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1. INTRODUCTION AND MOTIVATION

Doping of a semiconductor means the deliberate addition of

impurities. Let us concentrate on the effect of impurities in silicon

and germanium. These elements crystallize in the diamond structure.

Each atom forms four covalent bonds, one with each of its four nearest

neighbors, corresponding to the chemical valence four. If an impurity

atom of valence five, such as phosphorus, arsenic, or antimony, is

substituted in the lattice in place of a normal atom, there will be

one valence electron from the impurity atom left over after four

covalent bonds are established with the nearest neighbors. This

electron will be loosely bound to the impurity and have an orbital

wavefunction extending over several lattice parameters, as illustated

in Fig. 1. The impurity atom is easily ionized and the excess electron

is given up, or donated,

to the crystal. These

types of impurities are

called donors and add

shallow levels in the

band—gap just beneath

the conduction-band

edge.

Just as an electron

may be bound to a pen-

tavalent impurity, a

hole may be bound to a
Fig. 1.
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trivalent impurity in silicon and germanium. Typical trivalent impurities

are B, Al, Ga, and In. Such impurities are called acceptors, because they

can take up electrons from the valence band, leaving holes in the band.

They add shallow levels in the band-gap just above the valence-band edge.

There are also other types of impurities, adding deep levels near

the middle of the band-gap, acting, not as donors or acceptors, but as

traps. These will not be considered here.

A semiconductor region doped with donors (acceptors) is called

n-doped (p-doped) or just an n-region (p-region). The name comes from

the charge of the released carriers. It is the various combinations of

n- and p-regions in an electronic device that gives the device its

characteristic properties.

If the degree of doping increases, at a certain critical impurity

concentration, nc, the system undergoes a non-metal to metal transition,

at which all loosly bound carriers are released. In this lecture series

we will discuss the properties of heavily doped semiconductors, i.e.,

where the impurity concentration is higher than nc.

The heavily doped semiconductors have an increasing technological

importance. In the process of miniaturization of electronic components

the dominating limiting factors are the widths of the pn-junctions.

The widths are decreasing with increasing doping levels and one is

forced into the region of heavy doping.

The heavily doped semiconductors are of great technological impor-

tance also in other fields of semiconductor applications. In one of

these one uses heavy doping as a way to tailor the optical properties

of semiconductor films*~3. The reason one can do that is the
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following. A large bend-gap semiconductor is transparent for photon

energies in the visible region and below. Heavy doping has two main

effects. One is that the optical band gap is changed. The change

depends on two competing effects. Many-body effects tend to reduce

the gap. This reduction is counteracted by a band-gap widening due to

blocking of the lowest states in the conduction band (for n-type

doping). This widening is known as the Burstein-Moss effect. In the

extreme high doping limit the Burstein-Moss shift wins over the band-

gap narrowing from many-body effects and the gap increases (see

Fig. 2.). This moves the upper boundary for the optical window upwards.

The second effect from

the doping is to intro-

duce metallic properties

at the low-energy side,

moving the lower bound-

ary upwards. Thus these

heavily doped semi-

conductor films have

interesting optical

properties. They have

the properties of "dirty"

metals at the low-energy

(a) (b)

Fig. 2 . | (aj shows the assumed band structure of undopcd
In2Oj in the vicinity of the top of the valence band and the bot-
tom of the conduction band, (b) describes the effects of Sn dop-
ing: The valence band is shifted upward by many-body effects
while the conduction band is shifted downward. Shaded areas
denote occupied states. Band gaps, Fermi wave number, and
dispersion relations are indicated.

side and that of semiconductors at the high-energy side. They can,

e.g., be used as coatings on energy efficient windows. The wavelength

where the coating changes from reflecting to transmitting can be tuned



by changing the doping level. If the coating is used on solar collec-

tors or on windows in cold climate one wants maximum energy gain from

solar radiation and minimum loss by outgoing thermal radiation and

chooses the critical wavelength to be around 2tim. On windows in hot

climate one wants the coating to transmit the visible radiation but

reflect the near-infrared sunlight in order to diminish the need for

air-conditioning. In this situation the critical wavelength is

chosen to be shorter, around .7um. In Fig. 3. are the experimental

optical properties shown for a coating consisting of Sn doped

(ITO), from Ref. 2.

Apart from the tech-

nological importance of

these heavily-doped semi—

semiconductors they are

very interesting theoret-

ically. They can serve

as very flexible model

0.2 0.5 1 2 5 10 20
Wavelength (pm)

r i g . 3 . Spectra! normal transmittance (7°) and near-normal reflectance
(A) measured for an ITO film according to the configuration shown in the
inset.

systems. The carrier

density can be changed

continuously over several

orders of magnitude.

This means, e.g., that the many body theory can be critically tested.

The Fermi energy for the carriers is very, very small compared to that

of an ordinary metal. This means that the effects of an external probe

like temperature or a magnetic field has a much stronger effect on

these systems. At the lower doping levels, but still in the metallic
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range, the Fermi temperature is much smaller than the Debye temperature*

Thus all interesting temperature effects Lave already occurred before

the phonon effects set in and the effects from the Fermi-degeneracy

and from phcnons are well separated. An external magnetic field can

have strong effects on the carriers. At the low doping side it can

actually spin polarize all carriers which is very far from being

possible in an ordinary paramagnetic metal. Interesting magneto-

resistance effects are found in these systems absent in ordinary metals.

In Table I we indicate the effects from temperature and magnetic fields

for a set of doping levels in n:Si and n;Ge by giving the Fermi tem-

perature, Tp, and the magnetic field, \, at which all electrons have

been spin alligned. As a comparison we also give the corresponding

values for Al.

TABLE I. Effects of temperature and magnetic fields
expressed as Tp = Ep/Kg and Bp « 2

2/3Ep/2gup = Ep/Kg and Bp « 2/E p/2gu B.

n(cm 3)

1017

1018

1019
1020
1021

Tp(K)

17
77
357
1700
-

Ge
BF(K)

40
180
840
4000
-

Al
TF(K)

136 000

Bp(K)

320 000

TF(K)

40
185
860
4000

Si
BF(K)

95
440

2000
9500
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A special flexibility is found in n~type many-valley semiconductors

like silicon and germanium, where the electrons are distributed in

several equivalent, anisotropic pockets in the B.Z. Application of a

mechanical, uniaxial stress in special directions will shift the

valleys in energy relative to each other and the electrons will

redistribute themselves among the valleys so as to minimize the energy.

This will change the properties of the system and in particular they

will be anistropic. As an example, the crystal becomes birefringent.

As the impurity ions are randomly distributed the system is dis-

ordered and one can study the effects of disorder and its importance

relative to the effects of correlation, especially for causing the

transition at nc.

We will in these lectures study the effects the heavy doping has

on the electronic states. The released charge carriers occupy what is

basically the states of the host nearest the band edges. These are,

however, modified due to the presence of the carriers and impurity-

ions. One effect, which is very important for device performance, is

that the band-gap decreases. Both the conduction bands and the valence

bands are shifted in energy and both give contributions to this

narrowing. This will be discussed in Sec. 4, but before that in the

more basic Sees. 2 and 3, the energy of the dopant system and the con-

cept of self-energy shifts will be treated. The bands are. not completely

rigidly shifted. The density of states is slightly deformed with an

enhancement at the Fermi—level. This is reflected in experiments on

the specific heat, spin susceptibility and Knight shift. Another

question is to what extent the ions cause bandtailing at the
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conduction- and valence-band edges. This can be Investigated with

plezo-experlnents and we devote Sec. 5 to these experiments. Finally

In Sec. 6 we give a brief summary.

2. ENERGY OF THE DOPANT SYSTEM

In this section we derive the energy of the dopant system. It is

the basis for all the derivations in thesa lectures. Let us for

simplicity assume that the dopants are donors, which means that the

charge carriers are electrons. We could equally well have chosen

acceptors, in which case the carge carriers are holes. The problem Is

entirely symmetric.

When the charge carriers are released they end up at the bottom of

the conduction band and their movements are governed by the host

effective-mass at the band edge. All interaction potentials are

screened by the background dielectric-function. In non-polar semi-

conductors this function is due to the polarizable valence electrons.

It is frequency independent in the range of interest here, and is also

Co a good approximation q—independent. It can be approximated by a

constant, K. In a polar semiconductor there is an additional screening

at low frequencies from the displacement polarization of the atoms and

the result is a frequency dependent dielectric function.

We will limit ourselves to the four tetrahedrally bonded semicon-

ductors Si, Ge, GaAs, and CdS. The two first are non-polar indirect-

gap semiconductors with diamond structure. Si has six equivalent band

minima within the B.Z. at the positions (.85,0,0)2ir/a. These band

minima are anisotropic with ellipsoidal equienergy surfaces. Ge has
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eight equivalent band minima at the L-points (the intersection of the

<111> directions with the zone faces). Only half of each are within the

zone, so there are effectively only four equivalent minima within the

B.Z.. These minima have also ellipsoidal equienergy surfaces. The

two remaining semiconductors GaAs and CdS are both of direct-gap type

and have cubic zincsulfide (zincblende) structure. CdS can also have

hexagonal zincsulfide structure. Both have isotropic band minima and

are polar,- but the polar effect is very weak in GaAs and can be

neglected.

The calculation of the energy is complicated by the many-valley

character and anisotropy of the conduction band and the polar coupling.

To begin with, we treat the simpler case of a nonpolar, direct gap

semiconductor with one isotropic band minimum characterized by an

effective mass, m and a background dielectric constant, K. We

generalize the results later on. The electron-ion interaction should

be described by a pseudo-potential, but it turns out that the result

is very insensitive to the deviation of this from a pure Coulomb

potential. We therefore approximate the interaction with -v, where v

is the pure, repulsive Coulomb potential. The Hamiltonian for the

dopant system in this simple semiconductor is given by

H = H + H + H . + H,, (1)
o ee le ii

where H , H , H. , and H.. are the operators for kinetic energy, the

electron-electron interaction, the electron-ion interaction and the

ion—ion interaction, respectively.
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p|/2

H i e = - 7 I U(r" ) ; U(r") - I v(r - R )

1=fc J v(Ri " V '

The position of the ions are fixed and independent of the state the

electrons are in, so that we can directly calculate the contribution to

the energy from H... We will later treat the ions as being completely

randomly distributed in the sample but will here, for completeness,

allow their positions to be slightly correlated. The value of the

energy from H.. depends on the positions of all the ions so that the

energy is a functional of the ion positions. To take care of this

problem, we use the following scheme: Suppose we have a large number

of samples identical to the one we are studying. All cno staples have

the same impurity concentration and the same type of correlation of

their ion positions but have their ions at different positions.

We • erform an ensemble average of the energy E..(Rj,R2,...,

over the impurity positions.

N , _ _ _ _ _

E ± ± = E - / d R j E i j L ( R ! , R 2 , . - . , K J J ) = < E ± i ( R i , R 2 , • • • ,

( 3 )

where Q is the volume of the sample. Thus
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, N N iq«(Ri-Rj)

N ii-di-RO . N N

JI iq« (Ri~R< )

where v(q) is the Fourier transform, 4ire2/q2, of v(r).

We define the Fourier transform and the inverse Fourier transform

in the following way:

f(q) = / dr exp(-iq"- ?) f(?)

(5)

f(?) = £ l exp(iq*.?) f(q)
q

Equation (4) can be rewritten the following way:

(6)

where

<I e > (Nl)6_ _ (7)
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ls a structure factor related to the pair correlation function g(r) of

the ions by

a(q) = 1 + | j dr e~lq*r(g(r)-l) . (8)

For completely uncorrelated ion positions (as in a gas) g(r) = 1.

