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ABSTRACT

The quark cluster model is used to investigate the structure of

the three-nucleon systems. The nucleon-nucleon interaction is proposed

considering the colour-nucleon clusters and incorporating the quark

degrees of freedom. The quark-quark potential in the quark compound

bag model agrees with the central force potentials. The confinement

potential reduces the short-range repulsion. The colour van der Waals

force is determined. Then, the probability of quark clusters in the three-

nucleon bound state systems are numerically calculated using realistic

nuclear wave functions. The results of the present calculations show

that quarks cluster themselves in three-quark systems building the quark

cluster model for the trinucleon system.
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I. INTRODUCTION

Recently, three- and four-body nuclear systems havebeen described

with noticable progress using realistic rmcleon-nuxleori interaction*.
Different two-nucleon potentials are used in solving the wave functions

obtained from the few-body Schrodinger equation. The used nucleon-nucleon

potentials are chosen and adjusted in order to fit the nucleon-nucleon

phase shifts and the deuteron properties. These potentials contain

attraction and repulsion with the tensor forces, A powerful tool for

studying the nucleon-nucleon interaction is -the non-

relativistic potential model based on the quark structure of

nucleons. The ons-giuon exchange potential is taken as the perturbative

part of quantum chromodynamics leading to colour dependent tvo-body

force with the result of no direct interaction between colour singlet

nucleons. This two-body interaction gives a long range attractive force

between nucleons due to the colour octet-dipole states. These forces are

called the colour van der Waals forces. Thus, the study of the properties

of the deuteron using nucleon-nucleon interaction deduced from the quark-

quark force In the framework of quantum chromodynamics encountered difficulties.

Information about the inner quark region is derived to see the quark

content in the nuclear force. Also, a good understanding of quantum
7) 8)

chromodynamics is introduced ' with the chiral action up to quartic

order, even of the little existing information on meson phenomenology.

The experimentally observed baryon-nucleus spin-orbit splittings

are explained by the baryon-nucleon spin-orbit forces which have very

short ranges and so are expected to involve the quark degrees of freedom

in the nucleons. These short-range nuclear forces in the nucleon-nucleon

spin-orbit forces arising from one-gluon exchange are studied in

the simple non-relatlvistic quark model in agreement with the empirical

values from phase shifts and one-boson exchange potentials.

Non-local energy dependent short-range repulsive core Is derived

for the nucleon-nucleon interaction using the cluster decomposition of the

total wave function in the inner wave function of the six-quark bag and

the two-nucleon bag components. It is also possible to produce a

repulsive hard core by strongly coupling the nucleons to the quark compound

bag on the assumption that the interaction between the quarks and the

nucleons is only on the surface of the quark compound bag. Then, from

the analysis and description of the nucleon-nucleon scattering over a wide

energy range, it is found ' that the compound bag radius is about
19)

1.5 fm. Therefore, a nucleon-nucleon interaction is proposed in-

corporating the low-energy properties superimposed by short-range
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repulsive force. The obtained analytical expressions for the nucleon-nucleon

wave function and the scattering amplitude is suitable for studying the

nucleon-nucleon scattering over a wide energy range and the electromagnetic

form factors of the deuteron. Considering that the quark is confined within

a hadron by strings connecting them, then a confinement potential free from

the van der Waals force Is used In discussing the interaction between

hadrons. This confinement potential is called the flip-flop model. This

model is used in the baryon-baryon interaction. The colour nucleon
24)

clusters are taken into account In considering the nucleon-nucleon inter-

action. Treating the nucleon-nucleon system as a six-quark system, local

potentials are obtained which reduce the short-range repulsion. The inclusion

of the quark-quark interaction in this nucleon-nucleon interaction leads

to a colour van der Wa = ls potential. The quark cluster model "''*• is in-
that

troduced by considering the quarks originally are scattered from a colour

singlet cluster which is composed of multiples of three valence quarks. The

quark clusters are formed in three-quark subsystems, for which each subsystem

is defined by a critical radius. If the distance between two subsystems is

equal to or less than twice the critical radius, then.there will be over-

lapping between the subsystems. If the critical radius is zero, then the quark

clusters will not be larger than the nucleons, since the nuclear wave function

of the three-quark subsystem is determined by considering point-like nucleons.

