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FUNDAMENTAL DATA ANALYSES FOR MEASUREMENT CONTROL

by

K. Campbell, G. L. Barlich, B. Fazal, and R. B. Strittmatter

ABSTRACT

A set of measurement control data analyses was
selected for use by analysts responsible for main-
taining measurement quality of nuclear materials ac-
counting instrumentation. The analyses consist of
control charts for bias and precision and statistical
tests used as analytic supplements to the control
charts. They provide the desired detection sensi-
tivity and yet can be interpreted locally, quickly,
and easily. The control charts provide for visual
inspection of data and enable an alert reviewer to
spot problems possibly before statistical tests de-
tect them. The statistical tests are useful for
automating the detection of departures from the con-
trolled state or from the underlying assumptions
(such as normality).

I. INTRODUCTION

An important aspect of a complete measurement control program is the

analysis of data from periodic control measurements of known standards. A

set of measurement control data analyses has been selected to provide the

desired detection sensitivity and still be easy to interpret. These cri-

teria allow the analyst responsible for maintaining measurement quality to

make local and timely review of control data. The analyses consist of

control charts for bias and precision and statistical tests used as ana-

lytic supplements to the control charts. The charts allow visual inspec-

tion of data and enable an alert reviewer to spot problems possibly before

they are detected by statistical tests. The statistical tests are used

for automating the detection of departures from the controlled state or

from the underlying assumptions, such as normality.



The algorithms described here are

• control charts for bias,

• control charts for precision,

• sequential tests for shifts in the mean, and

• tests for randomness and normality.

A detailed review of the statistical algorithms is presented in Sec. II.

Page's sequential test, used to automate the detection of changes in

bias, can signal a single observation deviating greatly from the mean or a

sequence of observations deviating slightly from the mean. This test can

be described as a cumulative sum (cusum) of the past observations, with a

restart mechanism that prevents a recent problem from being obscured by a

long history of satisfactory behavior.

Control charts and other statistical tests are based on the assumption

that measurements from the control program are approximately normally dis-

tributed. Failure of normality can affect the false-alarm rate of the

tests and decrease their usefulness for detecting real problems. The rec-

ommended test for normality is the Shapiro-Wilks test, applied to predeter-

mined sample sizes.

Although randomness is not precisely defined, features exist that

would not be considered random, such as extreme observations, slow upward

or downward drifts, and cycles with a definite period. Detection of such

nonrandom behavior would alert the analyst to look for factors affecting

the measurements that could be controlled. The test based on the von

Neumann ratio is sensitive to many types of nonrandom fluctuations.

The Los Alamos Safeguards Systems Group has implemented the described

algorithms in a measurement control code for personal computers. The code,

Measurement Control Charts and Tests (MCCAT), is being evaluated at the

Oak Ridge Y-12 facility for highly enriched uranium scrap recovery.

II. BASIC ALGORITHMS

This section describes standard control charts and algorithms in the

context of what we will call the "standard case," namely, daily control

measurements of a known, constant standard where the variance of the meas-

urement process is also assumed known. This section contains the basic



information that will be needed by any user of the MCCAT software. Sec-

tions III and IV contain information that will probably be needed only by

individuals responsible for setting up and maintaining the system.

A. Introduction and Terminology

The algorithms described are designed to be used with data collected

as part of an ongoing measurement control program. Typically, one control

measurement of a prescribed standard is made each day or after a fixed

number of measurements on a given instrument. Archived with the result of

this control measurement may be the certified value of the standard, a

computed (that i s , propagated) measurement error, and other relevant in-

formation, numerical or alphanumeric. Possible modifications of this sce-

nario, including repeated measurements of the same standard or the use of

two standards (to check different ranges of the instrument), do not sig-

nificantly affect the procedures described here.

A sequence of control measurements made as above is referred to here

as (a realization of) the "measurement process." Individual measurements

(also called observations) typically cluster around an average value (or

mean value) with a spread reflecting uncontrollable factors, such as a

counting error in the measurement of radioactive material, small varia-

tions in atmospheric conditions and temperature, or slight differences in

the procedures used by different operators. Generally, the distribution

of observations about their mean value is adequately described by a

Gaussian, or normal, probability distribution. It is also assumed that

che result of one measurement does not in any way affect the result of

another (that i s , the observations are independent).