It turns out that the deviations from completely random distribution of

the ions is so small that it can be neglected, and we replace a(q) by 1.

Now, returning to the Hamiltonian

H = I P2/2 m* +i- I v(r -r ) - £ J U(? ) +E (9)
i l i lK i*j X J K 1-1 l

we rewrite it in second quantized form (derived with plane waves as

single particle wavefunctions)

+ I v(q) I a_ _ a_ a_ a_
' 1 'a'F k k a k a a s a S-q,O s'tq.o1 s ,0"' s,a

™" t t

(10)

Kfi q ff,o S+q»° S»° M

where e = *2k2/2m*.
k

We rearrange the order of the operators in H with the help of the

commutation relations for Fermion operators

H = ^ vvq} ^2, a a a a ~ i a a j *
e e o S,CT s'+q,a' s'.a1 s-q,o s,0 - s,ff s,a

1 » S,O
s',cf

(11)
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The origin of the second term can be traced back to the omission of the

i»j term in Eq. (9). It represents a subtraction of the infinite self-

energy from the Interaction of each electron with itself. We will

return to this term later.

It is convenient to separate each of H and H. into two terms,
ee le

referring to q * o and q ~ o. As this is done, we simultaneously

introduce the number operators

n_ - a* a_ (12)

k,a k,a k,a

and

N = I n_ . (13)
k,a k,a

Thus

H - I G_n_ +2^7 X* v(q) (£ alt _ ,a_f /_ _ a_
£fCT k k,a Ztcn q s,a sf+q,o« s'.o' s-q,a s,a

s

is I' «-» J •* A
q S,O

where the prime over J means that the term q = o is omitted in the

summation.

Since we deal all the time with states with constant N, the

operator N may be replaced by its eigenvalue N. We also recall that
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U(q) I? e" i q # ?U(?) - f d? e""lq"'? J v(r-RJ

a n j-i

N -i j
v(i) . (15)

Hence

N
U(o) v(o) = N v(o) . (16)

Thus

where we have introduced

i p
q q

q ) p-
q

(17)

P_ = I _
s,a s » a

t
P_ =

s.cr »0 s » a

(18)

The last term of Eq. (17) represents an energy -v(o)/icfi per electron

and vanishes in the proper physical limit as described by Fetter and

Walecka.1* Hence, we study the following Hamiltonian

k k, q q «« ^ q
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To start with we neglect the electron-ion interaction, i.e., we treat

the system as an electron liquid in a positive, homogenous background, with

Hamlltonian

H = Hn ?^fil V
O ZKW _ q q

The ground s tate energy is

<¥|H|¥> = <*|H |f> + ^ k j o l ' V(5)(P!P_ - N)|T> (21)
o ZKU _ q q

where }*> denotes the ground s t a t e . Here the second term, to be called

E. , can be written as

Eint " <* 12^2' V<^PJ>- " ») l*> " S J' v<fl>Cs(q) - 1) (22)
int ZKSi _ q q ZKil -

where S(q) is the static structure factor or the form factor

S(q") « £ < * | P I P J ¥ > (23)
« q q

related to the dynamical structure factor, S(q,<o), through

09

S(q) = | / da. S(q,aj) . (24)
o

S(q,u) i s , in i ts turn, related to the dielectric function by

S(q,to) = - 1 k _ Im e^Cq.oj) . (25)
irv(q)
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Thus we obtain

Elnt - - H / * fr Im E " 1 ^ , " ) + N v(q)/2tca) . (26)
q o

If the dielectric function is known we can calculate E. . However,

the problem is that we cannot calculate <f}H }f> without knowing the

exact interacting ground state. This problem can be evaded with the

help of a theorem usually called the "ground state energy theorem,"

which can be found in most elementary textbooks on many-body theory.

We introduce a parameter X determining the strength of the electron-

electron interaction and replace v by X«v in our expression for the

Hamiltonian. According to the theorem the energy, at full strength

of the electron-electron interaction (X-l), can be written as

1
E = E(X=o) + / r*- E<-.-0O • (27)

Here, E(X=o) is the ground state energy for the noninteracting electron

gas, i.e., simply the kinetic energy. Thus

o X q o 2ir m 6X q>(°

(28)

The result is exact if we use the exact dielectric function.

Unfortunately, nobody knows the exact one so one has to use approximations.

In the Hartree-Fock approximation (HF), the result Is the exchange

energy
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? / f <- I /" * f lMC HF1- ) + » *5>'*«0 • (29)
o q o e^ (q,w)

The improvement of the energy beyond the HF is (by definition)

called the correlation energy. Thus,

o q o ex(q,u)) eA (q,w)

and

E - N • E, + N • E v + N • E,, . (31)

Here the first two energies are exact and all approximation are to

be found in the last one, the correlation energy. The exchange energy

originates in the fact that by Fermi statistics two electrons with

equal spin are forced apart and thus the electrostatic repulsion energy

between them is reduced. The repulsion between two electrons also

forces them apart and thus further reduces th° electrostatic energy

between them. This produces the correlation energy. From what has been

said, it is clear that both E x and E are negative.

We are now ready for including the effect of the impurity ions.

The complete Hamiltonian is

H = HQ + Hx + H2 (32)

where
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Ho " & eka- a-
k,a k>a k»

X a- - a-fJ.- ,a-, ,asa ( 3 3 )

s',o'

^ X f U(-q)

We again introduce a strength parameter but this time for the

electron-ion interaction and use the "ground state energy theorem".

1 ..
E = <H>X=1 = <HQ + Hx> + / Y"

 <XH2>

fe Jf / ^^ I <a-x- a- >̂  (34)

s,o q* '

E . + ~ I' f dX U(-q) i Y G^e . l . icfi £ J M ^ c
q P,°

where we have defined

^ I (t)> . (35)
P ,0 P.o

We make a series expansion of G in X,

G<(p,p';t) = G<(o)(p,p';t) + X 6<(1)(?,p';t) + X2 G<(2)(p,p';t) +

(36)
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Thus we can write

E " E e 1 + ^ r / ̂  «C-i)<i I G < ( 0 ) ( ? , ; + i ; o ) + Xi £ G ( p \
q o p,a p,c

+ X2 i J G<(2)(p",p+q;o) +....) . (37)
p.CT

We define a new function, X(q) as follows:

X(i) = i I G<(1)(p,?+i;o) . (33)
p,a

We will show later that G y(p,p+q;o) ~ 6q,o and therefore the term

containing G makes no contribution to the energy.

Thus we find

Ee.l. + N * Eei

Ee.l. + N * Ee.f + N

where

We will here only keep contributions up to second order in the electron-

impurity interaction.
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We return to the Green's function, Eq. (35). The "<" over the Green's

function comes from the fact that our function is identical to the

ordinary time-ordered Green's function, G (p,t), for t < o

G(p,t) = -i<T(I (t) at)> . (41)
P P

A tilde over an operator means that the operator is a Heisenberg

operator. The bracket < > stands for the exact ground-state expectation

value. Note that we allow our Green's function to be nondiagonal. This

is necessary because of the presence of impurities in the material.

We choose the equation-of-motion method for determining G . The

time-derivative of G is

3G<

2 a (t),H]> (42)

pa

l
where we have used the fact that the time-derivative of a Heisenberg

operator is

dO

We insert the Hamiltonian and arrive at the following expression

If 1 e_ ±- I' v(q) I <ar aT (t)
P K" q s,a' P'.cr s-fq,a'

a_ (t) a _ (t)> --=£•! X U(-q)<a a_ (t)> . (44)
s,cr' p+q,cr K" 5 p'.a p-q,a
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In the second term on the right hand side, we find Green's functions

of higher order. If we now work out the equation of notion for one of

these, we obtain Green's functions of still higher order, and so on.

To get a solution, one has to resort to approximations and, in the

equation-of-motion method, the approximations are some type of decoupling

scheme. In RPA one uses Hartree factorization, i.e., one replaces

<a* a[ (t)a (t)S (t)> by <af <t)I (t)Xa^ a_ _ (t)>.
p',o s+q,o' s,a' P+q*»o" s+q,a' s,af pf,a p+q,o

We adopt this method in our derivation and Eq. (44) can be written as

3G<
O — — ^ — —

i "n~ C p » P 5^-/ ™ ̂  G \ P > P » t /3 t p 0

q ° s.cr1

^ G(p-*>p"> (45)

Taking the Fourier transform of this equation with respect to t

we arrive at

- Q (J N (l' G<(p-q,p';U)(v(-q) i I G^f(5,s-q;t-O)
n q S,Of

+ XU(-q))) . (46)

We insert the expansion of G into this equation and get an equation

for every coefficient in the expansion. Thereby we can calculate G to

every order by starting from the 0:th order. In a homogenous system with

no impurities, the complete translation invariance will guarantee momentum
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conservation In every process, which means that the 0:£h order Green's

function will be diagonal. Thus

G<(o)(p,p';t) - 6 G<(o)(p;t) . (47)
P,P

We Insert this into Eq. (45) for X = 0

3G
J;t) 6 = e G<(o)(p;t) 6

PtP* P P.P1
-3n I' V(5) G5O)(pS't)

6 i I G<£o)(i,t=0) 6 = e G<(o)(p;t) 6 . (48)
3.P'-P s.(T« s q,o p a p,p'

Thus we get'

G<(o)(5;t)
-rie_t
» P a >

P,o p.cr

-ie t -le t

n e p

_
p,a

(49)

and hence

G<(o)(p,p';t) = 1 n 6

-ie t

p,a p,p'

G^Co)(p,Pf;t=0) = i n 6
° p,CT p,p«

G<(o)(p,p';u)) = i 2irn_ 6_ _
a P»<J P,p' p

(50)
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Now, for the l:st order Green's function we have

) ( I G
P *»

x i I G<<o)(s,s"-q;t=0) +l'
ff.o- °

x 1 I G^^s.s-qjt-O) + U(-q))) . (51)

s,a °

By insertion of the result from 0:th order, Eq. (50), and the

definition of X, Eq. (38), this can be written as
i n

G<(1)(p\p';to) = -

+ U(p'-p))(l-5_t J (52)
P .P

or as
i n

~ 2ir

P+q V p+q ^ " " " q-o

(53)

(2)We recall that in order to calculate El: we need X(q)

X ( q ) - i I G< (1 )(p\p+q;t-0) - i I / ^ G<(1)(p,F+q";«)

+ £L9l)(J i i i 2ir«(w-e_ _))(l-«_ _)
n o -_•_- - p+q q»°

p+q p

- ^ i (v(q)X(q) + U(q))(l-6_ _) . (54)
K q,o
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Solving this equation for X(q) we get

(_J_ -!) (1_6 ) . (55)
v(q) e(q) ^

and finally we obtain

q v(q)K e(q)
(56)

for the energy from impurity interaction to second order in the impurity

potential.

Ensemble averaging over the impurity positions gives

(2) _ 1 r' a(q)v(q) / 1
i " I I Z <7_ ic e ( q )

and for randomly distributed impurities

In diagrammatic perturbation theory this is represented by the diagram

in Fig. (4).
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We have now completed the derivation of the energy for a simple

non-polar one-valley semiconductor.

The many-valley character

of Si and Ge has two effects.

One is that the polarizabil-

ity, entering the dielectric

function, is the sum of the

polarizabilities from each

valley. Because of the large
f\i : J 11111J: I: i < I « X

distances between the valleys,

in reciprocal space, the

inter-valley processes can be

neglected. The second effect

is that the kinetic energy is

reduced due to the distribution of the electrons in v valleys. To be
-2/3

specific the kinetic energy is modified by a factor v

The many-valley character could easily be taken care of exactly.