If the critical radius is as large as about 1.2-1.5 fro, then there exists a

high probabilitv that the nucleus of mass number A has 3A-quark cluster

configuration.By fitting the deep inelastic lepton scattering data to give a

reasonable description to the He data ' and to the European Meson

Collaboration effect and SLAC data, the critical radius is determined

as 0.50 + 0.05 fm.

In the present work the structure of the three-nucleon systems is

investigated using the quark cluster model. The colour nucleon clusters

are taken into account in considering the nucleon-nucleon interaction.

This kind of interaction incorporates the quark degrees of freedom. The one-

gluon exchange potential is treated as a perturbative potential in

quantum chromodynamics. Then, the quark-quark potential in the quark

compound bag agrees well with the central force potentials. The resulting

confinement potential reducesthe short-range repulsion. These interactions

lead to a van der Waals force which is also determined. The obtained

realistic wave functions are used in calculating the probability of quark

clusters in the three-nucleon bound state systems. The numerical cal-

culations are carriedout for quark clusters critical radius around the region

of 0.50 fm. These calculations confirm the quark cluster model in the three-

nucleon system.
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In Sec.II the mathematical and theoretical expressions for the
quark cluster model and quark cluster probabilities for the three-nucleon

systems are introduced. Numerical calculations and results are given in

Sec.III. Sec.IV is left for discussion and conclusions.

II. QUARK CLUSTER MODEL

In the first part of the present work, we use the quark cluster

model in describing the nucleons. The nucleon is considered as composed

of three quarks. The three quarks are taken to exist in three colours,

and so they form an antisymmetric colour state. The colour nucleon clusters

are then colour singlets. Also, the spin-isospin wave function of the

nucleon should be symmetric. Then, the nucleon-nucleon system is considered

as a six-quark system. The nucleon-nucleon interaction is then treated by

using the quantum chromodynamics which acts as a guideline in using a

perturbation theory. Nucleon-nucleon interactions on this basis had been
24)

deduced . In the obtained interaction, the quark-quark potential

is taken into account as- well as the one-gluon exchange. The resulting inter-

actions lead to van der Waals force. Thus, we form the internal wave

function of that six-quark system as the sura and mixture of a colour singlet-

singlet component and a. colour octet-octet component. Then, the obtained

equivalent local potential reproduces the corresponding phase shifts. The

obtained equivalent local nucleon-nucleon interaction and wave function are

introduced by us as V(R) and t'(R) with their explicit expressions.

For simplicity, we denote the local wave function in our present work by •(£)•

Now, let us consider the case of three-nucleon bound state systems.

The three-nucleon system is composed of three nucleons. Each nucleon is a

three-quark cluster system. The local wave function between each two three-

quark cluster system (two nucleon system) is given by iKR)- Then, following

the Faddeev formalism, the Faddeev equations of the three three-quark cluster

systems(three-nucleDn system) are given by

r; t, z
o i j

- 5,.) (1)

where i and j take the values 1, 2 and 3. The wave functions " s

are the three-body wave functions. £q.(l) form a set of coupled differential

equations. Solving Eq.(l), considering the quark-quark potential and the
24)

one-gluon exchange in the two three-quark cluster interactions , the

binding energy of the three three-quark cluster system (the three-nucleon

system) is obtained.



Then, thfi second part o[ this uork is concerned with the calculations

of the quark cluster probabi1ities in the three-nucleon bound state systems.

The quark cluster model for a nucleus is based on the idea that the

quark exists in a colour singlet cluster composed of multiples of three.

The cluster is the three-quark subsystem, with a critical radius. Thus

the quark is the constituent of a quasi-free colour singlet cluster in the

nucleus. If the separation distance between two subsystems is equal to or less

than twice the critical radius, then the subsystems overlap. If the critical

radius is zero, then there is no quark clusters larger than the nucleons since

the nuclear wave functions are determined with point-like nucleons.