The objective of examining the archived sequence of control measure-

ments is to determine whether the instrument (and the associated procedures

and operators) continues to function at an acceptable level of precision

and accuracy. If so, we say that the measurement process is "in control."

Specifically, given a sequence of control measurements, we assume that the

process continues in control as long as the average value and standard

deviation of the observations do not deviate significantly (in a s ta t is-

tical sense) from their historical values. (Adjustments for a decaying

radioactive standard or a predictably deteriorating precision are con-

sidered in Sec. I II . ) The algorithms described below are designed (1) to



produce graphical displays that provide visual indications of deviation

from the historical norms and (2) to provide timely, automatic indicators

of such deviations, based on statistical tests of the null hypothesis that

the measurement process is, in fact, in control.

B. The Standard Case; Known Mean and Standard Deviation

In the standard case, the measurement process is considered to be in

control if the observations are independently normally distributed with

known mean and standard deviation. Verification of normality and inde-

pendence are the subjects of Sees. IV.C and IV.D, and these properties are

assumed in all other sections. Here we are dealing with the problem of

detecting deviations in the measurement process from the known mean value

(that is, detecting bias) and also with changes in the historically deter-

mined standard deviation that provides a measure of the significance of

differences between the actual observations and the known mean value.

The mean value is assumed to be known with high precision (without

error for practical purposes). This is the situation, for example, when a

certified standard is used (such as a National Bureau of Standards cali-

brated weight), when a supplementary measurement of the standard has been

made by another more accurate method (for example, chemical analysis), or

when a careful measurement of a secondary standard has been made after the

instrument has been calibrated using primary standards.

The standard deviation of the process, on the other hand, can be

determined only by analysis of historical data or of data from a designed

experiment. These data must be collected under circumstances that accu-

rately reflect all of the sources of random error that will affect routine

accountability measurements, for example, using several operators and con-

tinuing over a reasonably extended period of time. The determination of

the historical standard deviation is discussed in Sees. IV.A and IV.B.

This historical standard deviation must be carefully distinguished

from specification limits claimed by the manufacturer of the instrument or

required by the user. If the latter are significantly smaller than the

historical limits, there may be a problem that needs to be investigated,

but it is separate from the measurement control program. The limits that

are relevant for measurement control are the historical^ empirical ones.



As long as the standard deviation of the observations is not significantly

different from its historical value (and no bias is apparent) „ fr.r. meas-

urement process is considered to be in (statistical) control, even if the

precision or accuracy of the measurements fails to meet administrative

requirements.

Controlling (or at least correcting for) bias in special nuclear mate-

rial (SNM) measurements is clearly important: consistent bias in a series

of accountability measurements leads quickly to the appearance of inventory

differences where none actually exist (or may possibly conceal a true dif-

ference). The importance of controlling the standard deviation may be less

obvious. However, comparison of observed differences with a standard de-

viation that is, in fact, smaller than the process is capable of maintain-

ing may lead incorrectly to the conclusion that inventory differences

exist, and comparison of the observations with a standard deviation that

is too large will mask bias. Changes in either direction are possible as

a result of changes in procedure or personnel; change may also become

apparent if the historical variance estimate was based on too few or non-

representative data.

C. Shewart Control Charts
2

Let u be the known mean and a the known variance of the measurement

process when it is in control. Let x denote the control measurement of

the standard made at time t. We will consider the standardized measurement

(xfc - 11)

Under the standard assumptions discussed in Sec. II.B, the z are inde-

pendent realizations of a normal random variable with mean zero and unit

variance. In particular, about 1 observation in 400 is expected to exceed

3 in absolute value.

A Shewart control chart is a plot of the standardized measurements

z vs time t and includes horizontal lines at zero (the mean value of

the standardized measurement) and, generally, at plus and minus three



units (the control limits). A standardized observation that falls outside

these control limits indicates bias, and some action such as recalibration

of the instrument or at least review of recent measurement control data is

required.

A similar chart can be used to examine group means. The standardized

measurements are divided sequentially into groups of five, and the mean of

each group is calculated. This value is plotted on a chart with mean 0

and control limits at ±3//5 and +21/5.

Shewart charts are familiar to most people and are easy to interpret.