The effect of the anisotropy is a more delicate problem. The effects on

the kinetic- and exchange-energies can easily be handled analytically,

and we will demonstrate this in Sees. 2.1 and 2.2. To take the

anisotropy into account in the calculation of the two other energy

contributions is possible to do numerically but drastically increases

the cpu time. The effects are small and we will neglect them and

replace the anisotropic valleys with isotropic ones with an effective

mass equal to the density of states mass, m, , defined as
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mde " Ul mt

where m. and m are the longitudinal and transverse effective masses,

respectively. Using this mass gives the correct kinetic energy as we

will find in the next section.

2.1 KINETIC ENERGY IN A MANY-VALLEY SEMICONDUCTOR

In this section we derive the kinetic energy in a semiconductor

with v anisotropic conduction-band minima whose energy dispersions

are given by

k2 + k2 k2

where m and m. are the transverse and longitudinal effective masses,

respectively. Note that although this is not the dispersion of a free

electron band, the band is parabolic in all directions and therefore

the kinetic energy is 7 E , where E is the Fermi energy of a valley.

The volume within the ellipsoidal equienergy surfaces can be shown

to be
1/3 2/3

v 4* f
2 m l m t >3/2 3/2

V E ~ 3 ^ < • £ 2 } E *

Therefore the density of states is given by

. v 1/3 2/3
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By comparing this expression with that for the density of states of a

free electron band

the definition of the density off states effective mass according to

Eq. (59) is obvious. Equations (62) and (61) can be reexpressed as

(64)

and

respectively.

To calculate E , we notice that the number of electrons in a valley

is given by

and therefore

and

TL— • (68)
de de



-27-

Finally, from this we obtain

3 3 «

\-4 Eo=!-2=rf <69>
de

where V. is the Fermi wave-number in a valley, were the valley isotropic

and is given by

)1 3 (70)

2.2 EXCHANGE ENERGY IN AN ELLIPSOIDAL FERMI VOLUME

It is possible to derive an analytical expression for the exchange

energy for electrons in an ellipsoidal Fermi volume, provided the

background dielectric function can be approximated by a constant. We

will perform a brief derivation of it here using a method sketched by

Combescot and Nozieres in an article on electron-hole droplets.5

We introduce the anisotropy parameter

Y = mt/m1 (71)

as a measure of the deviation of the ellipsoid from a sphere. T ( Y )

will denote the ellipsoidal Fermi volume and x(l) the spherical one

with unchanged volume.

The exchange energy for x(y) can be written as

E = l- //dkdp-i^l- (72)
* '<2)6 ^ |p-k|2

where

n/v . (73)
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By using the relation

|p-k|

E can be written as

n'K(2n)6
- I a dk I

(r) h*<?
n'K(2ir

where

We also introduce the function h (r), defined- as

We now make the transformation

» = Y " 1 / 6 k

1/6
| - y

'• = Y 1 / 3 r .

(74)

h*<?) (75)

h(r) = / dk el^'r . (76)

h (?) - / dk el*'T . (77)
(

(78)
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It should be noticed that all volumes, both In k-space and In

r-space, are unchanged by this transformation.

dk' - dk

(79)
dr - dr

It Is further noted that

k'.r' - k-r (80)

and that T ( Y ) is by the transformation changed to T'(Y)» which Is

nothing but the sphere x(l), with the same volume as T ( Y ) . The

radius of this sphere is k .

Let us return to h(r)

h(r) = / dk e 1 ^ = / dk' e^ ' - r ' = / dk' e1*'**' - h
T(Y) T'(Y) T(1) °

(81)

The function h (r ) can easily be found to be

hQ(r') = ~j (sln(kor') - fc^') cos(kor')) (82)

Since h(r) Is real, i t follows that E can be written as
X

E = £ / dr - h2(r) = —=^ / dr' - h2(r ' ) . (83)
x n'K(2ir)6 r n'<(2ir)G r °

After the transformation of Eq. (78), r takes the form

r = Y~l/6 r1 /l-cos2e(l-y) (84)

where 9 denotes the angle between r' and the z-direction.
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Therefore the expression for E can be written as

r'/l-co820(l-Y)

We now define

y = V
(86)

x = cos 6

o 1/3
and make use of the relation k • (n'3irz) to obtain

o

3e2k oo
_ f o r , sinzy + yzcoszy - 2y sin y cos y

j / dx X ) . (87)
/ 2

Here the first factor gives the exchange energy for a spherical

Fermi volume and the second the correction due to the anisotropy. We

call this correction factor <KY)« T*ie integral within the first

parenthesis can easily be shown to be 1/4 so that

(88)

where

i l i

<j>(Y)=7 / dx = - (89)
/ 2 (
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This Integral can be evaluated analytically and one obtains

O(Y) - [

+ e(Y-Dlog((l+/l-l/Y)/(l-l/T))/<2/MO] • (90)

The numerical values for Si and Ge are .95 and .84, respectively.

2.3 ENERGY IN A POLAR SEMICONDUCTOR

In a polar semiconductor such as CdS, the electrons and the

impurity ions couple strongly to the longitudinal optical phonons

of the host. This coupling gives rise to an additional (co-dependent)

contribution to the background screening, ew. We let em be q-independent

and also neglect any dispersion of the optical phonon frequencies. This

means that the additional part of the screening will also be q-independent.

Therefore the total background screening, tc(a»), will be w-dependent but

q-independent. With these approximations, K ( U ) is fully determined by

the experimental values of e^ (= K ( « 0 ) , e (= K ( O ) ) and the frequency

of the longitudinal optical phonons, &>..
u

Before we proceed to the energy of the donor system we derive an

expression for the background screening. The derivation is valid for

ionic insulators and polar semiconductors, If the excitation energies

of the valence electrons are much larger than the energy of the

transverse optical phonons, i.e., if E » 'fro,-. If this is the case,

the dielectric function from the valence electrons approaches a constant

value, e^, at a frequency higher than the frequency region where the

phonons give their contributions (see Fig. 5).
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tfe divide the total dielectric function Into Its contribution from

the valence electrons and phonons

(ee(u») - 1) + (eph(o.) - (91)

and separate the zeal and Imaginary parts

e(w) (92)

If there Is only one transverse optical phonon frequency, w_, then

(w) = C6(u-wT) , w > 0 (93)

where C Is a constant to be determined*

Fig. 5. A schematic picture of the dielectric function of a polar
semiconductor. The full curve denotes the real part while
the broken curve denotes the Imaginary part.
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The dielectric function for <o « E_/-fi is then fully determined
O

by the Kraaers-Kronig dispersion relations, which are derived from

the analytical properties of retarded response functions

(94)

0)

From Eq. (94) we get

2 ," ^ ( M
e -e(0) - 6i(0) - 1 + - P J da1 Z ,

and

f "«. = ee(0) = «J(0) - 1 + f p / * , ' ^ l i . (97)
o

We can use Eqs. (93) , (96) and (97) to determine the constant

C of Eq. (93) .

From the following relat ion

e _ e , 1 P f „,,, «2fa)^|C'-) . 2 p f dM, 4hfa') , 2 C_
o ° ° i r ^ O J ' TT ' <of n I D -

(98)

we thus obtain

(99)
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and

ph -
62 M - j« T (e o -e a 8 )6 (o i tu T ) , u > 0 . (100)

From Eq. (94) we get the real part of the d i e l e c t r i c function

- l + f P / do>' , . t i p / da' ; . (101)

We are only interested in the dielectric function when ui is much

less than the frequencies for which e * 0. In this region, a»2 can

be neglected when compared to u'2 in the first integral of Eq. (101).

Therefore we get

* o w w ^ (102)

where we have used the expression in Eq. (100).

From Eq. (97), the first two terms can be identified as e^, and

thus we find

(103)

We now want to express the dielectric function in terms of u. instead

of u_ and, by noting that <a. is the frequency at which KI(OJ) - 0, we

obtain
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(104)

Eliminating w_ in favor of oiT in Eq. (103), we get
J. la

- tli2

<U Z - e <i>2

" L °

In the following tc(&>) will mean the time-ordered dielectric function.

The time-ordered and retarded functions are identical for u > 0, the

time-ordered one being an even function of u, and therefore

e(0*

or, equivalently,

(106)

e oi*
o

( 1 0 7 )

Now, let us continue to the derivation of the energy for the dopant

system in a polar semiconductor. We write the total Hamiltonian for the

system of electrons, impurity ions and phonons as H * Hj + H2, where H}

is the same as for non-polar semiconductors and all terms containing

phonon operators are collected in H2;
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I a a a _ a
k k,o k,a ""' f e~ "ff,a 5"q»a s**' r"

s'.c'

V t A 1 V V 4 J v(q) r t
s,a s,a s,cr « q j = 1

 eo. § a s+q,a s,a

- N ) , (108)

H, = I g(q) (c_+Jj

t N -iq.Rj t

- I g(q) (c_ + c_) I e + X -fioj.clc. . (109)
q q -q j=i q q q q

Here the coupling constant g(q) is given by

The operators c_ and c are respectively the creation and annihila-
q q

tion operators for phonons in state q and with to = uT .
q L

We treat the impurity ions as being rigidly connected to the crystal

so they do not recoil. In processes where a particle is scattered by an

impurity ion, the crystal as a whole takes up the momentum required to

fulfill the conservation of momentum. Because of the large mass of the

crystal, these scattering processes are elastic.
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The fact that the Haniltonian does not include a kinetic energy

term for the ions makes it possible to take care of the ion-phonon

interaction by the following unitary transformation

. ,-. N iq«R.
U - expQ f(q) (c - c )) , f(q) - g^1 I e J . (Ill)

q ^ -q * { - j-i

This transformation leaves Hj unchanged, but the phonon operators are

transformed in the following way

Uc U - c + f(q)

q q

(112)

UctUt = cf + fT(q) .
q q

The transformation of H« leads to

• + r \ V a a

"— c —' L — — —
q -q - _ s-q,a 8,0

N q«R. t

q J-l s.a S""q»a 8' 0

-.2 iq«(R.-R,) +

X e j + I *»-cic_ . (113)
qq
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Hence after the transformation, the total Hanlltonlan can be

written as

H « I e_n_ + jj J Sill (p!p_ - p >
k,a k k,a M q e« <1 <! °

I g(5)(c_ + c'j P. - 1 I I
q nq -q q n *•

I «d cTc_
q q q q

(114)

However, since

(115)

we obtain

k,a k k,a 2° q e»
(pip, - po) + X g(i)(c_ + c

f J P_
M ° q q -q q

N iq«R,

X e J
j.l

)
o e«

(116)
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We note that the phonons cause a change •==• £ v(q)( ) in the
ai ?J e

o
 e-

infinlte self-energy of the Ions. We choose as zero point of energy

the energy of a single electron at the bottom of the conduction band

plus the energy of a single impurity ion. With this choice, the shift

in the ion self-energy should not be Included in the Hamiltonlan and

we should also subtract the change in the self-energy of the electron

at the bottom of the conduction band. The latter is nothing but the

polaron ground state energy E ,,

(117)

The term J g(q)(c +c ) p describes processes where an electron
q q -q q

is scattered and a photon is absorbed or emitted. It leads to an extra

electron-electron interaction (see Fig. 6);

VW2

Fig. 6.
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Vph(i,«) - ftg(i)
2 D°(q\(o) , (118)

where D°(q,u) is the phonon propagator

— — . (119)

_ - in
q q

The Coulomb interaction together with the interaction via the phonons

result in an effective electron-electron interaction

— 2
flg(q) 2o>_

•K(<oz-wz

q

(120)

In our approximation, u = wT and thus
q L

V(q,*>) = - f ^ — , (121)

where K(O>) is identical to the dielectric function for a polar semi-

conductor obtained in Eq. (107).

