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Abstract

Over a wide range of incident energies, the total cross section and
angular distributions for elastic scattering of neutrons from nuclei in
these mass regions are analyzed using the spherical-optical-statistical
model. The effect of a real-surface-peaked potential, predicted lay
dispersion relations, is considered. It is found that when the data on a
given nucleus between say, 4.5 and 10 MeV, are analyzed simultaneously one
obtains a smooth energy variation of the optical model parameters.
Moreover, this parameterization may be used to predict, quite accurately,
at least the tocal cross sections up to 20 MeV. The parameters
characterizing the model are quite different in the two mass regions.

89 93
However, a comparison of the optical model results for Y and Mb
indicates that near A-90 the real well parameters are nearly the same for
the two nuclei and that the volume integrals of the imaginary potentials
are similar.

*Work supported by U. S. Department of Energy, Nuclear Energy Programs,
under Contract W-31-109-Eng-38.
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In this paper we report on the theoretical analysis of neutron
scattering data on targets in the A=60 and A=90 mass regions.
Experimentally, we have acquired high quality data over a wide energy
range (~ 2-10 MeV) on both the elastic angular distributions and the total
cross sections for several nuclei in these regions. This data has been
interpreted in terms of the spherical- optical-statistical model by use of

(1)
the AXL
been:

code ARAREX. The "ground rules" for modeling the data have

1. We require that the optical model parameters have a smooth energy
variation and that the parameterization give the gross properties
(a ,) outside the energy region of the fit.

tOtdl

2. The optical model parameters are determined by minimizing the
function

<*, I J w i i l
6 a

expt

where X is the number of data points and

6 a
expt

- S" - C" + AS (2)

In Eq. (2) SX is the systematic normalization uncertainty which is
independent of angle and is ~ 3%, S is the statistical error which is ~ 1°6
except at the cross section minima, C is the uncertainty due to data
correction procedures (e.g., multiple scattering corrections) which is
~ 1°6 except at the minima of the distributions and A9 is the angular
uncertainty (in absolute value Ad ^ 0.5° ) which is obviously most
important where a(G) is changing rapidly.

We have actually used two different optical models to parameterize
the data:

Model I - Conventional Model

V. the real potential, is assumed to have the Woods-Saxon form with

diffuseness, a radius, r (R =r Av v v
1/3

), and depth. V



W. the imaginary potential, is taken to be a derivative Woods-Saxon
well characterized by a,.rt and W .

V is the Thomas spin-orbit interaction which is assumed to
spin orbit

be real and have well parameters a , r and V
SO SO SO

The compound elastic scattering was calculated using the Moldauer

modification of the Hauser-Feshbach theory. For odd A nuclei (which
we shall discuss in this report) discrete levels up to approximately 3 MeV
excitation energy were explicitly included. Above 3 MeV the statistical

(1)
formalism of Gilbert and Cameron was used.

Model II - Surface Real Potential Added
There is a dispersion relationship which connects the real and

imaginary parts of the optical model potential

03

V(r,E) = V (r.E) + = f p ( r'p/dE' (3]

where P implies the principal value integral. Thus, if W(r,E') is surface
peaked this implies that the real part of the optical model potential
should also have a derivative Woods-Saxon part. In Model II we include
this component.

It should be stressed that the final optical model parameters,
particularly in the A=60 region, often depend on the starting guess that
one makes in the fitting procedure. Therefore, the parameters we quote
may not be unique.

A=90 Region

For the purposes of this meeting the most important data to analyze
would be the Zr results. However, we have not quite finished the
experiments and analysis on this nucleus. On the other hand, we have

on

extensive data and the analysis completed on the neighboring nucleus Y.
In Fig. (1) we compare the angular distributions for 8 MeV neutrons

89
scattering from Y and a natural Zr target. It is clear that the angular
distributions are quite similar and, therefore, one would not expect the

optical model parameters to change much in going from Y to Zr.
Therefore, in order to illustrate our methods and the quality of the



89
results we obtain in the A=90 region, we present an anaiysis of the V

data.<6!