A series of measurements (up to 81 observations in ttie MCCAT code) plotted

in this way can reveal abnormalities that may have crept into the measure-

ment process, which are not immediately detectable out of their historical

context. However, the statistical tests implicit in the choice of control

and warning limits are less than optimal, especially for the detection of

small shifts in the mean value (although numerous ad hoc solutions to this

problem have been developed). Section II.D describes a two-sided Page's

test that, as a modification of a sequential probability ratio test, is

known to have some optimal properties in terms of the length of time (num-

ber of observations) required to detect shifts in the mean.

A Shewart control chart can also be developed for control of the

standard deviation of the measurement process. This chart is based on the

sample standard deviation of a sequence of individual observations of

length r = 5. Specifically, the statistic

t I ^ - x ) 2

( r - l ) s j - I (z. - z) 2
 =
 i=t-r+1 , (2)

C i=t-r+l x a

(where z is the average of the r standardized observations z.,

i = t - r + 1, ..., t, and similarly x is the average of the r observa-

tions x. ) has a chi-square distribution with r - 1 degrees of freedom, and

upper and lower control limits for the sample standard deviations s , com-

puted after each r observations, are constructed using the tabled percen-

tiles of this distribution. Specifically, the mean value of s , defined



by Eq. (2), is c , given in Table I for r between 2 and 12. Upper and

lower action limits may be set at j and j , and optional warning limits

may be set at v and v .

D. Sequential Test for Bias

Page's test is based on a statistic closely related to the cumulative
2

sum of the past observations. It has been described as a cusum test with

a restart mechanism to prevent recent problems from being obscured by a

long history of satisfactory instrument behavior. It can be alarmed by a

single observation deviating from the mean by a large amount [(h + k)a

in terms of the notation given below], by a short sequence of observations

deviating from the mean by a smaller amount, or by a longer sequence of

observations deviating by an even smaller amount. Thus, a single test en-

compasses many of the modifications proposed by Roberts as alterna-

tives to the simple test implied by a Shewart chart with control limits at

m ± 3a.

Table I. Mean value, action limits, and warning limits for
the sample standard deviation of r standardized
observations

Number of
Grouped

Observations

r

2
3
4
5
6
7
8
9
10
11
12

Mean Value
of st

cr

0.798
0.886
0.921
0.940
0.952
0.959
0.965
0.969
0.973
0.975
0.978

Lower
Action
Limit

0.00
0.03
0.09
0.15
0.21
0.25
0.29
0.35
0.36
0.38
0.41

Upper
Action
Limit

3.29
2.63
2.34
2.15
2.03
1.93
1.86
1.81
1.76
1.72
1.69

Lower
Warning
Limit

0.03
0.16
0.27
0.35
0.41
0.45
0.49
0.52
0.55
0.D7

0.59

Upper
Warning
Limit

2.24
1.92
1.77
1.67
1.60
1.55
1.51
1.48
1.45
1.43
1.41



A two-sided Page's test for deviations in the mean of the measurement

process takes the following form:

1. Select a reference value k (typically about 0.5) and a decision

value h (typically in the range of 4 to 5).

2. Initialize the Page statistics: m(0) = 0 and M(0) = 0.

3. For t = 1, 2, 3, ..., compute

m(t) = max {0, m(t - 1) + z - k}

and

M(t) = max {0, M(t - 1) - zt - k> (3)

(max {x, y} denotes the larger of the two numbers x and y).

4. Declare the measurement process out of control at time t if either

m(t) or M(t) exceeds h.

Typically h and k are chosen so that it will take about 10 or 12 ob-

servations to detect a shift of magnitude 1 in the mean of the standardized

measurements z (that is, a shift of 1 standard deviation in the mean of

the raw observations x ) while allowing an average run length of the

process in control (that is, the average time until a false alarm) to be

approximately 300 to 400 observations.