We will now make a short summary of the effect of the phonons on

the different energies. The kinetic energy is unaffected. The energy

from electron-ion interaction is unchanged, except that the background

screening is now e . The interaction energy, which was earlier made

up of the exchange and correlation energies, is now somewhat modified

because of the phonon—induced screening of the electron—electron

interaction
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l c ° t t ' (122)

In a polar semiconductor the atoms respond to the presence of an

electron in such a way that effectively, the electron is surrounded by

a positively charged cloud. The electron plus charge-cloud can be viewed

as a particle, a polaron. The polaron-polaron interaction is weaker

than the original electron-electron interaction, v(q)/e —*• v(q)/ic(u),

and therefore the exchange and correlation energies for polarons are

reduced in magnitude compared to those for the original electrons.

However, the self-energy of a polaron, i.e., the electrostatic energy

between the electron and its charge-cloud is* negative and is included

in E. . This self-energy depends on the state of the polaron and is,

for a polaron with k = o, just equal to E ,, the polaron ground state

energy mentioned earlier.

This concludes the derivation of the energy in the dopant system.

3. SELF-ENERGY SHIFTS

In this section we will treat the self-energy shifts of the

electronic states due to the doping. These shifts are very important.

They are the cause of the band-gap narrowing described in next section.

They also cause a deformation of the density of states and in particular

an enhancement at the Fermi level. This is verified in experiments on

the specific heat, spin susceptibility and Knight shift. As we will

find, the shifts also contain imaginary parts causing finite particle
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Iifetlae8 and finite mean free paths. These effects appear, e.g., as

broadening of experimental spectra and as contributions to the resistivity.

We return to a discussion of these effects at the end of this section.

The starting point of the derivation is the total energy

+ N«E .
xc el

where

N«E. « 7 e n_
_ k
k,a,i kf

N«Exc
_ q

(123)

(124)

]
V
q

(125)

N'Eei=f I [e~L(qto) - 1] (126)

The index i in Eq. (124) runs over the v valleys. The expression in

Eq. (125) has been slightly generalized to be valid also for excited

states. The result can in principle be complex valued, but for the

ground state the result is exactly the same as before. When we

performed the integration over coupling constant we assumed the

dielectric function to be of pure RPA type.
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From these basic equations we obtain the quasiparticle energy, E

for a particle in state p according to the following definition

where e and £ are the kinetic energy and self-energy, respectively,

for a particle in state p. This definition is according to the

Rayleigh-Schrodinger perturbation theory (see e.g. Ref. 6). Equation

(127) means that the energy of a particle in state p is defined as the

change in the total energy of the system when a particle is added to

state p, if this state is unoccupied. The energy of a particle in state

p is minus the change in total energy when a particle is removed from

state p if it is originally occupied. The self-energy, £, is due to

the interaction and comes from Eqs. (125) and (126).

The occupation numbers that the derivatives are taken with respect

to appear in the poiarizability in the dielectric function. The

poiarizability is the sum of the polarizabilities from each valley.

The derivative with respect to the occupation number for a state p will

only get contributions from the poiarizability from the valley p belongs

to and is given by

(128)

where the index 0 on the Green's function, G, denotes the noninteracting

function. As no magnetic field is present the Green's functions and the

self-energies are independent of the particle spin, so we have dropped

the index a.
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Now, applying the derivative on Eqs. (125) and (126) we obtain with

the help of Eq. (128)

( 1 2 9 )

and

If Ke(q,o) K

In Eq. (129) we have made use of the fact that the time-ordered

dielectric function is even in <u and have extended the integration

region to include negative frequencies. The indices e and i on the

the self-energies denote electron-electron and electron-ion contri-

butions, respectively.

Let us concentrate on £ . The dielectric function has poles in

the complex oi-plane, just beneath the real axes in the right half-

plane and just above in the left half-plane. The Green's function has

one pole. It is above the real axes if the state p+q is within the

Fermi volume and below if the state is outside. It is in the right

half-plane if the energy of state p+q is larger than that of state p,

otherwise it is in the left half-plane. We deform the integration path

as shown in Fig. 7, where x and + denote poles of the dielectric

function and the Green's function, respectively. The contributions

from the integration along the circular arches cancel, and one ends

up with two contributions. The contribution from the integration along
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the imaginary axes is called

the line part and that from

the poles Is referred to as

the residue part. The inte-

grand is real-valued and

well-behaved on the imaginary

axes. That it is real-valued

means that the imaginary

parts and lifetime effects

come from the residue part.

The separation between line

and residue contributions

Fig. 7.

are not unique. To get a faster convergent expression for the line part

one can rewrite the contribution from the subtraction of the self-interaction

term — the second term in Eq. (125) ending up in the term 1/2 in Eq. (129).

This term is, as mentioned earlier, due to the omission of the interaction

of an electron with itself in the original Hamlltonlan. This term can in

Eq. (125) be replaced according to

XNv(q)
(131)

where e . Is the dielectric function one would have for the the system
O,A

if the particles were occupying the same states as now, but were non-

interacting and were not obeying the Pauli principle. With the last

statement we mean that they are allowed to scatter into states already

occupied. The integration over oi should now include also this term.



-46-

Thls Is described in more detail in Ref. 9. With this alternative

formulation the self-interaction term is divided into a line and a

residue part. In the original formulation it did not belong to either.

The imaginary part of Eq. (129) is due to electron-electron

scattering and if the state p, has an energy far enough above the Fermi

level it will also get contributions from electron-plasmon scattering.

The imaginary part is negative above, passes zero at and, is positive

below the Fermi level.

The contribution to the self-energy from the electron-impurity

interaction, Eq. (130), has also real and imaginary parts. This

imaginary part is also negative above and positive below the Fermi

level, but does not vanish at the Fermi level. It is caused by elastic

electron—ion scattering events.

Let us assume that we add an electron just above the Fermi level.

In electron-electron scattering events the electron falls downwards in

energy and an electron-hole pair Is created* in such a way that energy

and momentum are conserved. The phase space available for these combined

processes vanish as the electron approaches the Fermi level. If we

instead add a hole (take away an electron) just below the Fermi level

the hole falls upwards in the scattering processes and the phase space

is reduced in the same way towards the Fermi level. For impurity

scattering it is different. Here the electron (or hole) can scatter

into any of the states on the same energy shell, and the phase space is

not reduced as the particle approaches the Fermi level, hence the

finite Imaginary part of the self-energy.
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If we Instead of adding just one or few particles add a macroscopic

number of particles the available phase space might be modified. This

occurs if we add the particles by applying an electric field. The

electric field shifts the Fermi volumes in k-space and both a macroscopic

number of electrons and holes are created. They partly block the final

states for each others scattering events and reduce the scattering rate.

This gives rise to the wellknown (l-cos6) factor entering the expression

for the transport time and makes it differ from the lifetime. Another

example where one adds a macroscopic number of particles is the plezo—

experiments described in Sec. 5. Here one makes electrons pour over

from some valleys into others. This can be regarded as adding whole

shells of electrons. In this case all the phase space for impurity

scattering Is blocked and no lifetime effects appear at all. We will

return to this in Sec. 5.

The lifetime Is defined as

T = - -fi/2I;nS (132)
P P

For states below the Fermi level it denotes the lifetime of the hole

created by taking away an electron. The self-energy for the hole has a

negative imaginary part.

We will in the following sections come back to the importance of

both the real and imaginary parts of the self-energy shifts. We will

end this section by showing the effects the real parts have on the

density of states at the Fermi level. If the self-energy shifts are

constant, independent of the momentum, the density of states is just

shifted rigidly. This is to a good approximation what is happening
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in Si and Ge. However, there are detectable deviations from rigid

shifts. Experiments on the low temperature extrinsic specific heat

reveal an enhancement when the doping density approaches n from

above (see Fig. 8). The term in the specific heat linear in T is

proportional to the density of states and the enhancement is due to

an enhancement in the density of states. A similar but more pronounced

enhancement is found in the experimental spin suceptibility. Here

a large part of the enhancement is due to the change of the density of

states at the Fermi level but there are additional contributions.

The Knight shift for a host nucleus obtains the product of both the

enhancement of the

specific heat and the

spin susceptibility.

This is because the

Knight shift is pro-

portional to the spin

susceptibility and

the local density of

states at the Fermi

level at the position

of the nucleus.

In Fig 8 is shown

the experimental

enhancement in the

specific heat from

Ref. 7, circles, and

10

n-type Silicon

10"

Fig. 8. The enhancement in the extrinsic specific heat
of n-Si. (a) refers to a non-Interacting
uniform electron gas, and <b) includes the
effect from electron-electron interaction.
Curve (c) Is the full result, including also
the Impurity Interaction. The circles represent
the experimental results in Ref. 7 and the
triangles the revised results from from Ref. 8.
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later revised results from Ref. 8, triangles. The curves are theoretical

results from Ref. 10, performed in time between the two sets of experi-

ments. Curve a is the result neglecting self-energy shifts, curve b

including X and curve c also includes E . The experimental enhancement

is reproduced quite nicely. The experiments reveal a second anoraali that

has not been explained up to date. The linear term in the specific heat

persists even below n . It is reduced but does not drop to zero, as

expected.

4. BAND-GAP NARROWING

In this section we will treat the very important band-gap narrowing.

We will mainly concentrate on n- and p—type GaAs but also show results

for n-type Si.

Experimentally it is a well-known fact that the bands are shifted in

energy due to the presence of the ionized dopant-ions and released

charge carriers. The bands are shifted in such a way that the band gap

decreases. However, the estimated band-gap narrowing varies aaong the

different types of experiments. The band shifts are, in general, not

rigid, i.e., different states are shifted different amounts. This causes

a deformation of the density—of—states, for the conduction— and

valence-bands. The amount of deviation from rigid band-shifts varies

from semiconductor to semiconductor and even within the same semi-

conductor it depends on the type of doping, n- or p—type. It also

varies with doping level. This deviation from rigid band-shifts means

that the band-gap narrowing deduced from absorption- and luminescence-

experiments might differ, as these experiments involve transitions
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between different set of states. Thus, one has to specify what band-gap

narrowing one Is referring to.

Furthermore, It Is very difficult to extract the "exact" band-gap

shifts because of the lifetime broadenlng-effects. In the absorption

measurements this shows up as a gradual, and not abrupt, absorption

threshold and in the luminescence experiments the peaks are broadened,

especially at the low-energy side.

The best way to circumvent the problems with the lifetime

broadening-effects in the absorption- and luminescence-experiments

is to theoretically determine the self-energy shifts of all states

involved and calculate the theoretical spectra, including the effects

from the calculated lifetime broadening. From the comparison between

the experimental and theoretical results one can deduce an estimate of

the "real" experimental band-gap narrowing. With "real" we mean the

result one would obtain if the lifetime broadening-effects were

absent. In contrast we let the "apparent" band gap denote the experi-

mental band gap obtained by extrapolating the linear part of the

low-energy side of the spectrum to zero Intensity. He will present

results from such comparisons for p-type GaAs below, but first we

treat n-type GaAs.

