computer
time needed is proportional to the required points for a particle,
when VP is used. However, the huge menuries and substantial computer
time can be saved even in the case of the present computer.
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the compiler is improved even in the present computers, a
part of implementation of this technique may be possible and its
excuting speed may become faster.
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X/A

Fig. 1. Form of the spline functions: (a) WM (x) for n=l to 6.
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Fig. 2. The magnitudes of the aliasing error for n=l to 6. The
ordinate o{E,M}/Wo shows the values obtained by dividing by
the square root of Eq. (31) by Vo defined by Eq. (10): (a)
for R=0.0, (b) for ft=A, in this case, the graph for n=6 is
too small to be shown in this scale and is omitted.

1.5

Fig. 3. The analytical model

index vM vs R and

the measured values

for n=2 to 6. These

values are calculated

from Eq. (27).
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Fig. 5. Total energy error MI/HQ=(H-HQ)/HQ VS «PT for n=2 to 6. The
ordinate is shown with per cent, (a) for An/A=0 01 , (b) for
A/A0001
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TABLE I.

The theoretical values of the model index n for n = 1 to 6

with the radii R of 0.0 and 1.0.

n

1

2

3

4

5

6

1 .

2 .

7 .

2 .

1.

3 .

R = 0

169

437X10"1

818>--10~2

786*10~2

O32x10"2

900xl0"3

T

5 .

4 .

5 .

9 .

2 .

5 .

R = 1

343X10"1

003*10~2

409x10"3

912x10""

170X10"4

321x10"5

TABLE II.

The final energy errors for n = 1 to 6. Their temporal changes

for n = 2 to 6 are shown for AD/i =0.01 and 0.001 in Figs. 5

(a) and (b), respectively.

Ap/

0

0

0

.1

.01

.001

3 .

1.

1 .

1

213xlO+3

770xl0+5

882xlO+7

3

2

4.

2

689xiO+1

255xlO+2

568xlO+1

B.

8.

8.

3

494X10"1

131

897

4

-2.772xio"2

1.674

3.149

fi

1

1

5

.244x10""

.665X10"1

.139

•>

1 466x10"2

685X10"1

Up t = 500 « x = 32 R = 1.0
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Resonant Ion Acceleration by

Collisionless Magnetosonic Shock Waves

Yukiharu OHSAWA

Institute of Plasma Physics, Nagoya University, Nagoya 464, Japan

Abstract

Resonant ion acceleration ( the vpxB acceleration ) in laminar

magnetosonic shock waves is studied by theory and simulation. Theoretical

analysis based on a two-fluid model shows that, in laminar shocks, the

electric field strength in the direction of the wave normal is about

(nn/me)l/2 times larger for quasi-perpendicular shocks than that for the

quasi-parallel shocks, which is a reflection of the fact that the width of

quasi-perpendicular shocks is much smaller than that of the quasi-parallel

shocks. Trapped ions can be accelerated up to the speed about

m (nii/me)''
/2Ov/.s-1 ) 3 / 2 in quasi-perpendicular shocks. Time evolution of

self-consistent magnetosonic shock waves is studied by using a 2-1/2

dimensional fully relativistic, fully electromagnetic particle simulation

with full ion and electron dynamics. Even a low-Mach-number shock wave can

significantly accelerate trapped ions by the vpxB acceleration. The

resonant ion acceleration occurs more strongly in quasi-perpendicular

shocks, because the magnitude of this acceleration is proportional to the

electric field strength.
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I. Theory

Theoretical analysis1 shows that a self-consistent perpendicular

magnetosonic pulse in a cold plasma has the potential jump cp in the shock

region,

where q; is the ion charge, m; the ion mass, VA the Alfven speed in the

upstream region, VA=BQ/(4-Tznomi )x/z , and MA the Alfven Mach number. Since

the width of the nonlinear pulse is J^ (c/c^e)(20VA-l ))"'
/'2 . where c is the

light velocity and o^ the electron plasma frequency, we can evaluate the

electric field strength as

qiE^mni (MA- 1 )3/2/(c/c^). (2)

Consequently trapped ions can be accelerated by the vpxB acceleration1'5

up to the velocity1 ,

(3)

It is interesting to note that for the case of the perpendicular

magnetosonic shock wave the kinetic energy gained by the ions by the vpxB

acceleration can be much larger than the potential energy qt(p formed in

the shock region. The ratio between them is

For the oblique propagation6-7 , the width of the soliton or the shock

wave is strongly dependent on the propagation angle Q as well as on the

-262-



Alfven Mach number, where 0 is the angle between the wave normal and the

magnetic field ahead of the shock ( 0=0 for a parallel propagation ). In

order to evaluate the magnitude of the vp*B acceleration of the ions by

the oblique shock, we need to know how the structure of the nonlinear

magnetosonic wave depends on the propagation angle 6.

The linear magnetosonic wave with long wavelength has a positive

dispersion, dvp/dk>0 , when 0<9<9 c, where dc is the critical angle

defined by Oc=arc tan ( (nti/m,, )
l / / 2- (me/m; )'/2} . On the other hand, when

0 c<6^x/2, the magnetosonic wave has the negative dispersion. The

nonlinear magnetosonic wave with 9<9C has quite different structure from

the one with Qc<B<it/2. The soliton width is of the order of the electron

skin depth c/Ope when 0c<9S/r/2. However, as 9 decreases from Qc , the

width increases considerably from O(c/c%«) to O(cA)pi) • As 6 moves from

7T/2 to 0, the potential jump changes only slightly, for a fixed amplitude

of density perturbation8 9 . Hence the electric field strength in the

direction of the wave normal is, roughly, inversely proportional to the

soliton width when the angle 9 is changed; the strength decreases rapidly

as 9 changes from 6C to 0. These facts suggest that the vp<B acceleration

by the magnetosonic pulse is stronger for the quasi-perpendicular

propagation, because it is proportional to the electric field strength.

The electric field strength and the potential jump depend on 6 as8-9

e<p. (9 )=^£<j (mi - me )i^cosec20, (6)

where,c, h, a, and fz are defined as
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e=3 (MA-\)/a, n= (1/2) (P/a,. ) 2 (1 -h2co t2e).

h=(mi/me)
l/2-(me/mi)

1/2, O=IMI/M.

Extension of the theory to finite (3 plasmas has been made in Refs.10

and 11.

II. Simulation Model

We use a 2-1/2 dimension, fully relativistic, fully electromagnetic

particle code with full ion and electron dynamics. Spatial variation is

allowed only in the x- and y- directions, with the z-direction being an

ignorable coordinate, although the particles have three velocity

components (vx,Vy,vz ). The system is periodic in the y-direction and is

bounded in the x-direction with the total grid size being

LzxLy=lC2AAgx 16Jg , where dg is the grid spacing. All lengths and

velocities in the simulations are normalized to Ag and a^Ag,

respectively, where u>pe is the spatially averaged plasma frequency. The

plasma simulation particles are confined in the region 100<x<924, being

specularly reflected at x=100 and x=924.

When we solve Poisson's equation for the electrostatic fields we

assume that there is no charge in the regions x<100 and x>924; i.e., the

plasma is isolated with vacuum outside12 . For the transverse electric and

magnetic fields, we use an absorbing boundary condition'3 ; outside the

plasma region we have two absorbing regions, 0<x<100 and 924<x<1024, where

electromagnetic radiation leaving the plasma region is absorbed. By these

procedures we avoid the interactions between the left and right sides of

the plasma regions through the vacuum region.
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The external magnetic field has the i- and z- components,

B)=Bo(cos6,O,sin0) with Bo constant. Since the shock propagates in the

positive x-direction, 0 becomes the angle between the wave normal and the

upstream magnetic field; Q-iz/2. is the perpendicular propagation. The

initial plasma density is constant in the y-direction, and depends on x as

Tii=ni for 100<x<X| ,

rZi=nie.Tp {-(x-xi )2/2d2} for xi<x<xr ,

m=TV} for xr<x<924.