Thirteen energies were involved in the fitting: 2.75 (simultaneous
fitting of all results in the 1.5-4.0 MeV range), 4.3, 5.0, 5.5, 5.9, 6.5,
7.14, 7.5, 8.03, 8.4, 9.06, 9.5 and 10.0 MeV. At first we attempted a
nine parameter fit to the data using the conventional approach, Model I,
discussed above. The parameters were V , a and r for the real potential

and the analogous quantities for the surface imaginary and the spin-orbit
interactions. Although an excellent fit to the data could be obtained,
the parameters tended to spatter and one could detect no systematic energy
dependence of them. We, therefore, studied the sensitivity of the fits to
the various parameters and found that r , V .a and r could be taken

v so so so
to be independent of energy and to have the values

r = 1.24 fm
v

V =5.75 MeV (4)
so

r = 1.025 fn
so
a = 0.4 fm
so

However, a fit to the data required that the geometry of the imaginary
potential vary with E, the incident laboratory energy of the neutron. An
adequate representation of this energy dependence is

r = 1.5336 - 0.0255E fm
w
a = 0.1661 - 0.0284E fm . (5)
w

2
With these constraints, we then minimized x. of Eq. (1) as a function of

a , V and W . The angular distributions obtained by these fittings are

shown in Fig. (2-a) . The values of a, and the volume integrals of the
real and imaginary potential.

JV = — I v< r> r~ dr * -^ rir V^ | 1 + [ __ ) | (6)

16TiK2aa r „ /Tia \ n

" " „ • • T •L \ w/ J
(7)



are shown in Fig. (3) for each value of E considered. The energy
dependence of these quantities was then determined by making a least
squares fit to the empirically determined parameters. In this way, one
finds that a and J are energy independent, whereas J decreases linearly

v w v
with E,

a = 0.7033 ± 0.0049 fm
v

J = 66.47 ± 1.29 MeV-fm3 (8)
w
J = 455.64 ± 5.96 -(3.89 + 0.83)E MeV-fm3.
v

The errors shown in Fig. (3) and quoted in Eqs. (8), are calculated on the
assumption that the uncertainty at energy E is proportional to the value

of x~/N. where N is the number of observables at energy E. The
proportionality constant was chosen separately for a , J and J so that

v v w
9

\~ per degree of freedom was unity for each of these quantities.

In Fig. (2-b) we show the predictions obtained when the optical model
• 89

potential for' Y is given by Eqs. (4), (5) and (8). From comparison of
Figs. (2-a) and (2-b) we see that this characterization of the potential
reproduces experiment almost as well as does the explicit three parameter
fit at each energy.

As a test of the predictive powers of this potential, we have looked
at gross properties outside the 1.5-10.0 MeV region. In Fig. (4) we
compare the total cross section with the predicted values. Up to 20 MeV
the total theoretical cross section is always within 1.35% of

(7)
experiment. Turning to low energies, theory gives a value of S , the

—4 (8 \
s-wave strength function, of 0.1x10 whereas the experimental value is

-4
(0.27+0.05) x 10 . Although the theoretical prediction is outside the
experimental error, one must remember that S is small and that the

o
theoretical estimate is extremely sensitive to r (in fact if r is

w w
changed by ~ 5%, theory and experiment are in agreement for S ).

89
Thus we conclude that a good fit to the Y data can be obtained with

the smooth energy variation of the parameters given by Eqs. (4), (5) and
(8). Moreover, this potential gives a good fit to the gross data from
0-20 MeV as well as a detailed fit to experiment in the 1.5-10 MeV range.

We now turn to fitting the yttrium data using Model II, which has n
surface peaked real potential added to the usual Woods-Saxon well.



According: to Eq. (3), in order to estimate the strength of this added
potential, one must know W(r,E') for all energies E', while our
experiments only give information from 1.5 to 10 MeV. A further
complication is the energy-dependent geometry of W. To simplify matters
we have estimated the strength of the surface real potential using the
volume integral of the imaginary potential in the following way:

(i) In the range 0 < E < 13.77 MeV we assume Jr(E') is given by

Eq. (8).