The interesting region of the (h,k) parameter space is indicated in

Fig. 1. The two heavy curves bound a region in which the average run

length of the process in control exceeds 300 observations and the average

number of observations until detection of a shift of la is less than 12

observations. Values of (h,k) chosen from the right-hand side of this

region lead to tests that have longer run lengths when the process is in

control, but that also take longer, on the average, to detect a shift in

the mean. Shaded regions indicate where (a) the average run length of the

controlled process exceeds 400 observations and (b) the average time until
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of one standard deviation
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Fig- 1.
Usable region of (h,k) parameter space for two-sided Page test. The
two heavy curves bound a region in which the average run length of
the process in control exceeds 300 observations and the average num-
ber of observations before detection of a shift of 1 standard devia-
tion is fewer than 12. The diagonal shaded and horizontal shaded
subregions correspond to longer average run lengths and to detect-
ability of smaller shifts in 12 observations, respectively.

detection of a shift of 0.9a is less than 12 observations. From the latter

we see that it is not possible to improve on the time to detection of even

marginally smaller shifts without driving the average run length of the

controlled process to unacceptably small values. Note also that even with

an average run length of 400 observations for the process in control, a

significant, number of runs will be shorter, because the distribution of

run lengths is approximately exponential; almost 1 run in 5 has fewer than

100 observations. The probability of at least one alarm occurring as a

function of run length is shown in Fig. 2 for (h,k) = (5.0,0.5) and Fig. 3

for (h,k) = (7.b,0.5).
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Fig. 2.
The probability of at least one alarm occurring based on the Page
statistic with (h,k) = (5.0,0.5) for standardized measurement
biases of 0.0 and 0.5. Also included is the probability of at
least one alarm occurring based on the Shewart chart with control
limits at ±3a.

The Page statistics m(t) and M(t) may be plotted against t on a sin-

gle chart with control limits at h and -h. Small changes in bias are re-

portedly easier to spot on such charts than on standard Shewart control

charts.

III. MODIFICATIONS FOR NONSTANDARD CASES

The modifications for nonstandard cases consist of replacing the known

constant mean u and/or known constant standard deviation o, used to stan-

dardize the observations in Eq. (1), by functions of t. Specifically, we

10
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Fig. 3.
The probability of at least one alarm occurring based on the Page
stat ist ic with (h,k) = (7.5,0.5) for standardized measurement
biases of 0.0 and 0.5. Also included is the probability of at
least one alarm occurring based on the Shewart chart with control
limits at ±3a.

consider the cases where the mean at time t is a nonconstant but known

function of t , u ; where the standard deviation at time t is a nonconstant

known or estimated function of t , a ; and where repeated measurements are

made (more than one measurement of the same standard each time a control

measurement is scheduled).

A. Modification for Changing (Decaying) Standard Value

When the standard contains a radioactive element with a relatively

short half-life, noticeable changes in the mean value u of the measure-

ment process may occur over the usable life of the standard. These changes

are easily accommodated if they are not too significant, because the half-

l i fe of the element, as well as the init ial quantity of material present,

11



can be assumed to be known precisely. Hence, the mean value u of the

measurement x at time t can be computed and used to standardize the obser-

vation as described in Sec II.C. Significant decay, however, may also

affect the standard deviation a, one component of which is a counting

error (proportional to the square root of u in a simple Poisson model

of the measurement process, but frequently a more complicated function of

the counting statistics that takes into account background and internal

radioactive sources). One way to compensate for this effect is to increase

the counting time used in making the control measurement. Otherwise, a

model for the standard deviation, o = <j . in Eq. (1) must be constructed

and used as discussed in Sec. III.B.

B. Modification for Deteriorating Measurement Precision

For nondestructive assay (NDA) instruments with short-lived sources

or when the standard itself is decaying, as mentioned in Sec. III.A, one

component of the variance may change over time, although the other compo-

nent (the part due to factors such as varying atmospheric conditions, sam-

ple placement, etc.) remains constant if the measurement process is in

control. For this case we need a model for the changing component or some

measurement of the changing component. The constant part is estimated

using historical data in a manner similar to that used for the standard

case (see Sec IV.B). The time-dependent standard deviation a = a needed

for standardization of the observation [Eq. (1)] is then computed as the
2

square root of the sum of the computed variance, t , and the constant com-

ponent , n :

2 2 ,, .
afc = n + Tfc . (M

C. Modifications When Repeated Measurements Are Made

Multiple dai ly measurements of the same standard ( i f , for example,

two contro l measurements a re always made a t a time) could be t reated as

independent observat ions . I t i s probably more i n s t r u c t i v e , however, to

redefine the control measurement x as the average of these measurements,

12



with the same mean u as the original measurement process but with a stan-

dard deviation that is smaller by the square root of n, the number of rep-

licates. Shifts that can be detected by Page's test using the resulting

standardized observations, for example, are similarly smaller by a factor

of the ..̂ 'lare root of n, with the same parameters as before. (For example,

with 2 ̂ ily measurements, we can expect to detect a shift of approximately

0.6a in 12 days while maintaining an average run length of 400 days for

the controlled process.)