In our simulations the constant ni is 4 times as large as the no » rt|=4no .

Other parameters d,x; and xr are 12,180, and 200, respectively. The total

number of the simulation particles is Nj=iVe=65536 .

The momentum components Pa=mjyjVc(o=x,y,or z) are initially

distributed according to an isotropic Maxwellian with average velocity

zero, where yy is the relativistic gamma,7j=(l-uj/c2)"1''2 . However, for the

particles in the high density region, 100<x<x;, the x- and z- components

of the momentum have the shifted Maxwellian distribution function with the

average velocity VpS perpendicular to the external magnetic field;

uPi=VpSsin9, and vpz=-vpscos6. These particles play a role of the piston

which excites the shock wave. The ions and electrons have the same average

velocity vps . We can change the shock strength by changing the magnitude

of vps .

The simulation parameters are the following. The ion to electron mass

ratio, ntj/nie , is 50. The light velocity is c=4. The ion temperature is

equal to the electron temperature, Ti=Te , at t=0, with the electron

thermal velocity xjTe=(Te/me)
il/2=0.5 and the ion thermal velocity

vn=7.3x\0~- . The strength of the external magnetic field is chosen so

that ci>ceA)pe=0.5, where uce is the electron cyclotron frequency. For these
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parameters, the beta value of the plasma which is the ratio of the plasma

pressure-to the magnetic energy is 05=1/4, and the Alfven velocity is

m=0.28. The ion Larmor radius and the skin depth are p,=7.3, and c/ape=4 •

respectively.

The electric and magnetic fields are normalized to meU%Ag/e , and the

electric potential is normalized to meU%Ag
z/e , hence the normalized

potential <p is expressed by the unnormalized potential <pu as

<p=(e<pu/Te)(lt>e/Ag)
2 . In the present case, (loe/Ag)

2 is equal to 0.25,

i.e., if, for instance, the normalized potential is equal to unity, the

potential is 4 times as large as the electron temperature.

III. Simulation Results

In this section we show our simulation results for the magnetosonic

shock wave propagating obliquely to the magnetic field. We describe the

results for the Q=QC case (quasi-perpendicular shock) in III.A, and those

for 0=7t/4 case (quasi-parallel shock) in III.B. More detailed results are

found in Ref.9. Comparisons with observations14 of interplanetary shocks

were made in Ref.15.

A. Results for 6=6C

When the propagation angle 6 is larger than the critical angle 8C ,

the nonlinear magnetosonic pulse has a similar structure to the

perpendicular pulse1 . We show in Fig.1 the profile of the magnetosonic

pulse vhich vas excited by the instantaneous piston acceleration and is

propagating in the positive x-direction. There plotted are the y-averaged

magnetic field Bz(x) and the electric potential p(x) at cl̂ et=400 and 880;
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for the potential we have made the time-average over the electron plasma

period S T / G ^ . After the formation of the shock, the pulse propagates with

the profile in the shock region almost unchanged. The pulse steeply rises

in the shock region with very small shock width, Js=2O, which is about

5C/(J.)X and is about 2.7p; . Small oscillations are seen behind the shock

region. From the values of the potential jump and the shock width, the

electric field Ex is estimated to be about 0.25. The propagation speed is

measured to be 0.49 (=1.7UA). where the Alfven speed v& is the value in

the upstream region.

In Fig.2 we show the ion phase space plots (x,ux) and (x.u,,) at

c^et=880 . The high-energy ions are generated by the vpxB acceleration in

the shock region (x=580 at 0^4=880); some trapped ions are strongly

accelerated in the negative y-direction (parallel to the wave front) as

well as in the direction of the wave normal. These high-energy ions are

detrapped when their velocities become about the EZ*B drift velocity. The

observed maximum velocity is v^0.9=12vTi=3.2v,\, which is in good

agreement with the theoretical estimation of the vpxB acceleration, uss

cEI/Bo+0(vp)^0.8 . After the detrapping, they are left behind the shock,

and, of course, continue the gyration with the ion cyclotron frequency.

Accordingly, these high-energy ions form a spiral structure in a three

dimensional (x. vx, vv ) space.

Figure 3 shows the ion distribution function f[p2) as a function of

the kinetic energy at time Opet=0 and c^e{=880 , where p is the

relativistic ion momentum. The quantity pt in Fig.3 denotes the

relativistic ion momentum with v=vn » Pt=mi7VTi • Here we plot the

distribution function of the ions which are initially in the region

384<x<512 . Therefore, Fig.3(a) shows the distribution function of the

upstream ions, while Fig.3(b) shows the distribution function of the
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downstream ions. The distribution function of the downstream ions has a

hump in the high-energy regime, p2/Pt=10CH150 , which is formed by the

VpX-B acceleration.

We show in Fig.4 the variance of the momentum of the electrons

(Fig.4(a)) and of the ions (Fig.4(b)) as a function of x.

where <p> is the average momentum in a small volume, and n(x) is the

number of the particles in the small volume. This quantity is the

temperature in the nonrelativistic limit if the particles are thermalized.

The electron temperature is determined primarily by the adiabatic

compression; note the resemblance between the magnetic field profile

(Fig.l) and the electron temperature (Fig.4(a)). The bulk ions are also

heated by the adiabatic compression. Since the resonant ions gain a large

amount of energy, the variance of the ion momentum is larger than that of

the electron momentum. The variance of the ions is especially large at the

regions where the velocities of the bulk ions and the resonant ions have

the opposite sign; in the shock region (xs640 at a^t-960), the bulk ions

have the positive <vy>, while the resonant ions have the negative vy . The

shock has the oscillating structure behind the first shock region as we

have seen in Fig.l. If the resonant ions are accelerated by the vpxB

acceleration in the second and subsequent shock regions, then, in such

places there are three kinds of ions, i.e., the bulk ions, the high-energy

ions produced by the first shock, and the high-energy ions which are newly

produced in the second shock region. Therefore, the variance also becomes

large in the second (and subsequent) shock region (x=40CK500 in

Fig.4(b)).
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B. Results for 6=x/4

We plot in Fig.5 the y-averaged profile of the magnetosonic pulse

which is propagating in the positive x-direction with the propagation

angle Q=w/4', the magnetic field B2(x) and the potential <p(x) at a^et=480

and 800. As was theoretically predicted in Sec.I, the pulse has much

larger width than the quasi-perpendicular one. The pulse rises rather

slowly with the width J == 80s= 3c/opj. Since the potential jump in this case

is about the same with the previous quasi-perpendicular case, the electric

field Ex is much weaker than the previous case, which will make the

magnitude of the VpXB acceleration small. From the values of the

potential jump and the shock width, we can calculate the magnitude of the

ExxB drift velocity as cEi/Bo= 0.15^0.5VA for ExSs0.073 .

Another interesting feature of the wave profile is the presence of

the high wave-number modes which run ahead of the main pulse. It is

because, for &<BC , the long wavelength magnetosonic wave has the positive

dispersion, and hence the high wave-number modes generated by the

nonlinear processes go ahead of the main pulse. The number of the modes

ahead of the main pulse increases with time, which results in the

spreading of the wave-packet.

