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1. INTRODUCTION

P. one-component Coulomb system in a space IE of dimension y is

a collection of all equal charged particles moving in a neutralizing uniformly

charged background and such that the force between any two of these particlas

is derived - at least for distances larger than a certain value - from the Coulomb

potential. This potential is the solution of Poisson's equation
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ABSTRACT

The statistical mechanics of a classical one component system of

charged hard rods in a neutralizing background is investigated in ID

stressing on the effects of the hard core interactions over the thermo-

dynamic and the structure of the system. The crystalline status of the

system at all temperatures and densities and the absence of phase transitions

is shown by extending previous results of Baxter (1963) and Kunz (1974) on

the one-component plasma of point particles. Explicit expressions for

the thermodynamic functions and the one-particle correlation function

are given in the limits of small and strong couplings.
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Here A is the Laplace operator and 4 the Dirac delta function for the

v-dimensional space.

In the simplest version of the model the particles are charged points,

so the only interaction between particles is the Coulombic one, whatever their

separation is. In this case, the model is usually called the one-component

plasma (OCP).

In three dimensions, the OCP is generally taken as a good first order

approximation for describing several real systems of interest in condensed matter

physics. Thus, the quantum (fermionic) version of the OCP (the so-called jellium)

is a reasonable model for the conduction electrons in a solid metal, the positive

background representing the ionic lattice . Its classical counterpart, on the

other hand,shows to be very adequate, in perturbative treatments of, for example,

liquid metals . In this case the (positively) charged particles are the ions,

while the negative background represents the delocalized conduction electrons.

For v = 1, the classical OCP is obviously much less realistic than the

corresponding three-dimensional model, but it has the very attractive (at least

for theorists) property of having an exact solution. Therefore, a series

of conclusions about the thermodynamics and the structure of the systems can be

rigorously established. However, the conclusions, in general, cannot be

directly extrapolated to the higher dimensional case.

The thermodynamic properties of the classical one-dimensional OCP were

first investigated by Baxter who, in addition to obtaining analytical

expressions for the equation of state in both the small (Debye-HuCKel) and the

strong-coupling regimes, showed that the system does not undergo phase transitions.

Later Kunz took the same system and, after a detailed analysis,

concluded that, despite the validity of the Debye-Huckel theory, in the small

coupling limit, from a structural point of view the system actually is in a

crystalline state for almost all temperatures and densities.
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In this paper, we propose to investigate also a classical one— dimensional,

one-component Coulomb system, but, at difference from those previous works,

we assume that the interparticle interactions have, in addition to the long ranged

Coulombic part, an infinitely strong and short ranged repulsive one. That is,

instead of an ensemble of charged points our system is a set of hard rods

carrying a point charge inside and moving along a uniformly charged line.

Our main motivation for studying this system is to establish to what

extent the presence of the hard core repulsion modifies the properties of the

OCP of point particles. In particular, we wish to know if the consideration
of finite sized particles modify the conclusion Kunz inferred in that

case, namely that the system is always in a crystalline state.

The lay-out of the paper is as follows. In the next section, after the

establishment of the model, we discuss the evaluation of the partition function

and the thermodynamics when the system is subject to free (non-periodic) boundary

conditions . In particular, we consider the behaviour of the system in the

two extremes of the coupling range. In Sec.3 we concentrate on the one-point

correlation function in order to study the structural state of the system. In

this respect we discuss the behaviour of this function in the small coupling

regime, where the delocalization of the particles is strong. The last section

is finally devoted to summarize the main conclusions of the paper.

2. THERMODYNAMICS

Our system is an ensemble of N hard rods of length b, each of them

carrying a charge q. The particles are constrained to move on a segment

[0,L] which in addition acts as a neutralizing background of net charge -q

uniformly distributed with density p =» N/L.

According to Eq.(l.l), the interaction potential between two of these

particles at. positions X, and x, is

J*(-X,|>b. (2.1)

Then, the total potential energy of the system is
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•ro- (2.2)

x. ,f x_

It is convenient to order the particles so that
x ^ L - j. In this case, the potential energy Eq.(2.2)

b
2 v "1 v "2 s ••• v - N

can be rewritten, neglecting tarms of zero order in N, in the form

(2.3)

ni

where

, I + i (2.4)

and the coupling parameter \ is given by

(2.5)

In these equations k_ denotes the Boltzmann constant and T the absolute

temperature of the system.