On that basis, the quark cluster probabilities can be calculated. The

quark distributions in nuclei have been studied * from the deep Inelastic

electron scattering and from lepton scattering. We follow the same formulations

introduced in Refs.25-28 and 32, Me consider in the present work, the case

of the three-nucleon bound state system, investigating the quark cluster model

of these nuclei. The two-body potential to be used in the present calculations

is taken to include the quark-quark interaction and the one-gluon exchange.

Let us consider that the presently considered three-nucleon nucleus is composed

of three three-quark subsystems. The three-quark subsystems are denoted by the

symbols i, j and k. Let us consider that a quark originates arbitrarily from

the three-quark subsystem i. Then, the correlations with the other three-quark

subsystems can be examined to see how these subsystems overlap to form clusters

with the three-quark subsystem i. The cluster will be defined by the total

number of overlapping three-quark subsystem. Let us consider that the

separation distance between the two three-quark subsystems i and j is X.- • •

The quark cluster probabilities are defined by the symbol *Pg where the

superscript A refers to the mass number of the nucleus. In our present case

A * 3. Also 6 refers to the number of the three-quark clusters linked to-

gether with p = 3, 6, 9. So that 'p' gives the probability that the

arbitrarily chosen quark exists in the S-quark cluster.

Therefore for the A » 3 nucleus, the quark cluster probabilities
"(A) . 32) ,
pR are given by

(2)

r i . i d \ i P 3 ( i l j ' ^ i > 0 ( rJk>

i 1 ) 0 ( r k i " 2 R ) + t U r k i ) " ( r i j " 2 R ) ] (3)
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- 2 R ) 0 { r k i - 2 R )

0 ( r i f - 2 R ) 0 ( r ) k - 2 K )

0 ( r k l - 2 R ) 0 ( r J k - 2 R )

- 2 0 ( r - 2 R > 0 ( r - 2 R >

where R is the critical radius for each three-quark subsystem. Therefore

if the distance between two three-quark subsystems is equal"to or less than

twice the critical radius, then there is overlapping. Also, the function

8 Is defined as

and

In Eqs

and is

.(2)-<4),

given by

P3

e(x) -

9(x) -

is the

1

0

probability

when x >

otherwise

PA forfor the three-nucleon nucleus

(5)

where i|i. is the full many-body wave function for the A nucleons in co-

ordinate space and of the internal co-ordinates only. From Eqs.(2)-(5),

we easily see that the condition m

- 1 (6)

is actually satisfied.

Eqs.(2)-(4), give the three-, the six- and the nine-quark cluster

probabilities- in the A • 3 nuclei. The critical radius of the three-quark

subsystem Is very important. If the separation distance between two three-quark

subsystems is less than or equal to twice the critical radius, then there Is
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overlapping. If the critical radius K is /.uro, tlicn tliere is no quark

clusters larger than the nucleons since the nucleons are treated as point-

like nucleons, and then we turn to the three-nucleon system, IE the critical

radius is large by about 1.2-1.5 fm, we get a very high probability that the

nucleus is in a 3A quark cluster configuration. We carry out here all the

calculations for a value of the critical radius of about 0.50 + 0.05 fm which

is determined previously to fit different data on the A = 3 nuclei.

III. NUMERICAL CALCULATIONS AND RESULTS

Three-nucleon bound state systems with A = 3 nuclei are considered

in the present work. The quark cluster model is applied to these nuclei.

For this purpose, we introduce our calculations in two parts. The first

part of the calculations is that considering the A = 3 nuclei as composed of

bound three nucleons. Each nucloon is considered as composed of three

quarks. Therefore, taking the quark-quark interaction with' the one-gluon

exchange into account, a nucleon-nucleon interaction is determined . This

nucleon-nucleon interaction gives a van der Waals force and fits the phase

shift data. A set of coupled differential equations representing the Faddeev

equations is given by Eq.(l) in the preceding section. Solving these

Faddeev equations by using the two three-quark cluster interactions

(considering a six-quark system), numerical calculations are carried out

following the known standard numerical techniques and we obtain the three-

body wave function. Therefore, the binding energy of the three three-quark

cluster system (the three-nucleon bound state system) can be calculated.