Figure 6 shows the ion phase space plots (x,vx) and (x,i>,,) at

(Apet=800 . As expected, unlike the previous case with d=dc , extremely

high-energy ions are not produced, although there are long-wavelength and

large-amplitude perturbations in the ion phase space.

Since the vpxB acceleration is not strong in this case, the change

in the ion distribution function is rather small. We can compare the ion

distribution function /(p2) in the upstream region and that in the
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downstream region in Fig.7, where /(p2) is plotted at 0^=0 and cjpei=840

for the ions which are initially in the region 384<x<512. Behind the

shock (Fig.7(b)), the total ion energy is slightly increased, however, the

extremely high-energy ions are not generated.

We show in Fig.8 the variance of the momentum, <5fr>/3m , for the

electrons (8(a)) and the ions (8(b)) at a^et=800 . The variance of the

electron momentum has the structure similar to the magnetic field profile

shown in Fig.5; the electrons are heated by the adiabatic compression. In

the vicinity of the left boundary, x= 100 , the electron temperature seems

large. It is because the particles are reflected at is 100. The variance

of the ion momemtum also increases in the shock region. Behind the shock,

however, it is rather constant, which implies that, in addition to the

adiabatic heating, some ions are mildly heated by the vpyB acceleration

although its magnitude is much smaller than the quasi-perpendicular case.

IV. Summary

We have studied collisionless magnetoson.ic shock waves propagating

obliquely to a magnetic field in a low beta plasma. We gave special

attention to the relationship between the vpxB acceleration of the ions

and the shock wave.

Theoretical analysis based on a two-fluid model shows that the

potential jump across the shock is of the order of CTiiVj/sirrO , for the

fixed amplitude of the density perturbation. On the other hand, the

electric field Ex in the direction of the wave normal has the strong

9-dependence, Eq. (5) *, the electric field strength for the angle tan(K0(l )

is about {meMi )l/z times smaller than that of the quasi-perpendicular

shock. This strong dependence of the electric field on 9 comes from the
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following fact. The width of the magnetosonic soliton is of the order of

the electron skin depth c/o)pe when 9CSZQ<TZ/2.. AS 0 moves from 0c to 0, the

width increases. When 0 has the value tanO^-0(l ) , the width is of the

ord<3r of c/ttPj . Because of this 9-dependence of the electric field £r in

the laminar shock, the magnitude of the vpxB acceleration is about

(nti/m,, ) ! / 2 times larger for the quasi-perpendicular shock than that for the

quasi-parallel shock.

By using a 2-1/2 dimension, fully relativistic, fully electromagnetic

particle code with full ion and electron dynamics, time evolution of

self-consistent magnetosonic shocks with low-Mach-numbers, A/^l .7 , was

studied. It was confirmed that the quasi-perpendicular shock has the very

small shock width. Hence the shock has the strong electric field in the

shock region. For such shocks, the trapped ions are accelerated

significantly by the vp*B acceleration to the speed about UA (mi/me)
l/'2 . As

9 decreases from dc , the shock width increases, and the electric field in

the direction of the wave normal becomes weak as the theory predicts.

Consequently, the increase in the kinetic energy of the resonant ions by

the VpxB acceleration is reduced.

Another interesting feature of the shock structure observed in the

simulation is that, when 9<0C , there exist wave trains ahead of the

shocks. The high wave number modes which are produced by the nonlinear

processes run ahead of the main pulse resulting in the spreading of the

wave-packet. This occurs because the magnetosonic wave has the positive

dispersion, dvp/dk>Q , for 9<0C •
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Figure Captions

Fig.l Shock profiles at 4^t=400 and 880 with 9=9,;. (a) and (b) are the

magnetic field Bz(x), and (c) and (d) are the electric potential

<p(x) averaged over y.

Fig.2 Ion phase space plots (x,vx) and (x,vv) at c4,et=880 for the shock

with 6=0C . The shock front is at x=s580 .

Fig,3 Ion distribution function ln(f(p2)) at &!pet=O (a) and 880 (b) for

the ions initially in the region 384<x<512 . pt is the ion

momentum with the ion thermal velocity.

Fig.4 Variance of the electron momentum (a) and the ion momentum (b) at

o^t=960 as a function of x.

Fig.5 Shock profiles at c êt=480 and 800 with the propagation angle

Q=z/A. (a) and (b) are the magnetic field Ba(x), and (c) and (d)

are the electric potential <p(x) averaged over y.

Fig.6 Ion phase space plots (x,Vi) and (x,vv) at oipet=600 for the shock

with e=7r/4.

Fig.7 Ion distribution function ln(/(p2)) at Opet=0 (a) and 840 (b) for

the ions initially in the region 384<x<512 . pt is defined by pt =

myvTi •

Fig.8 Variance of the electron momentum (a) and the ion momentum (b) at

apet=800 as a function of x.
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Plasma Simulation by Macroscale, Electromagnetic Particle Code and
its Application to Current-Drive by Relativistic Electron Beam Injection

Motohiko Tanaka and Tetsuya Sato
hislitute for Fusion Theory, Hiroshima University

Hiroshima 730, Japan

Abstract

A new implicit macroscale electromagnetic particle simulation code
(MARC) which allows a large scale length and a lime step in multi-dimensions
is described. Finite mass electrons and ions are used with relativistic version of
the equation of motion. The electromagnetic fields are solved by using a
complete set of Maxwell equations. For time integration of the field equations,
a decentered (backward) finite differencing scheme is employed with the
predictor - corrector method for small noise and super-stability. It is shown
both in analytical and numerical ways lhf>'. the present scheme efficiently
suppresses high frequency electrostatic and electromagnetic waves in a plasma,
and that it accurately reproduces low frequency waves such as ion acoustic
waves, Alfven waves and fast magnelosonic waves. The present numerical
scheme has currently been coded in three dimensions for application to a new
tokamak current-drive method by means of relativistic electron beam injection.
Some remarks of the proper macroscale code application is presented in this
paper.

1. Introduction

It is well known that an explicit particle simulation code must obey strong
restrictions on the scale length and the time step [ l ] . These restrictions are
given by Ax/A. ~ 1 and a At< 1 where Ax is the grid interval, At is the time

e pe **» , 2 fl/2
step, X is the Debye length and a =(47rne /m ) is the electron plasma
frequency. In order to relax these restrictions imposed on the conventional
particle codes, many efforts have been made, especially in these five years.
The implicit moment method proposed by Mason [2] and Denavit [3] in
analogy to fluid calculation makes use of a prediction technique (or velocity
moments. This method was coded for two-dimensional electromagnetic
simulations which is known as the Venus Code [4]. The other simulation model
called the direct implicit method constructs time Jr w pass filters with a linear wave
analysis which are used in the equation of motion to suppress high frequency
oscillations [5,6].

The aforementioned implicit codes greatly relaxed the restrictions on the
explicit particle codes and were applied to microinstability related physics
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problems (e.g., [7]). Although these implicit codes were suitable for precisely
studying low frequency waves and associated transports, they were not
necessarily designed to study global (MHD) scale problems.

The macroscaLe particle simulation code (MARC) to be described in this paper
has been developed wil'i a different phylosophy. Namely, it has been first
motivated to simulate a global behavior of the injected relativistic electron
beams (REB) where high frequency, small scale turbulence effects are
introduced phenomenologically [8], The purpose of the aforementioned REB
injection is current drive of the torus fusion devices. In such a driven, open
system plasma with particle and energy sources, numerical stability of the
simulation code is of vital importance. By virtue of the decenlered (backward)
scheme employed lo integrate the field equations, the macroscale code is quite
stable even in such a situation. Moreover, as will be shown later, this code is
more generally applicable not only to quasi-static (zero frequency) phenomena
but also to low frequency wave problems (as far as they are compatible in the
scale length).