(ii) For 13.77 < E1 < 57.22 MeV we calculate, from the potential of
(9)Walter and Guss

J (E1) = 87.54-1.53E' MeV-fm3. ( 9)

At 13.77 MeV, Eqs. (8) and (9) give the same values of J so

the function is continuous. Also, the Walter-Guss potential
implies J vanishes at 57.22 MeV. i

|iii) On the basis of the dilute Fermi-gas model it can be shown
89that near the Fermi energy (approximately -9.1 MeV for Y)

W(E') is proportional to (E'-E )~. Thus for -18.2 < E1 < 0 MeV

we assume.

Jr(E') = 0.8029(E'-9.1)
2 MeV-fm3. (10)

With these assumptions J (E1) has a continuous value over the range -18.2
w

< E' < 57.22 MeV. When Eqs. (8), (9) and (10) are inserted into the
dispersion relationship, the volume integral of the surface peaked real
potential is given by

r57.22 J (E')dE'

J

Thus Eq. (3) becomes



V(r.E) - V,,c(r.El - 4A(E)W a -r-) - — , \ H2!
I ! -expT(r-f A )- a 1 \

where V, (r,E) has been taken to be the usual Woods-Saxon potential and

A(E) = JR(E)/Jw(E) . (13)

With this added potential and the constraints of Eqs. (4) and (5), V , a,

and W were varied so as to give a best fit to the data. Since W was
o o

allowed to vary, the fitting should have been done in an iterative manner,
i.e. after a fit the values of Jn(E) should be recalculated, a new value

of A(E) computed, and then the fit repeated. However, this effect is
swiall and the self-consistency criterion was not imposed.

The fits to the experimental data obtained in this way are almost as
good as those arising when the conventional model is used. The values of
a and the volume integral of V (r,E), denoted by J , are shown in Fig.
V Wo nj

(5). Tr> contrast to the constant value of a , Eq. (8), obtained with

Model I, a now shows a quadratic dependence on energy. On the other
v

hand, Jt,_ is independent of energy so that the entire energy dependence of

the real potential comes from the principal value integral of Eq. (3). In
Fig. (6) the volume integral of the imaginary and total real potential,
V(r,E) of Eq. (12). are shown. J now shows a slight increase with E

instead of the constant value it had in the conventional fit. The volume
integral of the real potential, Eq. (12), has a complicated energy
dependence arising from the dispersion integral, Eq. (11). However,
within the energy range 1.5-10 MeV, J_ can be represented as a linear

function of E. The energy dependencies of the various parameters arising
when Model II is used to fit the yttrium data are summarized in Table I.

To test the predictive powers of this model outside the 1.5-10 MeV

energy range, we have used the value of J given in Table 1 to calculate-

new values for Jp(E) and A(E) to be used in Eq. (12). When these results

are combinod with the parameterization given in Table I one predicts an
-4

s-wave strength function of 0.257x10 in excellent agreement with the
-4

experimental value of (0.27 ± 0.05) x 10 As to the total cross
section, the model overestimates experiment by 0.26°» at 11 MeV and at 20
MRV underestimates it by 3.73%. Thus we obtain nearly as good ,i



prediction for the total cross section using this model as is obtained
with the conventional potential, despite the large differences in the
parameter izations.

A=60 Region

In this region we have excellent experimental data, ranging in

energy from 0.36 to 10 MeV, for the nucleus ° Co. Therefore, in this
section we present the results obtained when a fit is made to this data
base using a spherical-optical-statistical model in which the real
potential has a surface peaked component (Model II discussed earlier).
Because fluctuations are evident in the neutron total and
differential-elastic-scattering cross sections of cobalt to at least 4
MeV, we have been mainly concerned with fitting elastic scattering angular
distributions at energies £ 4.5 MeV.

At higher energies the cross section at the back angle minimum
(~ 130°) is extremely sensitive to the spin-orbit interaction. The
parameters of this potential were determined from a detailed survey of the
9-10 MeV data and were finally taken to have the values V =5.5 MeV,

so
r =1.005 fm and a =0.65 fm.
so so

In determining the geometry of the real and imaginary potentials, we
required that not only the elastic scattering angular distributions be
reproduced but also that the predicted s-wave strength function and
low-energy total cross sections be close to their experimental values.
Kith these constraints it was found that the radii of both the real and
imaginary wells could be taken to be independent of energy but that both
diffusenesses had to vary linearly with E. The values chosen for these
quantities are given in Table I. Having fixed seven of the nine optical-
model parameters, a least-squares fit to the angular distributions was