IV. MAINTENANCE INFORMATION

The information in this section is not required by the casual user of

the measurement control program software but is needed by individuals with

responsibility for setting up and maintaining the system. It includes

(1) methods for estimating the historical standard deviation needed for

standardizing the observations and (2) auxiliary tests of the assumptions

•mderlying the control charts and sequential tests (namely, normality and

independence of the observations). !

A. Estimation of Historical Standard Deviation: Standard Case

We have assumed that the mean value u is known precisely, whether

as the result of independent assay or of careful measurement following

calibration (in the case of a secondary standard). The value of the stan-

dard deviation a, however, can be obtained only by observing the process

itself over a reasonable length of time (30-60 days, if possible). It

depends both on controllable factors, such as standard procedures and the

skill of the operator, and on relatively uncontrollable factors, such as

air pressure and the inherently random nature of count data. Only some of

these factors are captured in the propagated error reported by the software

associated with the NDA instrument.

Therefore, to estimate o we require an initial set of observations,

which may be obtained during a trial period or, if necessary, during the

early phase of actual operation. To the extent possible, these data should

13



be collected using procedures, operators, and environments that are typical

of actual accountability measurements. (Re-estimation of a may be indi-

cated later, in which case the recent history of the measurement process

can be used. However, once computed, a, or n in the case of the modi-

fication described by Eq. (4), is assumed known and constant unless one of

the standard tests or control charts indicates that it has been incorrectly

estimated or has changed since originally computed.)

Thus, suppose we have a history of N measurements of the standard.

Because these historical data may have some long-term problems (for exam-

ple, a slow trend or recalibration in the middle of the series), we obtain

an estimate of a by segmenting the data into small, more nearly homoge-
2

neous subgroups (for example, by weeks); o is then estimated by the

within-group variance of the historical data, rather than by the overall

variance. If the historical data contain some extremely divergent obser-

vations (outliers) for which an assignable cause can be determined, these

observations should be deleted before performing the computations below,
; 2

' as they can strongly influence the estimate of a . Testing the his-

torical data for normality may also be worthwhile (see Sec. IV.C).

Specifically, then, let the (edited or transformed, if necessary) his-

torical observations be denoted by x.. , where k = 1,...,K for K calibra-
1 th

tion periods, j = !,...,! for J subgroups within the k calibration

period, and i = 1,...,I., for the individual measurements in the (j,k)

subgroup. Form the within-group means:

•jk I., .L
jk i=l

Then compute

2 K Jk Xjk

* = I I I (xiik - x ) 2 . (6)
k=l j=l i=l 1 J K Jk



2
Then a is estimated by

-2

where M is the total number of subgroups, that is,

K
M = I J, , (8)

k=l

and N is the total number of observations.

With the data grouped into short intervals, the procedure described

in Eqs. (5) through (8) is also suitable for the first nonstandard case

considered in Sec. Ill, namely, a slowly changing mean value u , unless a

changes significantly over the span of the historical data.

B. Estimation of Historical Standard Deviation: Changing with Time

Substantial complications are presented by NDA instruments with short-

lived sources resulting in measurements of significantly decreasing preci-

sion during the periods between replacement. Similar problems occur when

a rapidly decaying standard causes large changes in the counting statistics

associated with its measurement. We assume that the data available for

computation of the historical standard deviation cover a period suffi-

ciently long to reflect such changes and possibly cover at least one re-

placement of the source (or standard). The standard deviation or to

be used in Eq. (1) is computed as the square root of the sum of two vari-
2

ances: first, a component x associated with the observation at time t and

estimated by the software package of the instrument, and second, a constant
2

component n to be estimated from the historical data (given the t 's

associated with these data).

We assume that the mean value of the measurement process is approxi-

mately constant (or only slowly changing) during the period covered by the

15



historical data. (For an instrument with a secondary foil standard, the

"known" mean value may, in fact, change when the instrument is recalibrated

using primary standards.)