The characteristics of the macroscale particle simulation code are the
following. First, this code treats an open system allowing beam injection and
anihilation in the plasma [8]. Secondly, since the quasi-static phenomena are
the main issue of interest here, zero and low frequency waves have been
designed to be reproduced properly. On the other hand, high frequency
electrostatic oscillations such as Langmuir waves and high frequency
electromagnetic waves have been designed to damp fast. In this sense, the
macroscale particle simulation code is rather close to the magnelohydiodynamic
(MHD) fluid code. However, the electrostatic field and the parallel motion of
the electrons are solved in the macroscale particle simulations. For this reason,
this code can be applied lo phenomena with discontinuities occurring at such as
a beam front where the scalar potential field is non-negligible and divj is not
vanishing (source or sink is present in this plasma). These situations are totally
beyond the applicability of the MHD fluid code.

In Sec.2 of this paper, a simulation technique of the macroscale particle
code is lo be described. Analytical properties and stability of this code will be
discussed in Sec.3. Sec.4 will be dedicated lo numerical verification of the
macroscale particle code where waves in a thermal equilibrium plasma and
propagation of the finite amplitude Alfven wave are to be examined. Sec.5 will
be a conclusion of this paper. Some comments on the application of this
macroscale simulation code will be also given in Sec.5.

2. Simulation technique of the macroscale particle code

The present macroscale particle simulation code uses three particle species
for the simulation of electron beam injection; namely, the same number of
plasma ions and electrons and additionally the beam electrons [8]. By the use
of particle electrons with finite mass, the parallel motion of electrons can be
treated properly. This is indispensable for description of the plasma electron
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return current, charge and current neutralization associated with the electron
beam injection [8,9]. Moreover, all the electric drifts and the magnetic drifts
are incorporated naturally in this macroscale particle simulation code.

Particles are moved forward by Ihe relalivistic version of Newton equation
of motion given by

dp.All= e.(E(x.) + (v./c)xB(x.)), dx./dt= v.,

Pj= ry . /d- tyen 1 • (1)

where E and D are the electric field and the magnetic field, respectively, p., v.
and x. are, respectively, momentum, velocity and position of the \-lh particle, c
Is the speed of light, and e., m., respectively, are the charge, the rest mass of
the j-th particle.

For applications to three dimensional geometry [8], a full set of Maxwell
equations are u^od in the macroscale simulation code which can be coded in a
time marching form The Darwin (magnelostalic) approximation [10] was
avoided since it involves an iteration with many Fourier transforms which
mighl. be time consuming and not always convergent in three dimensions. The
Maxwell equations arc separated into the transverse part ( V • =0) and the
longitudinal part ( V x =0), which may be written as

( l /c)0ET /dt= V xB - (4TT/C)JT, (l/c)aB/3l= - V X E T (2)

V«EL= 4Trq, (3)

where j and q, respectively, are current and charge densities defined by sum
over the particles, i.e., j = E q.v.S(x—x.), q= £ q.S(x—x.), S(x) is a particle
shape of the quadratic spline function [11], and tne subscripts (L) and (T)
denote the longitudinal part and the transverse part, respectively, [in the
Fourier space, the longitudinal current is obtained by a scalar product of j , and
k, i.e., j , . = (j.»k)k/k . Then, the transverse current is given by j , ~ =

KJ_> K K 1
jk~jklJ

For lime integration, two equations of (2) are expressed in the following
decenlercd lime differencing form:

= (vxB-(47r /c)J T ) n + a ,

( l / c ) (B n + 1 - I3 n ) /A l= ( - V x E T ) n + <\ (4)

where At is the lime interval, the superscript n stands for the lime step index
and a is a deccnlering parameter (0< a< 1). The field quantities of non-
integer lime level are defined by the linear interpolation, i.e., E = aE
+ ( l - a ) E n . [En , Bn , vn + 1 / 2 and x n + 1 are known quantities]. After some
manipulation, equation (4) is rewritten into:
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[ l - ( a c A t ) 2 V 2 ] E " + 1 = [ l + a ( l - a ) ( c A l ) 2 V 2 ] E_,n

+ (cAt)VxB n -47rAtj .^+ a .

n + 1 = B n ( c A l ) V
B

These elliptic equations are solved for the electromagnetic field in (.he
macroscale particle simulations.

It should be noted that the electric field and the magnetic field are defined
on the same integer time level. If a = 1/2, Eq.(5) becomes a center scheme
which is marginally stable. The backward scheme can be obtained by setting
a = l. As may be imagined from general stability of implicit schemes, the
backward scheme (5) (a = 1) suppresses high frequency waves with u A t ~ l and
properly reproduces low frequency waves with u d l < < I . These properties will
be proved in Sec.3.

Similarly for the electrostatic part, the time decentering technique is made
use of. Equation (3) is expressed on the same time level as in Fq.(5) by

? . E ? + I = 4 » r q n + 1 + *. (6)

where £ is also a decentering parameter ( 0 < /S< 1). If one is to reproduce all
the waves including Langmuir waves, /} must be null as is usual in the explicit
particle code. However , it will be shown in the next section that the choice of
/3> 0 makes high frequency electrostatic oscillations damp fast.

In order to solve the equations (5) and (6) in practice, one has to know the
current and charge densities ahead of the known lime step t = I . For this
purpose, the predictor and corrector method is employed [12]; particles are

^*n "I" 1moved tentatively forward by the equation of motion using the fields E
and B " obtained by the center scheme (a = 1/2 andj? = O, predictor step).
Then, current and charges are collected to obtain j and q . Current
. .. .n + a , , . . . . . „ . n + 1 / 2 , .n + 3/2 . ,.

density j , for example, is calculated from j and j by linear
interpolation. After solving E and B using equations (5) and (6) with
given a and /S, particles are moved by one step forward (corrector step).

The boundary conditions can be very flexible by virtue of a simple set of
the equations (1), (5) and (6) used in the macroscale particle simulation. The
field equations are solved in the Fourier space for good stability and filtering.
Moreover, the elliptic equation (5) is easily solvable by vector manipulations in
the Fourier space. For the three-dimensional simulation to be reported in a
separate paper [8], a square box is used with the x and y directions bounded by
conducting walls and the z direction periodic. The sine or cosine eigenmodes
are chosen for each component of the electric field and the magnetic field as to
satisfy the boundary conditions, and exp( tk z) modes for the z direction.
Therefore, one needs ten Fourier transforms (four for the current and charge
densities, and six for the fields) in every time step. However, the field solver
lakes less than a quarter of the whole CPU time (27x27x32 cells, 3 ions and
electrons in each cell).
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3. Analytical properties of the macroscale code

Electrostatic high frequency oscillations that one is not interested in arise
from finite electron inertia. These modes are eigenmodes of the coupled
Newton-Poisson's equations. The stability of the scheme (6) is analyzed using
the Vlasov-Poisson's equations for one dimensional infinite plasma. The
Vlasov equation is given by dS/dl +v dl/dz + (e./m.)(E + (v/c) xB0)'9f/dv = 0.
[Ions are assumed to be unmagnetized.] Integrating this equation along the
characteristic orbit after linearization and assuming the wave form E ~
E^xexpfi (k x— ul)] and the Maxwell distributions for the background
electrons yields the perturbed distribution function

(nO-sm0))e e o £ i c e
/(u sin e/e—nu ~

1 /?
for the electrons where K= k.v,/a , a = eBn/m c and v = (2T /m )

LI. ce ce 0 e e v e e
respectively, are the cyclotron frequency and the thermal speed of the electrons
and e= (1/2)<JAL The (sinc/e) factor arises from the time derivative term
3f/3t= (fn+ r / 2 - f n ~ 1 / 2 ) / A l ->• -•icj(sinc/e)fj\ By substituting this ffc and
the unmagnetized version for the ions into Eq.(6), one has

+ / ? / E k = exp(—i/?GjAt) =

2 2where t = ((sine/e) u— ncj )/k..v , u = (k,v ) /2w , t.= (sine/e)u/kv.\en v v ' ce' Ti e ^ v X e' ce . i i
and Z(f) is the plasma dispersion function. Equation (7) gives a stability
criterion of scheme (6) against electrostatic waves.