2
made minimizing >< of Eq. (1) as a function of V and W . The added

oo
surface potential in Eq. (12) depends on the value of J through the
dispersion integral, Eq. (3). In the case of Cobalt the added surface
potential was calculated self consistently. That is, after a fit to the
data was made a new value of JD(E) was calculated and a new depth for the
surface potential was computed. This was carried through three iterations
and the final value for J was

w - 124.12 ± 3.73 - (3.73 ± 0.50)E. (14)

In computing JD(E) it was assumed that F.q. (14) represented J between 0



and 33.23 MeV. the energy at which Jt becomes zero. It was further

assumeu that J was continuous and symmetric about the Fermi energy, t_ =
w r

2
-13 MeV, and that between 0 and -26 MeV J T is proportional to (E-E ) .

The fits to the measured angular distributions, shown in Fig. 7, are
89

clearly comparable to those shown in Fig.' (2-a) for Y. In Fig. (8-a)
the volume integral of V . Eq. (12), is seen to be independent of the

bombarding energy. Thus, as in the A=90 region, the entire energy
dependence of the real potential comes from the dispersion integral. The
total real potential, Eq. (12), has a complicated energy dependence, but
within the 4.5-10 MeV range this dependence is more than adequately
approximated by the linear dependence shown in Fig. (3-b) and given in
Table I. Finally, from Fig. (8-c) one sees that the volume integral of
the imaginary potential decreases with increasing energy with a best fit
to the data being given by Eq. (14). Since the imaginary optical-model
interaction is introduced to "mop up" those open channels which are not
explicitly included in the analysis, one would expect the imaginary
potential would either remain constant or increase with increasing energy

(\r>)
since the number of open channels increases at higher energy. Thus,
although we obtain an excellent fit to the data, our imaginary potential
seems to be unphysical. We have examined the possibility that this may be
due to the neglect of volume absorption but find no evidence for this when

(13)
we fit the data. However, we have shown that if one trys to make a
spherical-optical-model fit to "pseudo-data" obtained from a vibrational
nucleus this unphysical energy dependence emerges. Thus the reason for

this strange E-dependence in Co may be due to the fact that this nucleus
is a vibrator.

Also shown in Fig. (8) are the results for Jf , and J and J that
WS • v w

emerge from fitting the lower energy data. In these cases, the
distributions in broad energy intervals were fitted using the geometrical
parameters an:1 spin-Grbit interaction given in Table I. However, the data
strongly suggest significant fluctuations and moreover the potential
strengths varied with the energy grouping. For these reasons, the values
obtained in the low-energy region were not used in determining the "best
fit" values for J and J given in Table I.

In Fig. (9) we show the predictions for the total scattering cross
59

sections based on this mndel for Co. The entire data base available
from the National Nuclear Data Center, augmented by the results of the
present work, were averaged (over l(J0 keV to 1.0 MeV, over 200 keV from
1-5 MeV and over 500 keV at higher energies) to smooth fluctuations and
roducn the number of experimental points to manageable proportions. The
model calculations agree with the experimental averages to within a few
percent from 1.5 to 20 MeV. The calculated results arc slightly larger
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than observation about 12 MeV. but pass directly through the precision 14

MeV values. From 0.3 to 1.3 MeV the model predicts significantly
higher average total cross sections than indicated by experiment. This
may, in part, he attributed to the absence of self-shielding corrections
to the data. Alternatively, the concept of the simple optical model may
not be valid at these low energies and, for example, the existence of

doorway states, which are known to occur in this mass-energy region,
should be included. Finally, the model gives an s-wave strength function

— A ( ft \

of 3.6x10 in excellent agreement with the experimental value,

(3.9±0.5) x 10~4.
Thus. once again we have found a model that gives a good

representation of the data and extrapolates quite adequately out of the
energy range for which it was originally designed - particularly with
regard to the total cross section at higher energies.