Eqs.(2.3) and (2.A) suggest to consider the system as a set of ordered

Einstein oscillators with their equilibrium positions given by p~ (i- ̂ r)

and with frequency u = (2q F/m) (m » mass of the particles'). In this

interpretation the last term of Eq.(2.3) represents the Madelung energy of

the lattice and it is convenient to refer the potential energy to this constant

value in order to achieve that its minimum value be zero. Therefore, from now

on we will neglect the constant term in Eq.(2.3).

To find thermodynamic properties of our system we have to evaluate the

partition function. In the canonical ensemble It is given by

(2.6)



with A being the ae Broglie thermal wavelength and

the configurational contribution to the partition function.

Considering the particles ordered,as we have indicated beforehand taking

into account their impenetrability, we obtain, using Eq.(2.4)

V,(i*ptJ V;O-rt> jf-o-r»> ^.o.tk) -O-rbj/i

(2.8)

At this point, by an analysis similar to that performed by Kunz for point
4)

particles , we can write the partition function

Q(L,T,H) (2.9)

where the function K(L,T,N) yields, in the thermodynamic limit (L •* <»,

N ->• -, N/L * p):

lim K(.L,T,N) - 2, t\ii-

(2.10)

and Zn is the (largest) eigenvalue, corresponding to the eigenfunction

llipCx), of the Volterra equation

mi

(•
(2.UJ
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Asymptotically the function vetifies

x— -
. lim "% (2.12)

The above integral equation can be conveniently transformed into a

differential one. We define the functions <P(x) by

then Eqs.(2.11) and (2.12) give

(2.13)

(2.14)

and

(2.15)

We note that in the case of point particles (b - 0), the differential

equation of Baxter is recovered.

The free energy per particle is now easily evaluated in the thermodynamic

limit

P
—

L-nZ(L,T,H)
—

(2.16)

The first term is the free energy per particle of a one-dimensional ideal gas

V N k B T * l n (P A j ' X-
Since ZQ is an analytical function of p and T and, consequently, the

free energy is also analytical, we must conclude that the system does not show

phase transitions just like in the point particle case .
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From Eq.(2.16) the pressure is immediately obtained

_ _
Pfc.T

» i - ( 2 . 1 7 )

and is an increasing function of the density.

Explicit expressions for z~ are found in two particular cases:

(i) the small coupling (or Debye-Huckel) regime and (ii) the strong coupling

regime.

(.i) The small coupling limit

For high temperatures or small charges, that is for A small, the system

is in the Debye-Huckel or plasma regime. In this case, we get for the largest

eigenvalue of Eq.(2.14)

(2.18)

and Eq.(2,17) yields for the pressure

We see that for A - 0 and b » 0 the above equation goes to the results

of Tonfcs for neutral hard rods and of Baxter for the one-dimensional

OCP in the plasma unit.

(ii) The strong coupling limit

If instead the temperature is low, A is large and zQ is given by

• (2.20)

Replacing this result into Eq.(2.17) we get the equation of state for high A
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3. STRUCTURE

The correlation functions constitute very suitable tools in order to

bring to light several properties of the structure of many-particle systems.

Here we will restrict ourselves to the one-particle correlation function,

since in the present case it already gives by itself very interesting information

about the structural state of the system.

The one-particle correlation functions of one-dimensional simple liquids,

in general take, in absence of external fields O.g. vail effects), a position-

independent value that equals their density p. This is not, however, the case

of our system. Indeed, just as Kunz has proven for the case of charged points

in a neutralizing background, it is possible to show that also for charged particles

with extended hard cores, the one-particle correlation function is a non-constant,

periodical function of the position with period p" . In other words, it is

possible to show that, from a structural point of view, the system is in a

crystalline state.

The one-particle correlation function is defined in the canonical ensemble

by

(3.1)

where < ... > denotes the (canonical) ensemble average.

For the ordering •= ̂  x.

it yields

f

X-b

, | Jx,

In the thermodynamic limit and for x -• «•, L-x -• ", by a straightforward

extension of the technique of Kunz we find that the following expression is

valid for hard core particles;
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* p
(3.3)

with the function n(x) given by

5=2

(3.A)

As before, <PQ(X) denotes the eigenfunction of Eq.(2.11J corresponding to the

largest eigenvalue z~.

The expression (3.4) shows that n(x) is a periodic function of x with

period 1. Therefore, according to Eq.(3.3), pl J(x) is also a. periodic function

with period p . On the other hand, from the analytic properties of fn(x) and
J \

then of n(x), it follows that n(x-O) - n(x-l/2) > 0 for almost all \ .