Figure 1 shows a solution CJ of Eq.(7) versus At for Langmuir waves of the
given wavenumber k and v (the decentering parameter is taken to be /S = l).
The complex root of Eq.(7) is found to be almost independent of the
wavenumber (not shown here) and Langmuir waves are recovered in the
a At-» 0 limit. For the finite lime step At, the real part of the solution a =pe r r i I r
Re(u) is a decreasing function of At and the damping increment |CJ.| (w.=
ltn(u)) is seen to increase rapidly with the lime step for a At< 2. For
a e A t = l and kAe = 0.1/(2)x <s. one has u/u g = 0.79-0.35i . When CJ e A t >
2, the damping increment is almost | « - | ~ 0.3<J

K ° l1 pe
The damping increment is easily obtained for Langmuir waves and the

upper-hybrid waves when the electrons are cold (v -»0). In this cold electron
limit, one has E. /E . = ( (us ine /e ) —CJ )/u = exp(— I C J A U . Expanding
the exponential term assuming u i l < < l yields a ~ a +a and
7 (1/2) a A I.

pe
Ion acoustic waves, on the other hand, are almost well reproduced by the

scheme (6) when the time step is small compared to the wave period, i.e.,
« A K < 1 . When At=0, the imaginary part of the solution of Eq.(7) is nega-
tive CJ./CJ ~0.1 due to Landau damping (T /T. = 10). The damping increment
|o.| starts increasing slowly as the lime step increases. When the time step is
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a A t ~ l , the increase in the damping increment is approximately ten per cents.
The frequency change is still small at this time step (three per cents).
Therefore, it is concluded that the choice of a At;>l under the scheme (6)
makes high frequency electrostatic waves damp fast and retains ion acoustic
waves correctly.

The numerical properties of the electromagnetic (magneloinductive) part
[Eq.(5)] are analyzed also for one dimensional case. Assuming wave forms for
the fields, E, B ~ E, , B. x exp[i (kz—ut)] yields

[l + (ackM)Z]tf^l= [ l - a ( l - a ) ( ckAt ) 2 ] E^T

[B£+I-B£]/(cAt)=-ikx[aE£ + 1 +(I-a)E°]. (8)

By solving Eq. (8) for E, and B^ , one has

[ l -a( l k~a)(ckAt) 2 - i (c 2k 2 /u)At] E ? T - 4 T T At

)y+a + [ l -a ( l -a ) (ckAt) 2 - i ;~At] B £ , (9)

where £f= (sin.e/e)cj and e= uAt/2. In this derivation where a appears in
Eq.(9), the relation kxE = (CJ/C)B. has been made use of to relate E, with
B, on the same time level. The dispersion relation under the finite difference
scheme (5) is obtained by equating exp(—XCJAI) with B? /B? which is
calculated by Eq.(9).

The dispersion equation of the high frequency electromagnetic waves
propagating along the magnetic field B n is obtained by substituting into (9) the
electron current j' = - e n (c/B0)(ExBQ/B0 + i (Jj/«ce)E " " ~ 2 ' - - 2 •>
Then, for a = 1 case, one has

[l + (kcM)Z-iU(anJa )(Z/ace ? l ) / ( l - u 2 / ^ ) ] ^
(10)

where Et— E ±.iE = E,exp(i(kz—al)). Equation (10) gives three stable
circularly polarized electromagnetic wave branches when At = O, i.e.. R mode
(u>cjjj), L mode (u>«j , ) and the whistler mode (the lower R mode)
[oipj , = ±|CJ I + (a +u /4) ]. However, when the time step is finite,
the first two branches become heavily damped because their frequencies are
comparable to At . The damping increment of the R and L modes when
a eAt=1.0 are, respectively, | w j ~ 0.30u and 0.16CJ at ck /a =0.1
{a la =0.7) On the other hand, the dispersion of the whistler mode is not
much altered from the physical one as far as c jAt<<l is satisfied. The
damping increment of the whistler mode is comparatively small, cj/a ~ 0.13
— 5xlO~4 i at ck fa = 0.5. PC

z pe

-288-



To find the dispersion relation for Alfven waves, the fluid equation is
utilized to determine the current density:

ny i (v i
n + 1 -v i

n ) /At= (1/c) j n + 1 / 2 x BQ.

E+(l/c)v.xDQ = 0. (11)

Solving Eq.(ll) for j yields the ion polarization current, j =
(1/4TT)(C/V )2(En + 1 -E n ) /At where v ^ = B /(47Tm.n)1/2 is the Alfven
speed. Substituting j n + Ot= ( a - l /2)jn ^/Z + (3/2-a)^ + UZ (a > 1/2) into
(9) finally yields

-ia{t-l/Z)\ B£ + 2 + [l + (akcAt)2-2ia(l-a)A] B£ + *
+ [-1 +a(l-a)(ckAt)2+iC3At+a(3/2-a)\)] B̂  = 0, (12)

p

where A= (c/v . ) a)At (see Eq.(9) and below for the definition of u). The
dispersion relation of Alfven waves under the scheme (5) is finally obtained by
substituting the wave form BJJ~ exp(— inuAt) into Eq.(12).

The real part and the imaginary part of the solution of Eq.(lZ) are shown
versus the time step in Figure 2. The chosen parameters are ck/cj .~0.4 and
c/v =10 (the decentering parameter is a = l). The lime step a Al~900
corresponds to CJAI~1 for the Alfven wave shown in the figure. The frequency
increases quite gradually from the a (At=O) value for u A K l . The damping
increment increases linearly with the time step when CJAK0.5. If one chooses
a fairly large time step a Al = 500 (i.e., uAl~0.5), the ratio of the damping
increment and the frequency becomes CJ./CJ ~ —1.0x10 . This means the
wave becomes —e folds only after 150 wave periods. The damping of Alfven
waves is practically ignorable for the wavenumber of interest. Therefore, it
may be concluded that the backward scheme (5) used in the macroscale particle
code is adequate to deal with low frequency electromagnetic waves with
C J A I < < 1 and quasi-static electromagnetic phenomena.

4. Numerical test of the macroscale particle code

In order to demonstrate validity of the macroscale particle simulation code
described in Sec. 2 and 3, two types of simulations are presented in this section.
One is to examine the electromagnetic eigenmodes in a thermal equilibrium
plasma. The other is to observe propagation of the finite amplitude Alfven
wave in the thermal equilibrium plasma. These two tests are performed both in
one dimensional periodic geometry.