Summary

From Table I it is apparent that quite different optical model
parameters are needed for cobalt and yttrium. If one compares the
imaginary potentials, one sees that the interaction strength needed for

Co is approximately twice that for Y. The energy dependence of this
potential for yttrium is what one would expect physically, that is, in the
0-10 MeV incident energy range the imaginary strength increases with E.
However, for cobalt the reverse happens, the strength goes down as E
increases. As we have said before, this unphysical energy dependence may
be caused by our treatment of cobalt as a spherical nucleus whereas in
actual fact it may be a vibrator. A second major difference is in the

59
radius r , of the two wells. For Co this radius can be taken to be

w

energy independent and is smaller than the real radius, r , whereas for

yttrium r has a marked E-dependence and in the 0-10 MeV incident energy-

range is always larger than r .. Since the imaginary potential "mops up"
V

those channel and deformation effects not explicitly included in the
calculation, it is not surprising that it has a different character in the
two regions.

Turning to the real potential, once more there is a large difference

in the parameters required. The radius r for Co is about 7°= larger
v

89
than the values needed in V and although for the former nucleus only a

weak dependence of a on E is required, for the latter a quadratic energy

behavior is indicated. Because J is energy independent for both cobalt.
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and yttrium (see Figs. (5-b) and (8-a)) the entire energy variation of J;

is given by the second term in Eq. (12). Therefore, the difference in the
energy dependence of J ? in the two regions is due entirely to the

difference in the imaginary potentials. Although J is constant in

energy for each of the nuclei studied, the numerical values differ
considerably in the two cases. The values read from Figs. (5-b) and
(8-a), however, cannot be directly compared becasue the contribution from
the dispersion integral was calculated differently in the two casss, F~r
0 Co J was assumed to by symmetric about E,,, the Fermi energy, whereas it

w ~" r
is clear from the integration limits in Eq. (11) that this was not taken

89
to be the case for Y. If one does take J to be symmetric about Ê , for

W r

the yttrium calculation one finds that Jn(E) is decreased by about 20
MeV-fm and this decrease is almost independent of E in the range 0-10

MeV. Thus instead of the value 410 MeV-fm one would read from Fig.
(5-b), the appropriate value if the analyses had been done in the same
way, would be

on q
Jws( Y) - 430 MeV-fn. , (15-a)

and this is to be compared with the cobalt value

Jws(°
9Co) = 505 MeV-fm 3 (15-b)

Thus it is clear that the concept of a global optical model is not
useful if one wishes to make a detailed fit to high quality data over a
large incident energy range. However, it is possible that a regional
optical model can be used. In Table II we compare the results of a

conventional optical model fit (Model I) made to the Y and Nb data^
in the incident energy range 1.5-10 MeV. Unfortunately, these fits were
made using different assumptions about the experimental uncertainties,
50
espt-

 o f EcI- (!)• F o r yttrium, as we have discussed, we attempted to

make a careful estimate of the errors involved whereas in the niobium case
the uncertainty was assumed to be purely statistical. For our method of

taking data this means that 5a ~(o )
expt expt'

It is evident from Table II that the parameters of the real
Woods-Saxon potential are almost identical. On the other hand, the
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imaginary potentials Teem to be quite different in their geometry.
However, this may be artificial since in the niobium analysis r and a

were not allowed to have an energy dependence. Since the volume
integrals, J , of the two potentials are similar in magnitude, it may turn

out that when these restrictions are removed the results for Che imaginary
potentials in the two nuclei will be comparable. Finally, since the
spin-orbit interaction plays only a small role in the elastic scattering
angular distributions at these energies and in this mass region (i.e. the
back angle minima ax̂ e not as deep as in cobalt) the differences shown in
Table II are probably unimportant.

Thus from a comparison of these two nuclei it appears that a regional
optical model might be quite successful with perhaps minor changes in the
imaginary potential (to take into accout the different neglected channels
in going from nucleus to nucleus) being required if a very detailed fit to
the data is attempted.
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Table I

Parameter Co

rv(fm) 1.33 1.24

av(fm) 0.62 - 0.001E 0.1916 - 0.0936E - 0.0043E

J ,(MeV-fm

(fm)

490.22 - 3.27E

1.275

445.30 - 2.14E

1.5336 - 0.0255E

[fm) 0.297 + 0.01412E 0.1661 + 0.0284E

Jw (MeV-fm 1

so
(fm)

aso ( f m )

V (MeV)
so

124.12 - 3.73E

1.005

0.65

5. 5

55.73 + 2.00E

1.025

0.4

5.75

A comparison of the optical model parameters used in the cobalt and
yttrium calculations when the real potential has a surface peaked
component as predicted by dispersion relations. r and a refer to the

radius and diffuseness of the Woods-Saxon part of the real potential
whereas Jr is the volume integral of the total real potential of Eq. (12).