Figure 2 represented n-type In2C>3, but we cau use it to illustrate

the situation in n-GaAs. It is obvious from the figure that after

doping the band-gap is no longer a unique concept. The energy W in

the figure is what one would obtain in a luminescence experiment

from thermalized charge carriers. The energy denoted by E is the

optical band-gap, which is the band-gap one would obtain in an
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absorption experiment If only direct transitions were allowed. One

can easily imagine a third definition of the band-gap as the distance

in energy from the top of the valence band to the Fermi level in the

conduction band, which would represent the minimum energy needed to

excite an electron from the valence band to the conduction band If

nonvertical transitions were allowed.

Let us introduce our notation and simultaneously make a brief

recapitulation of the various contributions to the band shifts. We

assume n-type GaAs but similar shifts occur also in p-type semi-

conductors. In heavily doped GaAs we are faced with a system of

interacting charged particles — donor electrons and donor ions. Let

us first neglect all interactions. In the absence of interactions

the electrons constitute a non-interacting free-electron gas and

occupy the states at the bottom of the conduction band for wave

numbers up to k-,, the Fermi wave number. The bands are unshifted

so far. Let E denote the unperturbed band gap. We introduce

E ., E o and E ,. E , is the distance in energy from the bottom

of the conduction band to the top of the valence band, and equals E ,
o

so far. E , is the lower threshold for luminescence. With E « w e

mean the energy distance between a state with wave number k^ in the

conduction band and the top of the valence band. It is the lower

absorption threshold if diagonal transitions are allowed. E ~
g»J

finally denotes the difference in energy between states at k̂ , in the

conduction band and in the valence band (in the heavy-hole band).

This energy is the lower threshold for absorption if only vertical



-52-

transltlons (Bonentun conserving) are allowed and the upper threshold

for luminescence. The band-gap shifts are defined as

AEg,i " Eg,i " Eg ; i " 1 > 2' 3 * ( 1 3 3 )

When no interactions are present AE , equals the so-called Burstein-Moss
8*J

shift.

Now let us turn on the interaction but still not allow the

electrons to correlate. If the ions are distributed at random (this is

what we assume) the energy of the different electron states will not

change and all band-gap shifts are unchanged (we assume that the

electron-ion interaction is given by a pure Coulomb potential). If on

the other hand the ions were forming a donor super-lattice, all electron

states both in the conduction- and valence-band would be shifted the

same amount, the Madelung energy. This shift would give no contribution

to the band-gap shifts.

We now remove all restrictions and allow the electrons to correlate.

The electrons avoid each other for two different reasons. Electrons

with same spin avoid each other for statistical reasons and all electrons,

independent of relative spin directions, avoid each other because of the

Coulomb repulsion. Thus, effectively each electron is surrounded by an

exchange- and correlation-hole. This lowers the energy of the electron,

i.e., the conduction band is shifted downwards. Furthermore, the electron

density will relax around the impurities causing an enhancement around

each impurity. This further lowers the electron energies and causes the

conduction band to shift downwards.
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Even though there are no donor electrons In the valence band, this

band will be shifted in energy. The reason is the following. All

experiments measuring the band-gap shifts involve a hole in the valence

band and an electron in the conduction band. In the absorption experi-

ments such electron-hole pairs are created and in the luminescence

experiments the electron-hole pairs are annihilated. The hole is

attracted by the donor electrons and tends to be surrounded by an

enhancement In the electron density. This reduces the energy of the

hole. The hole is repelled by the positively charged donor ions and

has a tendency to avoid them, which causes a further reduction of its

energy. Thus still less energy is needed to create an electron-hole

pair or is released when a pair is annihilated. In other words, the

valence band is shifted upwards in energy. This can be regarded in an

alternate way. The presence of the hole is really the absence of an

electron in the valence band. When the valence band is full the valence

electrons have no possibility to correlate with the donor-electrons or

donor-ions (except via virtual transitions across the band-gap. These

transitions are the origin of the background screening-constant). When

an electron is removed from the valence band a new channel is opened

up and the rest of the valence-band electrons can, through virtual

transitions to the empty state, correlate with the donor-ions and

donor-electrons and hereby lower their energy. The valence-band

electrons avoid the donor-electrons not because the statistics in this

case but only because the Coulomb repulsion. Furthermore, these

electrons are, because of the Coulomb attraction, piling up around each

donor-ion. Thus this new freedom lowers the energy of the system and
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hence the energy to excite an electron from the valence band Into the

conduction band.

To summarize, the band-gaps are reduced due to four negative

self-energy shifts. The shift downwards of the conduction band can be

split into E c' e and E c > , caused by electron-electron and electron-ion

interactions, respectively. In a similar way the shift upwards of the

valence band causes the band—gaps to change by the two contributions

E v > e and Zv* . All these four E's are negative and tend to reduce

the band-gaps. All the states in each band need not, however, be

shifted the same amount (rigid-band shifts). In Si and Ge the bands

are to a good approximation shifted rigidly.11'12 In Ref. 13 it was

found that when all electrons, in the piezo experiments on Ge, were

transferred to one valley, the states at the bottom of the band were

shifted more than the states further up in the band. This causes

"stretching" of the density of states. In the one-valley configuration

the screening from the donor-electrons is less effective and hence the

electron-impurity interaction, tending to "stretch" the density of

states, is more important. Thus in GaAs, which is a one-valley

semiconductor, the deviations from rigid-band shifts can be expected

and is found below.

The derivation of the self-energy shifts is performed as prescribed

in the previous section. To get the shift of the states in the valence

band one can imagine to have a small amount of holes present. These

give a contribution to the polarizability containing occupation numbers

for holes in the valence band. To get the self-energy shift for a hole

in state p onej takes the derivative according to Eq. (127) and the
I

y
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polarlzability just mentioned gives contribution to Eq. (128). This

procedure ts described in more detail in Ref. 9. A complication arise

because the complicated valence-band structure with light- and heavy-

hole bands and the coupling between these bands. We will not go into

this here. It is treated in Ref. 9. We used the following set of data.

The background screening constant was chosen to be 13.0, the electron

effective-mass 0.0665 and the hole masses 0.45 and 0.082, respectively.

The coupling between the valence bands, mentioned above, was taken into

account. This more accurate treatment of the valence bands, instead

of replacing them by one band with one effective mass, is rather

important if one wants quantitative results.

The various band-gap

shifts as functions of

donor concentration are

shown in Fig. 9. To be

noted is that the dif-

ference between AE -

g»3

a n d AEg,l l s m u c h larger

than the Burstein-Moss

shift because of the

"stretching" of the

density of states.

The difference in size

of the self-energy

shifts for states with

Fermi momentum and states

n (cm"3)

Fig. 9 . The various band-gap shifts, defined in the text, as
functions of donor concentration.
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at the band edges is clearly seen In Fig. 10, where Che total self-energy

shifts for different states are shown. The superscripts c and v denote

the conduction- and valence-bands, respectively, and the subscripts F and

o represent Fermi momentum and zero momentum, respectively. The state at

the top of the valence band is shifted most dramatically. The dominating

contribution comes from the electron-ion interaction as can be seen in

Fig. 11, where the different contributions to the self-energy shifts have

been separated out. The electron-ion contribution is much larger for the

valence band than for the conduction band. This is because the relatively

much larger effective mass. To be noted is also that the electron-electron

interaction gives a contribution to the "band stretching" in the conduction

Itf K) 10
n (cm3)

Fig. 10. The self-energy shifts for electrons, superscript c.

10 10" 9 10"
n (cm3)

and holes, superscript v, in states with zero momentum, sub- ' 9* " • Tlic self-energy shifts of Fig. 2 have been split
script 0, and Fermi momentum, subscript F, as functions of
donor density.

•nu
their two components—the electron-electron interaction part, in
dcx e, and the electron-ion part, index i.
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band. The exchange part of this interaction tends to expand the band,

and the correlation part tends to compress it. The exchange part is

independent of the effective mass, while the correlation part decreases

with decreasing mass. In the conduction band of GaAs the effective mass

is extremely small, and the correlation part is too weak to compensate

the "stretching" caused by the exchange part.

Now let us turn to the experimental comparison. In order to compare

the theoretical results to experiments at different temperatures we

subtracted the unperturbed band-gap values from the experimental energies•

At 4.2 K, 20 K, 77 K and 300 K we used the values 1.518 eV, 1.521 eV,

1.512 eV and 1.426 eV, respectively, all obtained from Ref. 14. The

results from photoluminescence- (PL) and cathodoluminescence-experiments

(CL) are very similar. In these experiments heigh-energy holes are

created in the valence band, in the first experiment by photoexcitation

and in the second by electron-beam bombardment. The holes start to

thermal!ze. They cannot recombine with the electrons in the conduction

band until they reach the states with Fermi momentum, If only vertical

transitions are allowed. Thus, the upper threshold for the; luminescence

line is given by AE ,. Depending on the relative sizes of the

recombination- and thermalization-rates the lower edge can vary, but

can never be lower than AE ,. If the thermalization rate is large
g»l

enough some holes are collected at the top of the valence band before

they recombine. If this is the case the luminescence peak extends
between AE , and AE , and have a second peak close to AE ,. This

g>3 g.l r g,l

is also what is found in Fig. 2 of Ref. 15.
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In Fig. 12 we have plotted the experimental peaks that we have

found in literature. The upper curve is our AE , and the lower our

AE ,. P, 12 and D denote experimental i>eaks from PL, CL (electron

beam excitation) and diod injection, respectively. The correlation

between the upper edges of the P- and E- peaks and our AE , is

obvious. Also to be noted is the similarity between the results from

these two experiments. We further notice that there are no indication

of non-vertical transitions. We can also conclude that the recombination

rate is much larger than the thermalization rate. The PL peaks are from

Ref. 16 and the CL results from Ref. 17, both measurements performed

at 77 K.

In the diode

experiments holes are _

injected at the top of

the valence band. They

get there through tun-

neling from the p-side

of the diode. By

increasing the applied

voltage in the forward

direction, across the

diode, holes of higher

energies are injected.

At low injection rate

the peak from the

luminescence should be

1.0 2.0

n 00"* an'1)
3.0

Fig. 12. The upper and lower curves are A£ t j and A£(,|,
respectively. The peaks arc from various experimental papers,
specified in the text. P, E, and D denotes phololumincscencc
cathodolumincscence (electron beam excitations) and diodc-
injection luminescence experiments, respectively. All peaks lie
down flat and huvc- been normalized to have the same iniensity
amplitude.
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close to AE , which is its lower threshold. At higher injection level

(larger applied voltage) the peak position should move to higher energies.

This is exactly what is found in the experiments. One further finds that

the intensity of the peak increases drastically with increased Injection

level but the intensity at the lower threshold remains almost constant.

We have denoted the experimental diode-injection luminescence peaks with

D in Fig. 12. D, and D- are from Ref. 19 at 4.2 K and are peaks at low

and high Injection level respectively. D- is a luminescence peak from

Ref. 16, measured at 77 K and high injection level. The peaks D», D~

and D, are from Ref. 20 and were measured at 20 K and with increasing

injection level. Plotted this way, with a linear intensity scale and

with all peaks normal-

ized to the same peak

value, it looks as

though the lower peak

threshold shifts upwards

with injection level.

This is, however, not

the case as is shown in

Fig. 13 where the peaks

4' 5 and D, are re-
ft

plotted in a logarithmic

plot and are not normal-

ized. The low-energy

intensity is the same

for all three peaks.