4-a) Eigenmode analysis for a thermal equilibrium plasma

The macroscale particle simulation code is run for a homogeneous, thermal
equilibrium plasma with T /Tj=10, « c e /« e = 0 7 ' l h e e l c c L r o n Del-a P =0.1
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and the mass ratio m./m = 10. In order to keep proper track of the electrons,
a rather small lime step a At = 0.7 is used. In these simulations, time is

— 1 p ce
normalized by u and the length by c/o . The electromagnetic fields are

•>. p e b
 A pe b

 A
normalized as E = eE/m cu and B= eB/m CCJ , the scalar potential as 0 =

2 e pe e pe
e#/m c . One dimensional periodic system of 64 cells is used wilh the length
L = 200C/CJ i (~ 3000A. ). To form thermal equilibrium plasma, 150
electrons and ions are put initially in each cell.

The power spectrum analysis is done with the maximum entropy method
using the field data stored in a disk memory. The data span for this analysis is
tj T ~ 6 0 0 0 or a .r—420. Figure 3 a),b), respectively, show the power
spectrum of the B magnetic field and the E electric field for the k/ /Bn case

y z li
(z is the only space coordinate and the magnetic field BQ is along the z axis).

The power spectrum of the B magnetic field in Figure 3a) shows two series
of peaks. (The power amplitude is plotted in a logarithmic scale.) The first
mode at the higher frequency side corresponds to the whistler mode (lower R
mode). The second mode at the lower frequency side corresponds to Alfven
waves (lower L mode). The theoretical dispersion relations of the whistler
waves and Alfven waves are superimposed in the figure by the solid and dashed
line, respectively. The agreement between the simulation measurement and
the theory is excellent. (Note the frequency must be read at the baseline level
where the peak stands.) Here in the theoretical dispersion relation, the finite
size parlicle effect is included which pushes up the frequency aboul 50 per cents
when the wavenumber becomes large, i.e., (ka /2) ~ 1 (a is the parlicle size).
This occurs at ck/w —0.2 in Figure 3a). The peak train of Ihe whistler mode
extends up to u~0.2u and disappears at the higher frequency due lo heavy
damping and the spatial filter. Above a>>u ., high frequency eigenmodes
such as the R, L modes are not observed.

As expected from the linear analysis of Langmuir waves in Sec.3, no
eigenmodes are found in the E electric field around CJ~ CJ and above in
Figure 3b). The highest frequency oscillation observed is al u < CJ .
(~0.3CJ ). The peaks occurring al the middle of the broad plateau
corresponds to ion acoustic waves. These peaks are absent when the electron
temperature is low, i.e. T / T . ~ l . The theoretical dispersion relation is shown
with the solid line in the figure. The broad plateau wilh moderate amplitude
extending at the low frequency side might be due to nonlinearity arising from
the E xB parlicle drift since the upper edge of these plateaus corresponds to
the dispersion curves of the whistler mode and Alfven waves.

The power spectrum of the B field for Ihe kj.Bn c a s e ^T / " r - = *•• & = 0 °l)
is shown in Figure 3c) [B- is along the x direction]. Only one scries of the
peaks are found in this figure. These peaks correspond to the fast
magnetosonic waves whose theoretical dispersion relation is superimposed in
the figure. The same series of the peaks are also found in the E electric field.
On the other hand, no appreciable peaks are found in the Ex or B fields. The
maximum po.wer of the B field is by four orders of magnitude smaller
compared lo that of the B field, showing absence of the O mode (u>o ) .
Due to the choice of Ihe finite time step, the X mode is nol observed, eilher.
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4-b) Propagation of finile amplitude Alfven wave

The propagation of the finile amplitude, low frequency electromagnetic
wave is examined. For this purpose, launched in the thermal equilibrium
plasma at 1=0 is the monochromatic Alfven wave with the frequency CJ/CJ . =
0.2 and the mode number n =2 (ck/o . ~ 0.2) where a ., u . are the ion

z pi ci pi
cyclotron and plasma frequency, respectively. The initial drifts calculated with
the electromagnetic, kinetic dispersion solver are given to the ions and
electrons: these drifts are expressed in the fluid limit by v. =
i(u/u .) v. , and v. = —(cE (0)/Bo)/( 1— (a/u .) ) when the planar wave
form ll = E. exp[i (kz—ut)] can be assumed. However, since the Alfven
wave propagating along the magnetic field is left-hand circularly polarized [13],
the initial drifts become also circularly polarized being mixture of the
aforementioned two drift terms. The initial wave magnetic field is determined

2 2 2with the given plasma current as B. = (47r/c)ikxj. (0)/(k —u /c ). The wave
electric field is then calculated using the relation kxE, = uB, . (Actually, only
the real part of these quantities are given as the initial values.)

In this simulation, one dimensional periodic system of 32 cells is used with
the length L = 200c/w (~ 3000A ). [Small number of grids is preferred
here.] In each cell 300 ions and electrons are put initially, which is more than
sufficient to sustain the wave of the given amplitude (B. ~0.01). The
amplitude of this wave magnetic field is by two and a half orders of magnitude
larger than the thermal magnetic field level shown in Figure 3a). The
background magnetic field is parallel to the z direction with Dn= 1 (CJ =
CJ ). In order to retain the electron drifts properly, a rather small time step
a At = 1 is again used. The ion to electron mass ratio is m./m = 10. Thece ° i e
Alfven speed is l.hen v . / c = 0.32.

The propagation of the Alfven wave along the ambient magnetic field is
shown in the birdview plot of Figure 4. Shown in the figure is the wave
magnetic field B between t / r . = 0 and 4.8 where T =2n/a> is the wave
period. The sinusoidal wave given at 1 = 0 ( B k

= 1.3x10 ) is seen to
propagate in the positive z direction well keeping the wave form and the
amplitude. The corresponding wave electric field E and other wave field
components B and E exactly show the same time evolution and, therefore,
are not shown here.

Precise wave patterns of the electric field and the magnetic field are shown
in Figure 5. The top two panels correspond to the initial fields where the phase
of the E and B fields is given the same. . The bottom two panels show the
corresponding wave fields at 1/T. = 6.4. It is observed that the E and B
fields are clearly keeping the sinusoidal wave forms and the same phase even
after several wave periods. The amplitudes of the corresponding electric field
and the magnetic field are almost the same as the initial values. A slight
distortion of the wave form seen in the E field amounts only 7 per cents in
the amplitude. The observed phase speed of this wave is v . ~ 0.30 which is
very close to the theoretical phase speed u/k= 0.31.

The lime history of the magnetic and electric field energy associated with
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the wave is shown in a logarithmic scale in Figure 6(a). Plotted in Figure 6(b)
are deviations of the magnetic and electric field energy and those of the kinetic
energy of the ions and electrons (in a linear scale). Damped oscillations are
found in the quantities shown in Figure 6. These oscillations arc caused by a
slight mismatch in the initial wave loading and is due to the energy transfer
between the wave and the gyrating particles (mainly ions). When the magnetic
energy decreases, there occurs an increase in the wave electric field energy and
the particle kinetic energy, and vice versa. H is noted that the kinetic energy
change is almost attributed to the change in the perpendicular kinetic energy,
especially that of the ions. Since the energy transfer back to the wave is not
complete, the simulation system gradually loses the total energy (the field
energy plus the kinetic energy). The total energy decreasing rate is — 6.3x 10
per cents during one wave period which is practically very small.

5. Conclusion

In this paper, an implicit electromagnetic particle simulation code - the
macroscale particle simulation code, was described. A full set of Maxwell
equations were used to determine the electromagnetic fields together with the
relativistic version of the equation of motion. By virtue of the decentered
(backward) scheme (5) and (6), this simulation code was numerically quite
stable and had adequate numerical accuracy. Moreover, the equations were
easily solvable in multi-dimensions since it could be coded in a time-marching
form.