J is a complicated function of the laboratory energy, E, measured in MeV.

However, in the range 1.5 - 10 MeV it can be approximated by the linear
E-dependence given in this table.
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Table II

89,. 93V,
Parameter v No

r (fm) 1.24
V

1.25

a, (fm) 0.7033 0.70

V (MeV) 49 .21 - 0.42E 47 .34 - 0.25E

J (MeV-fm3) 455.64 - 3.89E 445.34 - 2.38E

r (fm) 1.5336 - 0.0255E 1.30
*v
a (fm) 0.1661 + 0.0284E 0.47
w

J , (MeV-fm3) 66.47 51 .97 + 2.99E

r (fm) 1.025 1.25so

a (fm) 0.4 0 .7

V (MeV) 5.75 6 .0s o

A comparison of the optical model parameters used in the yttrium and
niobium calculations when the real potential is only a volume
Woods-Saxon interaction. E is the laboratory energy measured in MeV.
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Figure Captions

Fig. i. The angular distribution for elastic scattering of 8 MeV

neutrons from Y (-̂r data points) and natural Zr ( 0 data
points). ""he results are plotted as a function of the
laboratory scattering angJe, 9, and da/dft is given in
barns/steradian. The solid line is the optical model
fit to the yttrium data.

Fig. 2. Comparison of measured and calculated neutron differential-

elastic scattering cross sections of Y. The measured values
are indicated by data symbols. Curves in (a) show the result
when a three parameter fit, in which a , V and W were varied,

v o o
was made to the data. In this fit r,, the spin-orbit potential
and the imaginary geometry were given by Eqs. (4) and (5). The
curves in (b) are the results obtained when the optical model
potential was parametrized by Eqs. (4), (5), and (8).

Fig. 3. The behavior, as a function of laboratory energy, of the
diffuseness. a , of the real potential and the volume integrals

of the real. J , and imaginary, J _, potentials for neutron

scattering from yttrium. The line in each case is the best fit
to the parameters, see Eq. (8) of the text.

Fig. 4. Comparison of measured and calculated total neutron cross
89

sections of Y. The experimental values, indicated by the
curve, are taken from Ref. 7. The calculated results,
represented by circular symbols, are the optical model
predictions based on Eqs. (4), (5) and (8) of the text.

Fig. 3 The diffuseness, a., and volume integral, JWc' °f the real

Woods-Saxon potential (V (r,E) of Eq. (12)) as a function of
ws

labortory energy for neutron scattering from yttrium. Both a
linear and queidratic (curve with "tick" marks) fit to the a
data are shown. The error bars are assigned as discussed in the

2
text and their magnitudes chosen to give a x. per degree of

freedom of unity for the quadratic fit to a and the constant

value of Jws.
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Fig. 6. The behavior, as a function of laboratory energy, of the volume
integral of the imaginary potential, J , and the total real

potential, J , including the surface-peaked contribution for

neutron scattering from yttrium.

Fig. 7. Comparison of the measured (symbols) and calculated (curves)
differential-elastic-scattering cross sections of neutrons on
cobalt. The optical model which includes the surface peaked
real potential predicted by dispersion relations (see Eq. (12))
was used. The geometric parameters and spin-orbit strength are
given in Table I. The fitting at each energy was done by

2
minimizing x of Eq. (1) as a function of V and W .

Fig. 8. Tiie behavior, as a function of laboratory energy, of the volume
integrals of the real Woods-Saxon well, J , the total real

ft O

potential, J . (see Eq. 12)) and the imaginary potential, J ,

for neutron scattering from cobalt. The line in each case is a
best fit to these quantities and the uncertainties are assigned
as discussed in the text.

Fig. 9. Energy-averaged neutron total cross sections (data symbols)
compared with the model calculations (curve) for scattering from
cobalt. The experimental data represent the complete files of
the National Nuclear Data Center, augmented by the results of
the present measurements. The method of averaging is discussed
in the text.
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