Specifically, let the historical measurements be denoted by x. .. as
th 1J

before, over K calibration periods, with J, groups in the k calibration

period (grouped observations obviously should not include replacement of

the transmission source) and I., measurements in the (j,k) group. Assume

that the computed error (that is, the variable component of the measurement

variance) is approximately constant in the (j,k) group, and denote it by
2 2

x., . (In practice, x., is computed as the average of the computed
-1 J . th

variances of the measurements in the (j,k) group.) Compute the within-
2

group means as in Eq. (5). Then n is estimated by the solving the
equation

K Jk *jk (x. ., - x ., ) 2

I I I -^ p--N-M (9)
k=l j=l i=l n + Tj k

2 2 2
numerically. [If i . and x are the smallest and largest values of x.,

m m max jk

in the historical data, and if s is defined by Eq. (6), then the solution

to Eq. (9) lies in the range

2 2

_ 2 sf_
- M Tmax' N - M

and a reasonable starting value for solving Eq. (9) numerically is

s2 1 K ^ 2
s _ ± v v *• i

For a future measurement at time t, the expected value of the measure-

ment is u t , the measured value of the standard obtained immediately after

16



the last calibration (or computed in the case of a decaying radioactive

standard), and the standard deviation will be o ,

fin\

2
where x is the computed variance returned with that measurement.

C. Normality and Outliers

The control charts of Sec. II and other tests are all based on the

assumption that measurements obtained from the measurement control program

are approximately normally distributed. Failure of normality can affect

both the false-alarm rate of the tests and their ability to detect real

problems in the process. Therefore we recommend occasionally running a

test of normality. Verification of normality of the historical data before

estimating the standard deviation that will be used in future control

charts and tests is particularly important. If serious deviations from

normality are discovered (and if these deviations cannot be ascribed to

the presence of a few outliers), we may wish to consider the application

of some normalizing transformation to our measurements. For example, dis-

tributions with long tails on the right may be made more symmetric by a

logarithmic or square root transformation.

The most powerful test of normality found in the literature is the
4

Shapiro-Wilks test. Application of this test requires a table of coeffi-

cients that are different for each sample size and a table of critical

values. For practical purposes we set star.dard sample sizes n and stored

the required coefficients a ., i = l,2,...n/2, for these sample sizes.
n, 1

Coefficients for samples of size n = 20, 30, 40, and 50 are tabulated in

Table II. Critical values c for significance levels (false-alarm rates)

of 0.05 and 0.01 are tabulated in Table III. The statistic W for a sample

of n observations from the measurement control process is computed as

follows:

1. Order the n observations from smallest to largest. Label the

ordered observations x,,...,x . (We assume n is even.)
1 n

17



Table II.

Coefficient
i

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25

aFrom Ref. 4,

Coefficients

20

0.4734
0.3211
0.2565
0.2085
0.1686
0.1334
0.1013
0.0711
0.0422
0.0140

pp. 603-604.

£ for Shapiro-Wilks statistic

Number of Observations (n)
30

0.4254
0.2944
0.2487
0.2148
0.1870
0.1630
0.1415
0.1219
0.1036
0.0862
0.0697
0.0537
0.0381
0.0227
0.0076

0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.

40

3964
2737
2368
2098
1878
1691
1526
1376
1237
1108
0986
0870
0759
0651
0546
0444
0343
0244
0146
0049

wa

50

0.3751
0.2574
0.2260
0.2032
0.1847
0.1691
0.1554
0.1430
0.1317
0.1212
0.1113
0.1020
0.0932
0.0846
0.0764
0.0685
0.0608
0.0532
0.0459
0.0386
0.0314
0.0244
0.0174
0.0104
0.0035

Table III. Critical values for Shapiro-Wilks testa

Number of Observations (n)
Level

0.01
0.05

aFrom Ref.

20

0.868
0.905

4, p. 605.

30

0.900
0.927

0
0

40

.919

.940
0
0

50

.930

.947
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2. Compute

9 n _ o
S = I (x. - x ) Z ,

where x is the usual sample mean,

1 s

3. Compute

n/2
b = 7 a . (x - x. )u ni n-i+1 l

where the coefficients a . are obtained from Table II.
n,i

2 2
4. Compute W = b /S and compare the result to the critical value

with the desired significance level in Table III. If W is smaller

than the given critical value, the data appear to depart signifi-

cantly from normality and should be examined further to determine

if the problem is very light tails, heavy tails, skewness, or per-

haps just a small number of outliers for which an assignable cause

can be determined.