The advantages of this code were the following. First, by the use of the
decentered (backward) time differencing scheme in the field equations, high
frequency oscillations such as Langmuir waves and the high frequency
electromagnetic waves were shown to be efficiently suppressed. On the other
hand, low frequency waves (c jAt<<l , At is the time step) were shown to be
properly reproduced. (See Sec.3 and 4 for the details.) Secondly, restrictions
on the explicit particle codes were relaxed to Ax/A > > 1 and u AI>>1
/ e JPe

(however, a At— 1 so far to include the electron drifts). Thirdly, in contrast
to the fluid codes, the use of the finite mass electrons enabled a proper
treatment of the scalar potential electric field and the electron motion along the
ambient magnetic field. Moreover, all the particle drifts (ExB drift, polariza-
tion drift, V B drift etc.) were naturally incorporated.

As a numerical verification of the macroscale particle simulation code, the
eigenmodes in the thermal equilibrium plasma and the propagation of the finite
amplitude monochromatic Alfven wave were examined in Sec.4. In the former
test, low frequency eigenmodes such as ion acoustic waves, the whistler waves.
Alfven waves and the fast magnetosonic waves were shown to be properly
reproduced. Whereas high frequency eigenmodes were suppressed and were
not present. In the latter test, the launched Alfven wave which is by orders of
magnitude larger than the thermal magnetic fluctuation level almost exactly
kept the initial wave form, amplitude and the phase relation even after several
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wave periods, as shown in Figure 4 and 5.
Before closing this paper, a proper application of the macroscaJe particle

code is mentioned. As noted in Sec.l, the purpose of this code is to study
global (sub-MHD) scale plasma behaviors. However, the wavelength of the
drift wave (e.g. the lower-hybrid drift waves) is scaled by the electron Larmor
radius rT . Here the relation r, /\ = u /a holds which is order of unity

Le Le e ce pe
in fusion plasma applications. The wavelength of ion acoustic waves becomes
A~A when their frequency is close to the ion plasma frequency CJ .. In order
to deal with turbulence effects and resultant transport associated with these
waves, it is evident that one has to use a small grid size comparable to the
Debye length A or the electron Larmor radius r. (even if the code allows
A x > > A ). On the other hand, when one is to study Alfven waves with
cj~kv . < u ., their wavelength becomes A> c/a . which is much larger than

A ci ° pi s

the scale length of the aforementioned drift wave and ion acoustic waves, i.e.,
r, or A . Therefore, in the simulations with the macroscale particle code, one
has to introduce viscosity terms phenomenologically into the equation of mo-
tion in order to treat the turbulence effects associated with small scale waves.
This treatment is what is usually done in the particle hybrid codes (e.g. [12]).

For the future plans, extension of the time step (u A t > > l ) keeping the
particle drifts is to be considered first. For application to the real problems,
torus effect (such as a tokamak) and ionization collisions may be important,
The former requires a solution of the elliptic equation (5) in the coordinate
space which is somewhat time consuming. These effects may be rather trivially
incorporated in the future macroscale particle code.
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Figure Captions

Figure 1 The frequency a (solid line) and the damping increment a.
(dashed line) of Langmuir waves for different time step intervals a At
under the time decenlered scheme of Eq.(6) [/3 = 1.0]. The parameters are
k* = 0.1/(2)1/2, a /u = 1, and electron beta p =0.01.e ce pe e

Figure 2 The frequency a (solid line) and the damping increment (dashed
line) of Alfven waves for different time step intervals u At under the
decentered time differencing scheme of Eq.(5) [a = 1.0]. The parameters
are ck/cj = 0.01 and c/v „ = 10.pe A

Figure 3. The power spectra for (a) the magnetic field B and (b) the
electric field E in a thermal equilibrium plasma. The spaclra are plotted as
functions of frequency a/a , for fixed values of the parallel wavenumber
ck../<j (corresponding to the vertical baselines). Above (i.e., to the right
of) each baseline, the power is plotted on a logarithmic scale such that the

A

power increment between baselines is 10 . The solid and dashed lines are
the theoretical <y(k..) dispersion relations for whistler and Alfven waves,
respectively.

Figure 3c) The power spectrum of the magnetic field B for a thermal
equilibrium plasma. The format is the same as in Figure 3a,b), except the
abscissa is now the perpendicular wavenumber ck^/u . The solid line in
the figure shows the theoretical dispersion relation for the fast
magnelosonic wave.

Figure 4 A bird's-eye plot of the magnetic field B of the launched Alfven
wave between t/T. =0 and 4.8, where T . = a/Zn is the wave period. The
initial amplitude is B,~1.3x 10

Figure 5 The electric field E and the magnetic field B of the launched
Alfven wave at t=0 (top two panels) and at t = 6.4TA (bottom two panels).
The ordinate scales for the corresponding fields are the same at the two
different times.

Figure 6 (a) The time history of the wave magnetic field energy e., and the
electric field energy £„ for Alfven wave propagation, (b) The deviations of
the wave field energies Aen and AEp, and those of the kinetic energy of the

13 Hi

ions and electrons, AW. and AW , respectively.
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HYBRID CODE SIMULATION ON MODE CONVERSION

IN THE SECOND HARMONIC ICRF HEATING

Kazuo Sakai, Satoshi Takeuchi and Michio Matsumoto

( Yamanashi University, Kofu)

and

Ryo Sugihara

( Institute of Plasma Physics, Nagoya University, Nagoya)

ABSTRACT

ICRF second harmonic heating of a single-species plasma is

studied by using a 1-1/2 dimensional quasi-neutral hybrid code.

Mode conversion, transmission and reflection of the magnetosonic

waves are confirmed, both for the high- and low-field-side

excitations. The ion heating by waves propagating perpendicularly

to the static magnetic field is also observed.

1. INTRODUCTION

It is considered that mode conversion process plays an

important role in the RF heating of fusion plasmas. Near the ion

cyclotron second harmonic resonance, mode conversion may take

place from the fast magnetosonic wave to an ion Bernstein wave.

Then ions may be heated by the ion cyclotron damping of the ion

Bernstein wave.

Many theoretical works were based on linearized approximate

differential equations from the assumption of weak inhomogeneity.
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i ) —Q)
and small gyroradius . But the scale length of the

inhomogeneity is comparable to the wavelengths of some of the

existing waves'. And there exist some waves of the , wavelength

nearly equal to the ion gyroradius. The nonlinearity of the ion

orbit deflection may affect the ion heating. Since it is

difficult to treat analytically such strong inhomogeneity, the

finite gyroradius effect and the nonlinearity, we have performed

particle simulations. Though some idealizations are necessary

in the modeling of the system, those effects may be

selfconsistently included in the simulation.

2. QUASI-NEUTRAL HYBRID CODE

The main purpose of the simulation is visually to show the

features of the ion cyclotron second harmonic waves propagating

perpendicularly to the static magnetic field. A part of the

results of the simulation has already been briefly reported3).