This fact means that n(x) is a non-constant function in the interval [0,1].

In short, the one-particle correlation functions of our system is a non-constant

periodic function of the position. This behaviour corresponds to a crystal,

the classical analogue of a Wigner crystal.

Let us consider the one-particle correlation function in the small coupling

limit. In order to use Eqs.(3.3)^(3.4)we need the function ^QCX) or, according

to Eq.(2.13), the function * P Q U ) - The latter is the solution of the differential

equation (2.14) corresponding to the eigenvalue zQ.

Using the value of zQ given by Eg,.(2.13) and substituting

[Uv) (3.5)

and

-Vt

(3.6)

into Eq.(2.14) we find that u(y) verifies

(3.7)

The solution of Eq.(3.7) is

(3.8)

with Hn(y) = 1, the Hermite polynomial of order zero. So, we have

(3.9)

where

(3.10)

Replacing Eqs.(2.13),(3.9) and (3.10) into Eq.(3.4) we find that in the

limit X(l-pb) « 1, n(x) is finally given by

.«., . ^ E _• (3.11)

Altha«h Eq.(3.11) is valid for A(l - pb) « 1, the parameter a can

range between 0 and +°°, since pb, in the denominator of Eq.(J.lO) can vary

between 0 and 1 (the maximum packing fraction). In particular, by considering

the two limits, a very small and a very large, we obtain

(i)

and

for

n<x) (3.12)

for

= IZ (3.13)

In the first case the system behaves as a true homogeneous plasma.

In the second one, we have a train of delta functions, that is, the system

behaves like a perfect crystal. It should be remarked, however, that the

condition a •* - in this last case is reached only when b •* p (close

packing limit). The perfect crystallization is favoured here not by very strong

Coulomb forces or very low temperatures but it is a simple consequence of steric

effects.
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In the intermediate region between these two limits, n(x) is a function

of period 1 with maxima at x » 0 , ± 1 , ±2,... and minima at x » ± ji * o"'•

Fig.l shows the function tHx), as given by Eq.(3.H), evaluated for several

values of the parameter a. For a varying between 0 and a certain value, say

"»> 1.5, n(x) hardly differs from the constant function 1, but then in a relatively

narrow interval of a , it rapidly goes to the profile corresponding to a perfect

crystal.

This point is more clearly seen in Fig.2, where n(x = 1/2) is shown as

function of a. As said above, the function n(x) has its minima at the points

x - ± j... etc. and n(x = 1/2) can be taken as indicative of the degree of

crystallinity (= 1 for homogeneous systems; » 0 for a perfect crystal).

Conclusions similar to these we have just obtained by considering n{x)

a function of a according to Eq.t3.ll). are obtained if nix) is taken directly

as a function of A (with b = constant; and X is made to vary along the

entire interval [0,=°).

As we have seen, for a given value of b, the small A behaviour of

n(x) is given by Eq.U-11) that for J-»0 takes the form of Eq.(3.12).

On the other hand, in the limit of very large coupling, ve have (see Eq.(2.2O))

and

lim

J-. -a

•t (3.14)

13.15)

with e(y) being the Heaviside step function. Then from Eq.(3.4) we again obtain

a train of delta functions but now independently of the value of the length b.

For intermediate values of A we have, just like before, a relatively

abrupt transition between the behaviour in these two extremes. Of course, in

this case a full numerical solution of the integral equation (2.11) (or the

differential one (2.14)) becomes indispensable for most of the values of X.

4. SUMMARY

In this work we have investigated the effect of including repulsive

hard core interactions between the particles of a one-dimensional OCP.
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The main conclusion inferred from this study is that the presence of the

hard cores does not alter qualitatively the main features of OCP behaviour. In

particular, we have shown that: (i) the system does not undergo phase

transitions at any finite temperature; (ii) structurally the system is in a

crystalline state for almost all temperatures and densities (although from a

thermodynamic point of view the Debye-Huckel theory is valid in the plasma limit).

Finally, it should be remarked that all the results and discussions

on the one-dimensional Coulomb system with hard core repulsions presented here

are strictly valid only for v = 1 and great caution must be taken if an

extrapolation (even qualitative) of some of them to higher dimensions is desired.
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The function n(x) evaluated using Eq.(3.11) is shown for diverse values

of the parameter a. From top to bottom a » 0.001, 2.0, 5.0, 7.5

and 1000.
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The function n(x) evaluated at the point x

shown as a function of the parameter a.

1/2 using Eq.(3.11) is
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