The storage requirements of this test preclude its routine use for

samples of arbitrary size. If, say, 38 historical observations are avail-

able, we use the most recent 30.

A common form of non-normality is a "contaminated normal" distribu-

tion, that is, data that are fundamentally normally distributed but that

include occasional outliers. When such observations are detected, and when

the reason for the change can be determined, these observations should be

deleted from the data.
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The most effective way to detect such outliers, given an adequate his-

torical record, is by means of the control chart; points lying outside the

action limits are considered outliers. In general, outlier tests look for

observations that are substantially removed from the bulk of the data; for

example, the tests described by Grubbs are based on the statistic

_ extreme
extreme s

where x is the observation in the set farthest removed from the
extreme

sample mean x and s is the sample standard deviation. (T is called
GX L 176)116

the "extreme studentized residual.") Occasionally it may be useful to have

a test for outliers that uses only the current week's observations. For

detecting a single outlier in samples of size three to eight, the absolute
value of T above can be compared to the critical values in Table IV,

extreme
with x being considered an outlier if the critical value is exceeded,

extreme

This test is not part of MCCAT but may be useful in setting up the system

parameters from historical data. Generalizations for the detection of two

or more outliers are considered by Rosner.

Table IV. Critical values for absolute value of T e x t r e m e

Level
Number of

Observations
n

3
4
5
6
7
8

0.01

1.15
1.49
1.75
1.94
2.10
' .22

0.05

1.15
1.46
1.67
1.82
1.94
2.03

aFrom Ref. 5, p. 4.
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D. Other Tests of Randomness

The statement that there is no "assignable cause" contributing to the

variability in the measurement control data is equivalent to asserting that

the remaining variability is random—the result of uncontrollable factors

that vary from day to day or from measurement to measurement. Although

randomness is not precisely defined, we have some inmitive opinions of

features that we would not consider random, such as extreme observations

(four or more standard deviations r-. ;oved from the mean) or a slow upward

drift in the observations. visible cycles, possibly with weekly or other

natural periods, cr correlations between measurements and other factors,

such as the operator, would alert us to look for potentially controllable

•actors affecting the measurements.

A test included in MCCAT that is quite sensitive to many types of

non-random fluctuations is based on the von Neumann ratio (the ratio of

the mean square successive difference to the variance, or equivalently,
7 ft

the serial correlation coefficient). * This test statistic is computed

as follows:

1. Let x.. ,. . . ,x be t! 3 n observations in the order in which they were

made.

2. Compute

2 n~l 2

s = y (x. - x r
i l ••

where x is the usual sample mean.

3. Compute

2 n~ 1



2 2
4. Compare the value of the ratio T = S /S with the critical values

in Table V. Generally, in measurement control programs, the

alternative to no correlation of interest between measurements is

the possibility of positive correlation between successive meas-

urements, and so we perform a one-sided test. Positive correla-

tion tends to reduce the value of T, and thus we would reject the

hypothesis of no correlation if T were smaller than the value

indicated in Table V.

5. For samples of size n > 25, compute

7
Z = n - 2

Table V. Lower probability points for

Number of
Observations

n

5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25

aFrom Ref. 7,

0.01

0.538
0.561
0.614
0.665
0.709
0.752
0.791
0.828
0.862
0.893
0.922
0.949
0.974
0.998
1.020
1.041
1.060
1.078
1.096
1.112
1.128

p. 287 and Ref.

'vor* Neumann ratioa

Level
0.05

0.820
0.890
0.936
0.982
1.025
1.062
1.096
1.128
1.156
1.182
1.205
1.227
1.247
1.266
1.283
1.300
1.315
1.329
1.342
1.355
1.367

8, p. 446.
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and compare Z with the percentiles of a standard normal. Z is

small in the positively correlated case. Thus, the hypothesis of

no correlation is rejected at the 5% level if Z < -1.645 or at

the 1% level if Z < -2.326. A two-sided test for either positive

or negative correlation between successive measurements rejects

the null hypothesis at the 5% level if |z| > 1.96 or at the 1%

level if |z| > 3.09.
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