•0.175 -0.150 -0.125 -0.100 -0.075 -0.050

Energy (eV)

Fig. 13. The experimental luminescence peaks from ttie dlode-
Injectlon experiments at the density 3.2x1013 cm"3,
shown In Fig. 12. Here we have not normalized the
peaks and they are given In a logarithmic scale.
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To conclude the experimental comparison for n-type GaAs we show In

Fig. 14 those experimental points from Fig. 3 of Ref. 21 valid for

n-type GaAs. The points represent the energy, for various donor

concentrations, at which the absorption coefficient equals the constant

value 300 cm"*1. The donor concentration Is expressed In terms of the

Fermi energy or Fermi level. The curve Is our AE , which is the Ideal

lower absorption threshold. The good agreement between the theoretical

curve and the experimental points should not be taken too seriously,

as the value 300 cm"1, as far as we understand, was chosen rather

arbitralily, but it is interesting to note the correlation. All the

theoretical results for n-GaAs presented above are from Ref. 18.

Let us now continue

with p-type GaAs. It is

somewhat more complicated

than in the n-type case.

Now we have two Fermi wave

numbers, k_ in the light-hole
*lh

band and k_ in the heavy-
rhh

hole band. We introduce four

band-gaps E g > 1, E g 2 , E g # 3,

and E ^. E - is the dis-

tance in energy from the

bottom of the conduction

band to the top of the

0.00 0.06 0.10
Fermi level (eV)

0.15

Fig. 14. The circles are experimental estimates
of the absorption thresholds for n-type
GaAs as a function of density (expressed va lence band, and would
as Fermi energy), taken from Fig. 3 of
Ref. 20. The curve Is our AE , the equal E were i t not f o r the
Ideal absorption threshold.
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interactions. With E 2 and E - we mean the difference in energy

between states at k_, in the conduction band and the heavy-hole band,

and in the conduction band and light-hole band, respectively. Finally,

E ^ denotes the energy difference between states at kp in the con-
°* hh

duction band and in the heavy-hole band. The band-gap shifts are

defined as in Eq. (133) but now the index i runs up to 4.

In Fig. IS are shown the different band-gap shifts as functions

of the acceptor concentration, n. The circles represent the experimen-

tal luminescence- peak positions obtained at 77 K, in Ref. 16. The

origin of the luminescence peaks is the recombination between a small

amount of thermalized

electrons at the bottom

of the conduction band

and holes at the top of

the valence bands. We

make a more detailed

comparison later, but

it is interesting to

see the correlation

between the peak
positions and AE .,

g» *

which is an estimate

of the expected low-

energy edge of the

peaks.

n (cm3)

Fig. 15. The different band-gap shifts, defined in the
text, as functions of the acceptor density, n.
The circles represent the experimental
luminescence-peak positions obtained in
Ret. 16, at 77 K.
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In Fig. 16 we have expanded the scales and added some experimental

luminescence peaks. The curves Pj and P3 are from Ref. 16, and Pj Is

from Ref. 21, all obtained at 77 K. We find that it is difficult to

define the low-energy threshold for the peaks. Figure 17 shows the

different self-energy contributions to AE .. Both the light- and

heavy-hole bands are shifted the same amount at k«0. Hence we use v,

as in valence band, to indicate these shifts. We find in Figs. 15 and

17 that the shifts are much more modest for the p-doped case than was

found in the n-doped case. The same was found experimentally in Ref. 16.

This is because the much more effective screening from the holes in the

p-type case, due to their larger effective mass.

0.0 10.0 20.0 30.0 40.0 60.0 80.0 70.0 80.0 tO.O 100.0
n Wm cm'*}

Fig. 16. The different band-gap shifts,
defined In the text, as functions of
the acceptor density, n. The lumi-
nescence peaks P| and P3 are from
Ref. 16 and P2 Is from Ref. 20.
They were a11 obtained at 77 K.

10 10"
n (cm3)

r i g . 17. The different self-energy contributions to A£ t | . The
indices v and c indicate that the shifted states are in the valence
and conduction band, respectively, while e and / distinguish be-
tween contributions from electron-electron and electron-ion in-
teractions. Finally the index 0 specifics that the states in ques-
tion have zero wave numbers.
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We will now present a calculation9 of the theoretical luminescence

peaks performed In order to get a more detailed comparison between

theory and experiments. The derivation Is based on the following

assumptions* We assume that the electrons taking part In the recom-

bination processes are completely thermallzed. We do not know the

number of electrons that are collected at the bottom of the conduction

band. We use this number as an adjustable parameter when comparing the

results to experiments. We further approximate the matrix elements for

the processes with a constant and assume that this constant is the same

for both hole types.

The photoluminescence intensity can with these assumptions be

expressed as

IpT(hv) = I ljUhv) , (134)
P L J-lh.hh P L

where

ljT(hv) - / dk / dk' f(e®+ReE
C)f(e* +ReE^ )A(k,k',hv) , (135)

k k k1 kf

In its most general form. The functions f are the Fermi-Dirac

distribution functions for the two particle types taking part in

the processes. The energy hv is the photon energy after subtraction

of the value of the unperturbed band gap E . We have used the

following expression for the function A
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A(k,k',hv) - - 6(k-k') -
e3 +Re(Ec+EJ )-hv]2 .

k k' k k' k ic' (136)

We have assumed k—conservation. If one wants to calculate the result

for nonvertical transitions, one omits the delta function. This is

the proper choice for indirect-gap semiconductors like Si and Ge.

That version should also be used if one wants to estimate the contri-

bution from non k-conserving processes due to the presence of the

acceptor ions. It should be pointed out that the expression we use

is not theoretically well founded. It should be regarded as an approxi-

mation or a model.

If the finite lifetimes are neglected the function A transforms

into

A(k,k',hv) = 6(k-k')6(hv - [ef + e£ + Re(sf + E^ )J) . (137)
k kf k k1

Equation (135) with the non-k-conserving version of this function was

used in Ref. 22 to study the photolumlnescence in Si.

In Fig. 18 we show our result for the acceptor density 6.8xlO*9 cm~^

at 77 K. The full curve gives the full result, while the dashed and

dotted curves represent the contributions from heavy and light holes,

respectively. The experimental peak from Ref. 16 is shown by the

dash-dotted curve. The corresponding comparison between theory and

experiment for a sample with density 4xlO19 and at the lower temperature

15 K, is shown in Fig 19. Here the experimental curve is from Ref, 23.
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-O.K» -0.05 0.00

Energy (eV)
0.06 0.10 -0.K) -0.05 0.00 0.05

Energy (eV)
o.io

Fig. 19. The same as In Fig. 18 except
now for a sample from Ref. 22 with
density 4x10*9 cm"3, obtained at 15 K.

Fig. 18. Comparison between the theoret-
ical , solid curve, and experimental,
dash-dotted curve, photolumlnescence
peaks for a sample with acceptor con-
centration 6.8x1019 cm~3 a t 77 K.
The experimental peak Is from Ref. 16.
The dashed and dotted curves show the
contribution from recombination with
heavy and light holes, respectively.

In the comparison we have normalized the curves to the same peak value,

varied the chemical potential in the conduction band and rigidly shifted

the theoretical peaks. In Figs. 18 and 19 these shifts were 15 and 11 meV,

respectively. These shifts can be regarded as the deviation in theoretical

and experimental band-gap shifts . The overall agreement between the

experimental and theoretical peak shapes was found to be very good. The

experimental broadening on the low-energy side was reproduced by the l i f e -

time broadening. One should note that the lifetime broadening was really

calculated and was not used as an adjustable parameter. We compared our

results to experimental peaks in a large density range and found this good

agreement in al l cases. The peak or shoulder on the high-energy side of

the peaks seems to be common to all spectra from high-density samples.



-66-

In many publications this structure has been Interpreted as coming from

non-k-conserving processes due to the presence of the acceptor ions. In

these publications the upper edge of this structure is referred to as

E + Ep, i.e., its energy position is expected to be at the value of

AE . plus the Fermi energy. However, if this was the case the upper
S» *

edge would be at .07 eV and .04 eV in Figs. 18 and 19, respectively.

Taking the finite width of the electron distribution in the conduction

band into account the upper edge would move to even higher energies.

From this we can conclude that the canonical explanation for this

structure must be wrong.

We show in Fig. 20 a plot of our result for the band-gap narrowing

in comparison with experiments. The solid curve is the theoretical

results. The open circles are experimental so-called "apparent"

band-gap shifts, obtained from Refs. 16, 23-25, by extrapolating the

low-energy edges of the peaks to the background. The filled circles

represent the "real" band gaps obtained from the comparison between the

experimental and theoretical luminescence peaks. The dotted curve is

the theoretical result if all Interactions with the acceptor ions are

neglected.

We here take the opportunity to show a similar comparison between

experiments and theory for n-type Si, in Fig. 21. The figure is taken

from Ref. 22 and the open circles show the deduced "real" band-gap

narrowing in comparison with our theoretical results from Ref. 12,

represented by the solid curve. The agreement Is also here found to

be good.
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Fig. 21 . Comparison batman experimental
and theoretical band-gap shifts In
Ref. 21. See toxt for details.

Fig. 20. "Real," sol id c i r c les , and
"apparent," open c i rc les , experi-
mental band-gap narrowing, compared
to the theoretical resul ts , sol id
curve. The dotted curve Is the
resul t obtained neglecting the Inter -
action with the acceptor ions. The
experiments are from Refs. 16 and 22—24.

As a final comparison between experiment and theory we study the

hot-electron photoluminescence, HPL, which is a powerful tool for

studying the band structure in pure semiconductors. The energy

resolution can be as high as one meV. It can also be used to Investigate

the energy shifts of the electron states due to heavy doping. In the

photoluminesce experiments, PL, on heavily p-doped semiconductors dis-

cussed earlier some of the photoexcited electrons have time to reach

the bottom of the conduction band before recombination. These electrons,

collected at the bottom of the conduction band, become thermalized. The

luminescence from the thermalized electrons gives information about the

shifts of the band edges. The HPL, the luminescence from the fraction
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of electrons that do not reach the bottom of the conduction band, probes

the energy shifts away from the band edges. From HPL one can, furthermore,

gain Information about the rate for various scattering processes. The HPL

spectra from pure and heavily doped samples look quite different.

In pure GaAs or at low doping levels the spectra are characterized

by LO-phonon cascades, i.e., the spectra contains a series of relatively

sharp peaks. These series of peaks correspond to varying number of phonon

scatterings undergone by the electron before recombination. In the heavily

doped samples there are new, dominating scattering processes, viz. electron-

electron (e-h pair and plasmon excitations) and electron-dopant-ion scattering.

The spectra are more structureless, due to the shorter electron lifetimes.

This implies that it is more difficult to extract detailed information. In

p-GaAs one can overbridge this disadvantage by studying the luminescence

polarization in the HPL when using circular polarized exciting light.

The electrons excited by circular polarized light have both an

anisotropic spin orientation and momentum distribution. The anisotropy

in spin orientation is utilized in the GaAs polarized electron source.

The origin of this effect is the special valence band structure. The

luminescence is further partially spin polarized. The degree of

polarization varies with excitation energy, E , and luminescence
cX

energy, E^um« The degree of polarization of the emitted light from

a particular recorablning electron depends on the excitation channel

(from the light- or heavy-hole band), the deexcitation channel (to the

light- or heavy-hole band) and the degree of randomization (due to

electron scattering, ion scattering and spin relaxation) of the

anisotropies In between the processes.
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The HPL spectra from heavily p-doped GaAs are characterized by a

broad shoulder which moves in energy for varying excitation energy.26

This weak structure was in Ref. 26 found to correspond to a distinct

minimum in the luminescence polarization. The shoulder in the HPL and

the minimum in the luminescence polarization were attributed to non-

vertical transitions. The explanation given was that the electrons

were excited from the light-hole band and deexcited to the Ferni

level.