The obtained value of the binding energy for an A = 3 nucleus using the quark-

quark and one-gluon exchange nucleon-nucleon interaction is B.1A MeV.

For the purpose of comparison we carry the same calculations of the Faddeev

equations using the Paris potential for the nucleon-nucleon interaction.

The obtained value of the three-nucleon bound state nucleus binding energy

is 8.72 MeV.

The second part of the present calculations is that concerning the

quark cluster probabilities. The three-, six- and nine-qurk cluster

probabilities are given by Eqs.(2)-(4) for the A • 3 nucleus. Numerical

calculations of Eqs.(2)-(4) are carried out using the quark-quark and one-

gluon exchange nucleon-nucleon interaction and the Paris potential

These calculations give different values of the three-, six- and nine-

quark cluster probabilities as a function of the critical radius R. The

results of the numerical calculations are shown in Fig.l. For the purpose

of comparing our results with previous calculations , the isoscalar root-

mean-squarc radius of the A = 3 nucleus is taken as the sum of the squares of

the wave function components. The values are obtained by the weight averaging

of two parts charge radius of the He and one part charge radius of H of

the experimental data. The isoscalar root mean square radius is denoted by

r = /r > . The average separation distance between nucleons in the
m 1/3
nucleus is related to the root mean square radius divided by A . Then,

the three-, six- and nine-quark cluster probabilities for the A = 3 nucleus

as given by Eqs.{2)-(4) are numerically calculated as a function of the

dimensionless parameter of the ratio between the critical radius and the

average separation between the nucleus given as n, = R/(r /A ) using the

same considered interactions. The obtained results of the numerical cal-

culations are shown in Fig.2.

In Figs.l and 2, the quark cluster probabilities calculated using the

quark-quark and one-gluon exchange nucleon-nucleon interaction (OGEP) are

shown by the solid curves. Those calculated by using the Paris potential are

shown by the dashed curves. The isoscalar root-mean-square radius r for

the OGEP potential is 1.74 fm, and is 1.82 fm for the Paris potential. These

values are comparable and in agreement with the experimental value of r^ of

1.70 ± 0.02 fm.

TV. DISCUSSION AND CONCLUSIONS

In the present vork, the quark cluster model is presented to the

A = 3 nuclei. First we considered the A = 3 nucleus as composed of three

nucleons. Each nucleon is considered as composed of three quarks. The

obtained value of the calculated binding energy of the three three-quark

cluster system is in good agreement with the experimental value. Also, we

considered the quark cluster model in the A = 3 nucleus. This model is

studied by considering a quark chosen at random in the nucleus is found in

a colour singlet cluster consisting of multiples of three quarks. Then,

using realistic wave functions, the different quark cluster probabilities

are numerically calculated. It is clear from Fig.l that the quark cluster

probabilities depend on the value of the critical radius assigned to the

quark cluster subsystems. At a value of 0.50 for the critical radius, the

presently obtained values of the three-, six- and nine-quark cluster

probabilities in the A » 3 nucleus are 0.84, 0.14 and 0.02, respectively.

When the critical radius is large by about 1.2-1.5 fm, the nine-quark

cluster probability increases clearly and the system will be in a nine-quark

cluster. Also, we can notice from Fig.l that the calculated values of the

quark cluster probabilities are sensitive to the choice of the nucleon-nucleon

interaction. In Fig.2, the probabilities are drawn as a function of the ratio

between the critical radius and the average separation between nucleons in the

nucleus considering point-like nucleons. From Fig.2, we see that the
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c.i It'll I.J ! i on.s u.sinjj dilliM'unt ri:;il isl. U: wave functions art very clo.su .mil in

agreement, with each other without any sensitivity for the choice of the

interaction and the results are independent an the interaction.
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F1GURE CAPTIONS

Fig. I The calculated three-, six- and nine-quark cluster probabilities

in the A = 3 nucleus, as a function of the critical radius. The
solid curves are calculations using the quark-quark and one-gluon

exchange potential. The dashed curves ate calculations using

the Paris potential.

Fig.2 The same calculations introduced in Fig. 1, but as a function of the

dimensionless parameter n, of the ratio between the critical radius

and the average separation between the nucleons in the nucleus-
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