The simulation has been done by using 1-1/2 dimensional quasi-
4)neutral hybrid code . The electrons are smeared out and treated

as a massless fluid. So the generalized collisionless Ohm's law

n <i <E+(v\/e)XB>=VpQ (1)

is satisfied, where n , q , p and v_ denote the number density,
C c C c

charge, pressure and velocity of the electron fluid,

respectively. In the range of the ion cyclotron frequency,

Darwin approxination

VXB - (4n/c)j (2)
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is valid. This is consistent with the quasi-neutrality

n qe+Hjij^Q, namely V*J=0, where n,, q, are the number density

and charge of the ions. From eqs.(l) and (2), we can calculate

the electric field by the equation

E={ (VXB) XB/471 -?j XB/c-VPe>/njqj (3)

where j j is the ion contribution to the current density. The

magnetic field is obtained from

BB/3t=-cVXE (4)

These equations and the equations of motion of ions are solved by

the predictor-corrector method. Some additional techniques such

as quadratic spline and gaussian smoothing factor have been used.

These and high "particle" density have been effective to decrease

the statistical noise.

We want to simulate the phenomena of ion time scale in the

plasma of the realistic parameters. This is the main reason to

adopt the quasi-neutral hybrid code. The stability condition of

the code is DX/VA>DT, where DX, DT and V. are the grid spacing,

the time step and the typical value of Alfven velocity,

respectively. We put DX=ion gyroradius, then QDX/VA=vth/VA=v
r/3 .

where Q, v.. and /3 are the ion cyclotron frequency, the thermal

velocity of ions and the plasma parameter, respectively. So we

can take the sufficiently long time step to simulate the ICRF

phenomena.

The most important test of the code is to examine the wave

dispersion. Our code has satisfactorily reproduced the dispersion
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relations of the magnetosonic and ion Bernstein waves propagating

perpendicularly to the static magnetic field in a homogeneous hot

plasma as shown in Fig.l. Though so-called numerical cooling

effects of ion energy have been observed, the cooling rate amount

to only a few per cent during a thousand steps.,

3. SIMULATIONAL MODEL

The model of plasma is the hydrogen slab plasma bounded by

two conductor walls at x=0 and x=0.64 m as shown in Fig.2. The x-

axis is normal to the slab and the z-axis is along the static

magnetic field B, the strength of which varies as

B(x)>BgRg(0.98+x), where BQ=1 tesla and RQ=1.3 m. The initial

density nQ and the initial temperatures 1Q (=T Q ) , which are

1 9 -3

homogeneous throughout the present simulation, are 4X10 m and

1,2,4 and 8 keV, respectively. Every quantity is assumed to be

uniforn along the y- and z-axes.

Wave of frequency wQ are excited by antenna on which an

oscillating sheet current flows in the y-direction. Two antennas

are immersed at the high field side and at the low field side in

the plasma as shown in Fig.2. The field components excited are

E__. E_, and B_, and the wave vector k is along the x-axis.

The siaulational parameters are as follows: the grid number

is 128 or 256(the grid spacing is taken to be smaller than the

ion gyroradius), the particle number is 6400 or 12800, and the

longest time that has elapsed is 16400 steps(<65 ion gyro-

periods).
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4. IDENTIFICATION OF WAVES

The spatial wave profiles are shown in Fig.3 for, To=4 keV

both for the high-(HFSE) and the low-field-side excitation(LFSE).

The superpositions of two different types of waves, short and

long ones, are observed, whose profiles change abruptly across

the turning point(M). The transverse component E exhibits only

the long wave which is considered as the contribution of

magnetosonic wave. From E we can obtain the longitudinal

MS
contribution E of magnetosonic wave by usjng the wave

R mm
equation. Next we define Ev by the subtraction E -Ev . The

R
profiles of E are also shown in Fig.3. They exhibit only short

A

B

waves. Therefore we can assume that E is the contribution of

ion Bernstein wave. In fact, the local wavelengths of Ex and E

almost agree with the local dispersion relations of ion Bernstein

and magnetosonic waves obtained from the homogeneous

approximation as shown in Fig.4.

5. PROPAGATION OF WAVES

Bird's eye views of the space-time wave profiles are shown

in Fig.5 for TQ=4 keV over two periods 4n/uQ, both for HFSE and

LFSE. The transient variation of the space-time wave profiles of

the ion Bernstein wave is also shown in Fig.6 for HFSE. Features

of the wave propagation are summarized as follows.

A. High-field-side excitation
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l)At first nagnetosonlc wave is excited by antenna.

2)The magnetosonic wave propagates toward the turning point.

The wavelength gradually decreases as the wave approaches the

turning point.

3)A part of the magnetosonic wave is transmitted through the

evanescent region toward the low field side. Remaining is

converted to ion Bernstein wave and comes back toward the high

field side. It should be noted that though the phase velocity of

the ion Bernstein wave is toward the low field side, the energy

flow or the group velocity of ion Bernstein wave is toward the

high field side as shown in Fig.6.

4)There is almost no reflection of the magnetosonic wave at

the turning point.

B. Low-field-side excitation

1)Magnetosonic wave and a part of ion Bernstein wave are

directly excited by antenna.

2)The magnetosonic wave propagates toward the turning point.

3)At the turning point, a part of the magnetosonic wave is

transmitted toward the high field side, and in this case a part

of it is reflected toward the low field side. Remaining is

converted to the ion Bernstein wave and propagates toward the

high field side.

The effects of the initial temperature are also examined. As

the temperature increases, the mode conversion points move toward

the high field side, the share of ion Bernstein wave increases

and the coefficients of transmission and reflection of the

magnetosonic wave exponentially decrease as shown in Pig.7 and

Pig.8. In Pig.8 the mode conversion rate and the transmission
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coefficient are defined by max(Ex )/max(Ex ) and

max(Ey
LFS)/max(Ey

HFS), respectively, where E y
L F S and E y

H F S denote

the E in the lower and higher field side from the turning point,

respectively.

6. ION HEATING

Tail heatings of ions have been observed. The kinetic energy

of ions increases with time. The rate of the increasing is

approximately proportional to the square of the antenna current.

The maximum energy depositions take place where the electric

field energy density has the maximum. Some stochasticity induced

by the waves or some nonlinear mechanism such as the subharmonic

•* •* 5)-7)

resonance or v XB acceleration may be responsible for the

heating mechanism by k//=0 waves. The determination of the

mechanism will be done in the future work.

7. CONCLUDING REMARKS

l)The mode conversion, transmission and reflection of the

magnetosonic wave have been successfully observed by the quasi-

neutral hybrid simulation for the plasmas of realistic parameters

and realistic size. 2)The features of the wave propagation

qualitatively agree with the existing theories. 3)Tail heating of

ions by *//=& waves have been observed. The heating mechanism

regains undetermined. 4)Extens ion to k,,*0 waves and inclusion

of the electron Landau damping are desirable and are under the
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preparation.
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n=0

w/fi

Fig.l Spectrum of the thermal fluctuation of the longitudinal

electric field for the homogeneous plasma with BQ = 1 tesla,

1 9
nQ=4X10 m

-3
and TQ = 4 keV. The number n is the wave number per

the system length, and Q is the ion cyclotron frequency.
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Fig.3 Spatial wave profiles for TQ=4 keV. The symbols A. M and

2ND indicate the positions of antenna, turning point and the

second harmonic resonance.

- 3 0 9 -



2ND

Fig.4 The local dispersion relation. The squares correspond to

the HFSE, and the circles to the LFSE. The empty ones are

obtained from the profiles of E , and the filled ones from E in
y x

Fig.3. The curve is the dispersion curve constructed from the

homogeneous dispersion relation.
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Fig.5 Bird's eye views of the space-time wave profiles for Tn=4

keV.
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Fig.6 Transient variation of the space-time wave profile for

HFSE.
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Fig.7 Wave profiles vs. temperature.
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Fig.8 Temperature dependence of the mode conversion rate and

transmission coefficient for HFSE.
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