We believe that this structure is explained by vertical transitions

here as well, vertical excitation from the light-hole band to the con-

duction band followed by vertical deexcitation to the heavy—hole band.

To test this hypothesis

we calculated27 the change

in the energy dispersions

in the conduction band

and in the light and

heavy hole bands due to

the doping. The energy

shifts were calculated

as described in Sec. 3.

We plotted in Fig. 22

the energy distance

between the conduction

band and the heavy hole

band as function of the

energy distance between

1.26 1.60 176 2.00 Z26 2.50

E e x (eV)

Fig. 22. Energy position of the polarization minimum as
a function of excitation energy. The experimental
result from Ref. 25 is represented by the circles.
The solid curve Is the theoretical result with our
explanation, which should be compared with the dotted
curve obtained with the explanation given In Ref. 25.



-70-

the conduction band and the light hole band for momentum varying between

the Fermi momenta for the light and heavy holes, kp and ky , respectively.

The result is the ideal luminescence energy as function of excitation

energy for the processes we consider. For excitation energies larger

than the vertical distance between the conduction band and the light-hole

band at k_ the luminescence energy stays constant. This is because in

hh
this region of momentum there are no holes available with which the excited

electrons can recombine. The electrons have to lose energy via inelastic

scattering until they reach k_ before they can be deexcited. The result
Thh

we obtained is given by the solid curve. The circles represent the position

of the experimental polarization minima in Ref. 26 as function of excitation

energy. As a comparison we have plotted, dotted curve, the result one

would obtain if the deexcitation was to the Fermi level. In that case

there are no leveling off for higher excitation energies. As can be seen

the experimental results clearly favor our explanation.

In Ref. 27 we continued and calculated the theoretical luminescence

polarization spectra, by constructing a rate equation for the excitation

and deexcitation processes. It is ouside the scope of thena lectures to

repeat the derivation here. The results were in quite good agreement with

the experiments. We only show the momentum variation of the self-energy

shifts entering this calculation and also the calculation of the lumin-

escence peaks earlier.

In Fig. 23 are shown the imaginary parts of the self-energy shifts.

The dotted and dashed curves represent the contribution from electron-

ion and electron-electron scattering, respectively. The solid curves

show the total results. The parameters e,h and 1 denote states in the

conduction, heavy-hole and light—hole bands, respectively. The dashed
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Fig. 23. Minus Ihe imaginary part of various self-energy Fig. 24. Real part of the various self-
shifts as functions of particle wave number. The indices e, h,
and / denote electron, heavy hole, and light hole, respectively.
The dotted curves show the contributions from electron-ton
scattering while the electron-electron scattering contributions
are represented by the dashed curves. The full curves give the
sum of the two contributions.

energy shifts. The notations are the
same as In Fig. 23.

curves for 1 and h touch the abscissa for the wavenumber k_, 1 and k_ . ,

respectively, the Fermi wave numbers in the valence bands. The steep

increase in the dashed curves is due to the onset of plasmon excitations.

For the heavy holes this onset occurs at higher energies, outside the

range of the figure. In the region of plasmon excitation the real parts

of the self-energy shifts have a dip as can be seen in Fig. 24.

We found in this section that the real part of the self-energy shifts

obtained as prescribed in Sec. 3 worked well in explaining the experimental

band-gap narrowing. We also found that lifetime broadening effects were

important and that the imaginary part of the self-energy shifts could

explain this broadening. We can further conclude that the degree of
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deformation of the density of states due to the doping depends on the

host and also on dopant type. Both the effects of deformation and life-

time broadening complicates the interpretation of the experimental results.

Finally, we should also mention that there were no sign anywhere of important

contributions from nonvertical transitions.

5. PIEZO-EXPERIMENTS

In this section we will discuss the piezo-experiments as tools to study

the effects of heavy doping on the conduction-band states in many-valley

semiconductors. We will study n-Ge, for which experimental results can

be found, but the behavior should be similar for n-Si.

As mentioned earlier the conduction band of Ge has band minima, valleys,

in the four equivalent <111> diiections located at the Brillouin-zone (BZ)

edge. The energy dispersion around the bottom of the valleys are strongly

anisotropic, giving rise to ellipsoidal constant-energy surfaces in

reciprocal space. Thus the donor electrons occupy four equivalent ellipsoidal

Fermi volumes with symmetry axes along the <111> directions and their added

contributions to the properties are isotropic.

As a mechanical stress is applied to the crystal the cubic symmetry is

broken and the four valleys are no longer equivalent. The valleys move in

energy, some move up and some move down. Electrons are transferred from .

the upper to the lower valleys and the properties of the donor-electron

system change and are no longer isotropic.

High-stress optical birefringence28 and piezoresistance29 are two

powerful and complementary tools for studying the effect of large impurity

concentrations on the shape of the band extrema. The properties can be
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studied continuously from the zero-stress limit, when all four valleys

are equally populated, to the saturation limit, when all electrons are

in the lower valleys. Thus information about the states can be extracted

from the zero-stress Fermi level all the way down to the band edge. Close

to the saturation limit the results might give indication of any band

tailing. This is actually what is found. The saturation is more gradual

and the stress needed for saturation is higher than is expected. Both

these effects, the gradual and the delayed saturation, suggest band-tailing

as an obvious explanation and they have been regarded as clear evidence

for band-tailing. However, when drawing this conclusion it is assumed

that the valleys are shifted rigidly with the applied stress, I.e., it

is assumed that the electron repopulation is not affecting the density

of states. It was shown in Ref. 13 that this is not correct and that

the change in the density of states with the electron repopulation is

very crucial and may be fully responsible for the experimental behavior

in the vicinity of saturation.

We begin by determining the shifts of the valleys when a compressional

stress X is applied to pure germanium in various symmetry directions.

Table II gives the values of the strain components resulting from the

T a b l e I I * The values of the six strain components resulting from a compressional stress X in three symmetry directions.

*x *y «* Yrz ?'„ Yx,

Jf(lOO) -S,,X SuX -StIX 0
JIT(llO) - (5 , ,+5 , 2 ) jr /2 -iSn+S^X'n -St2X 0
X(lll) - ( S n +2Sit)X/3 -(S,, + 2S,,)A73 _(S,, + 2Sn)X/i -SuX/i

0
0
u-f/3

0
-S,,X/2
-SUX/1
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applied stress. The energy shift of a valley is related to the •train

components u through the relation30
s

<SE = I s
8-1

s"> (138)

where u. = e x , u2 - e y , u3 = e z , u4 - yyz, u5 = Y X Z , % « Y x y , and the

deformation potential constants -^ are given in Table III . The index ( i )
s

denotes one of the four valleys. Tables II and III together with Eq. (138)

give the energy shift of the different valleys for stress in various

directions and the result is summarized in Table IV, where a shift,

j u l l + ^12^' c o m m o n to a*l valleys has been subtracted.

This shift is due to the hydrostatic part of the stress and is of no

interest here, where only relative shifts of the valleys enter the theory.

From the table one finds that a stress in the [100] direction gives no

T a b l e I I I . The deformation potential constants for the four valleys in germanium.

[HI] [ I Tl ] [1TTJ

_ 3£

dE

3£

—v + y—» H + E =rf+Ts-

3£
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T a b l e I V . Energy shifts for the four valleys in germanium due to a comprcssional stress
X. A shift —JT(5rf + Y51,M5'u+25i2), which is c
hydrostatic part of the stress, has been subtracted.

gy
X. A shift —JT(5rf + Y51,M5'u+25i2), which is common to all four valleys and is due to the

Af(fOO)
Af(UO)
Xllll)

0
-XSMEu/6
+XSuEM/9

0
+XSuEa

+XSuE.
/6
/9

0
+XSMEm/6
+XS«EJ9

relative shifts of the valleys. Stress in the [110] direction moves two

valleys downwards and two upwards and a stress in the [111] direction

moves one valley down and three up. The constants a, and 5 are the
a u

same as those used in Ref. 30. H . represents the energy shift of an

individual valley due to a dilation in the two directions normal to

the symmetry axis of that valley. ~ u represents the shift due to an

uniaxial shear compounded out of stretch along the symmetry axis and

a contraction in the two normal directions. The S constants are the

elastic compliance constants or elastic constants. Here we only need

the two constants 5 and S,, and for these we use the numerical values

18 eV and 1.47xlO~12 cn^/dyn, respectively, as given in Ref. 28.

Thus from Table IV we know how much each valley is shifted for a

certain stress in pure Ge. These shifts would also be valid for heavily
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doped Ge if the electron-electron and electron-Ion Interaction could

be neglected. This is, however, not the case and the situation is oore

complicated.

When the electrons are repopulated between the valleys, a particle

at the top of a lower valley is affected differently by the interaction

than a particle at the top of an upper valley. This modifies the

relation between the electron repopulation and the applied stress. This

relation we get by equating the energies for quasiparticles at the top

of the lower and upper valleys, i.e.

i . <139>
where 6E is the energy shift caused by the stress and E t o o is the

quasiparticle energy at the Fermi level. This energy is calculated as

prescribed in Sec. 3, with polarizabllities from the different valleys

modified due to the electron repopulation. u and 1 denote upper and

lower valleys, respectively.

We rewrite Eq. (139) as

6EU + E " + E " = 6E1 + Ei + E* , (140)
x F top x F top *

where the self-energy E, caused by the interactions, lias been

separated out. Rearranging the terms we arrive at

K ~ 6Ex - (EF - EF> + < ?

where the left-hand side is proportional to the applied stress, and

the right-hand side is a function of the electron repopulation.
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Neglecting the terms within the last parentheses, one obtains

the so-called rigid-band model, used in Refs. 28 and 29 to interpret

the results.

In Ref. 13 we treated both the piezoresistans and the optical

birefringence with applied stress in various symmetry directions.

We will here limit ourselves to optical birefringence and stress

in the [111] direction. From Table IV we have

X[1U1 " 1 1

This equqtion can be regarded as a relation between the electron

repopulation and the applied stress. The modification from the Z's

is, as we will find below, very important for the results.

As an uniaxial stess is applied to the crystal, the cubic symmetry

is broken. For a proper choice of propagation direction relative to the

stress direction, there is a phase difference A between the normal

polarization modes of light propagating through the crystal. This is

because the refractive index is no longer isotropic. The birefringence

is defined as the phase difference per unit length and is given by

A/t = (;

(143)

where X is the radiation wave length, t Is the sample thickness, and

ri . are the refractive indices for the two polarization directions.
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e is the dielectric tensor. In the case considered here, light propa-

gates perpendicular to the stress direction and one polarization mode

is perpendicular (1) and one is parallel (I) to the stress direction,

hence the notation. The birefringence can be divided into an lnterband

and a free-carrier (intraband) term if these terms are very small

compared to 2*/A. The interband term is determined experimentally

from measurements on pure germanium and is subtracted from the results

on the doped samples. What remains is the free-carrier birefringence,

which is what we are interested in.

The dielectric tensor is the sum of three terms, namely the

dielectric tensor of the pure, unstressed crystal, a correction to

this due to the stress, and the free-carrier contribution, from the

donor electrons. If the frequency of the light, to, is chosen such that

fko is less than the band gap and is much larger than the excitation

energies of the donor electrons for the wave vector of the light, the

dielectric tensor is real. Besides the free-carrier part is, according

to the f-sum rule, the same as it would be without the interactions,

apart from the fact that the interactions influence the stress-induced

electron-transfer between the valleys.

For stress in the [111] direction and light propagation

perpendicular to this direction one gets

e. = K +
m a
e

[nu(8/m +l/mll)/3+n
1/m,] (144)

and

e. = K + AK. - ^~- [nu(5/m,+4/m, )/3+n1/m ] , (145)

V
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where »c • e __(q,u) « e (0,o>). Aie is the stress induced change
pure pure

in K for the pure crystal. nu and n are the densities of the electrons

from one upper and one lower valley, respectively. The combination of

masses entering the free-carrier part can be obtained from Table V.

Table V. In this table we specify the sample configurations F, G, C, and H,
defined in Ref. 29. In the two first columns we give the stress
and the current directions. In the third column is indicated by
a u and an 1 if a specific valley is an upper or a lower one,
respectively. The mobility component in the current direction is
presented for an individual valley in column four and for the upper
and lower valleys taken as entities in the last column.

u for an upper and
X I I for a lower valley ft ft

7 [HI] [HI] [111]/ 7l\ MM
[HI] (
[Hlju (
[ITT] (

G [111] [110] [111]/ /xx /ix

[IH] Pi
[ H l ] « (/ii+2/Z||)/3 (5/xx-t-4/*|jJ/9
[«TT] ((

C [110] [110] [111] (,
[HT]' (j
I Hi]., m

Mi

H [HO] [001] [ H I ] . C

[ITT]" '"' "*

tlTTl"
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From these relations and the relation u » 2wc/A, the birefringence

is obtained and reads

Ate
A/t K irm

e

[nu(8/m1-l/m |)/3+n1/m |J )

/ A<, 2>2 T \ 1 / 2 T
_ ( i +-A --?—- [nu(5/m.-4/m. )/3+n1/m. ] .

\ K irmec2K X « / J

(146)

As |e/tc - l | « 1 this reduces to

JL. (AK -AK. ) + e ^ - (mT^mr^Cn^n") - AX/t + AF / t .
m

(147)

The final result for the free-carrier birefringence is

AF/t = e \ _ ( i - - J - ) (n1^11) . (148)
m c2/ic "j, mi

e •*• "

The m's are here the band masses of the pure crystal and the

only modification caused by the interactions is their influence on

the factor (n - nu)'s dependence on stress. This dependence is

obtained from Eq. (142). The variation cf the E's with the electron

repopulation is shown in Fig. 25. We use the values 1.58 and 0.082

electron masses for m. and m , respectively.

In Fig. 26 we show our results, obtained without any adjustable

parameters whatsoever, in comparison with the experimental result

on Ge:Sb, from Ref. 28. The agreement is perfect. The arrow indicates
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Fig. 25. Different self-energy contri-
butions as functions of the re-
populatlon parameter s, defined In
the figure. At the bottom of the
figure the normalized optical
birefringence Is indicated.
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Fig. 26. Theoretical and experimental
free-carrier birefringence. The
experimental points are from Ref. 28.
The arrow Indicates the saturation
point.

the saturation point. If the interactions were neglected the saturation

would be less gradual and occur at an approximately 109 dyn/cm2 lower

stress value.

In both the piezoresistance and optical birefringence experiments

i t is found that the saturation is gradual and occurs at a higher stress

value than is expected from the rigid-band model. This has been considered

as strong evidence for considerable band tailing. 10—15Z of the number

of occupied states is the estimated fraction of tail states. In the
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rigid-band model it is assumed that the conduction-baud valleys move

rigidly and the same amount as they would do in the absence of the donors.

We found that these assumptions are not correct. We found that the

interactions deform the density of states for the valleys, and they

affect the relationship between the intervalley electron transfer and

the applied stress. The deformation is not static. Everything changes

with the electron repopulation caused by the applied stress. The correct

experimental behavior in the saturation region was reproduced.

As can be seen in Fig. 25 it is the steep increase of £ . , the

self-energy shift at the Fermi level of an upper valley from impurity

interactions, towards the saturation point that causes the delayed

saturation. One can further notice that the electron-electron inter-

action tends to make saturation occur earlier. This effect dominates

over the impurity contribution for low stress values, but the effect

from the impurity interactions Increases and dominates for higher stress

values, and causes the gradual and delayed saturation. We can conclude

that if the band tailing exists, which it probably does at least for

densities closer to n , the size of the effect deduced from the

experiments is greatly exaggerated.

The result from Ref. 13 has later found support from measurements

on the donor-electron plasma frequency, as function of applied stress,

in heavily doped Ge. These results, from Ref. 31, are shown in Fig. 27.

The dashed curve, taking the effect of the interactions into account,

gives a better agreement with the experimental points, than does the

solid curve, obtained with the rigid-band model.
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We conclude this

section by a discussion

of why the Imaginary

parts of the self-energy

shifts do not enter the

theory. This Is a

point of fundamental

importance. When we

determine the stress-

Induced electron

repopulation we are

only concerned with

particles at the

Fermi level, where

16

gl2
<MO.

3
1.0

. 6e(P) OI16KW19

T=100K

i . i

cm-3 ' ' x | 0

1 1 1 •

* r:
•

20 4.0 6.0
X (kbar)

8.0 10.0

F i g . 2 7 . P lasm frequency vs stress ( F i g . 3 In
Ref . 3 1 ) . The dots represent experimental
values while the sol id l ine corresponds to a
rigid-band c a l c u l a t i o n . The dashed l ine takes
the Interact ions Into account, as described
in the text.

the imaginary part of E vanishes. This Is not the case for the

Imaginary part of Efil. This imaginary part, however, does not

influence the intervalley repopulation. It can be seen in the

following way. If one creates a particle in state p, the system

gains the energy E e l(p), which has an imaginary part, meaning that

this is not a stable state of the system as a whole. If one instead

creates a full energy shell of particles the system gains the energy

npReEel(p), where np is the number of particles within the shell.

The imaginary part of the energy gain is zero and hence the state

Is stable. The imaginary part of Eel(p) comes from the possibility

for the particle In state p to scatter, against the impurities, into

unoccupied states within the same energy shell (elastic scattering).
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In this last situation there are no such states. Thus when we are

only interested in the ground-state configuration in various stressed

situations and not in processes for attaining the ground state, we

can forget about the imaginary parts of the self-energies. In the

energy considerations determining the valley repopulations, the

question is not whether a single electron should be transferred to

a lower valley or not, but rather If all electrons within an energy

shell should be transferred or not.

6. BRIEF SUMMARY

In this lecture series we have presented a method to calculate

self-energy shifts caused by the interactions in a heavily doped

semiconductor. We found that the interactions give rise to important

energy shifts for the electronic states. The bands are not shifted

rigidly and the density of states is slightly deformed. In particular

the density of states at the Fermi level is somewhat enhanced, which is

reflected in an enhancement of, e.g., the specific heat. Furthermore,

the shifts cause important band-gap narrowing. Here it is important

to take the departure from rigid-band shifts into account at the

interpretation of the results from different experiments. We found

that the degree of deformation ("stretching") of the density of states

varies for different hosts but even for the same host it may depend on

if the doping is n-type or p-type. The theoretical results gave good

agreement with the experimental ones.
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Ue found Chat the imaginary parts of the self-energy shifts give

rise to lifetime effects causing broadening of experimental spectra.

This makes the experimental Interpretation more difficult.

An experiment where the lifetime effects are absent is the optical

birefringence experiment used to study the amount of bandtailing

In heavily doped many-valley semiconductors. The experimentally

observed gradual and delayed saturation was found to be reproduced

by taking the dependence of the self-energy shifts, on the electron

repopulation, into account. Thus the original interpretation of the

experimental anomalies as being the result of substantial bandtailing

has to be abandoned.



-86-

REFERENCES

1. I. Hamberg and C.G. Granqvist, Appl. Phys. Lett. _44, 721 (1984).

2. I. Hamberg and C.G. Granqvist, K.-F. Berggren, B.E. Sernelius,

L. Engstrom, Vacuum J5i, 207 (1985).

3. I. Hamberg and C.G. Granqvist, K.-F. Berggren, B.E. Sernelius,

L. Engstrom, Phys. Rev. B_30, 3240 (1984).

4. A.L. Fetter, J.D. Walecka, Quantum Theory of Many-Particle

Systems, (McGraw-Hill, New York 1971)

5. M. Combescot, P. Nozieres, J. Phys. C5, 2369 (1972).

6. G.D. Mahan, Many-Particle Physics, (Plenum, New York and London

1981).

7. N. Kobayashi, S.lkehata, S. Kobayashi, W. Sasaki, Solid St. Commun.

.24, 67 (1977).

8. N. Kobayashi, S.lkehata, S. Kobayashi, W. Sasaki, Solid St. Commun.

_32, 1147 (1979).

9. Bo E. Sernelius, Phys. Rev. B ̂ 4, 5610 (1986).

10. Bo E. Sernelius, Thesis at the University of Linkoping, Sweden,

(1978)and B. E. Sernelius, K.-F. Berggren, Phil. Mag. 43, 115 (1981).

11. B. E. Sernelius and K. -F. Berggren, in "Recent Developments in

Condensed Matter Physics", edited by J. T. Devreese, L. F. Leramens,

V. E. Van Dor en, and J. Van Royen (Plenum, New York, 1981), Vol.3.

12. K.-F. Berggren and B. E. Sernelius, Phys. Rev. B _24_, 1971 (1981).

13. B. E. Sernelius, Phys. Rev. B 2J_, 6234 (1983).



-87-

14. "Numerical Data and Functional Relationships in Science and

Technology," Vol. 17a of "Landolt Bornstein", edited by 0. Madelung

(Springer, Heidelberg, 1982).

15. H. C. Casey, Jr. and R. H. Kaiser, J. Electrochem. Soc. 114,

149 (1967).

16. M. 1. Nathan, G. Burns, S. E. Blum, and J. C. Marinace,

Phys. Rev. JL32_, 1482 (1963).

17. B. Tuck, J. Phys. Chera. Solids ̂ £» 615 (1968).

18. Bo E. Sernelius, Phys. Rev. B_33, 8582 (1986).

19. R. C. C. Leite, J. C. Sarace, D. H. Olson, B. G. Cohen, and

J. M. Whelan, Phys. Rev. JU£, A1583 (1965).

20. 0. F. Nelson, M. Gershenzon, A. Ashkin, L. A. D'Asaro, and

J. C. Sarace, Appl. Phys. Lett. 2^, 182 (1963).

21. D. E. Hill, Phys. Rev. JjJ3_, A866 (1964).

22. J. Wagner, Phys. Rev. B JJ2, 1323 (1985).

23. D. Olego and M. Cardona, Phys. Rev. B TL, 886 (1980).

24. A. N. Titkov, E. 1. Chaikina, E. M. Komova, and N. G. Ennakova,

Fiz. Tekh. Poluprovodn. J^, 345 (1981) [Sov. Phys. Senicond. J5,

198 (1981)].

25. R. C. Miller, D. A. Kleinman, W. A, Nordland, Jr., and R. A.

Logan, Phys. Rev. B 22_> *399 (1981).

26. A. Twardowski and C. Hermann, Phys. Rev. B 32^, 8253 (1985).

27. Bo E. Sernelius, Phys. Rev. B j|4_, XXXX (1986), in press.

28. A. Feldman, Phys. Rev. JL50, 748 (1966).

29. M. Cuevas and H. _rf>zsche, Phys. Rev. 137, A1847 (1965).

30. C, Herring and E. Vogt, Phys. Rev. JXH, 944 (1956).

31. F. Cerdeira, N. Mestres, M. Cardona, Phys. Rev. B 29, 3737 (1984).


